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Preface 
 
 
This handbook is concerned with both experimental and theoretical aspects of the 
fatigue behaviour of fibre-reinforced polymers. Although parts of the work have 
already been published separately, the book is an attempt to bring together the 
investigated topics into one comprehensive volume. It draws the reader’s attention to 
a number of pitfalls that are jeopardizing the correct modelling of the fatigue 
behaviour of fibre-reinforced composites. Further it describes the development and 
final layout of the proposed fatigue model, based on a sound interpretation of the 
experimental results. 
The book is divided into eight chapters. The introductory part presents the 
objectives, justification and methodology of the research, as well as the innovations 
and industrial relevance. Chapter 2 focuses on the experimental setup and obtained 
experimental results. In Chapter 3, a profound literature survey of existing fatigue 
modelling strategies is presented and the selection of the author’s modelling strategy 
is justified. Chapter 4 and 5 focus on the numerical implementation of fatigue 
damage models, while Chapter 6 and 7 present the one-dimensional and multi-
dimensional model that was developed for fibre-reinforced polymers under fatigue 
loading. The conclusions are drawn in Chapter 8. 
It is the author’s hope that the book can be useful for both scientists, engineers and 
designers, because all aspects of the concerned research – from fatigue testing over 
theoretical modelling to finite element simulations – are covered and based on the 
state-of-the-art literature. 
This book is a reprint of the author’s doctoral thesis Development and finite element 
implementation of a damage model for fatigue of fibre-reinforced polymers (March 
2002). The reported research was conducted at the Mechanics of Materials and 
Structures group, part of the department of Mechanical Construction and Production 
at Ghent University in Belgium. The work was supervised by Prof. Degrieck who I 
would like to thank for his invaluable guidance. 
 
 Ghent, June 2002 
 Wim Van Paepegem 
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Chapter 1 
 
 
 
Introduction 
 
 
This chapter briefly describes the goals of the doctoral 
research, according to the outlines of the research as it was 
proposed for the Fund of Scientific Research – Flanders 
(F.W.O.-Vlaanderen). 
The essential research stages are highlighted and the 
content of the corresponding chapters is summarized. 
Finally, the innovations of the present research work are 
discussed and the relevance of the developed model for 
fatigue-critical industrial applications is indicated. 
 
 
 
1.1. AIM AND JUSTIFICATION OF THE RESEARCH 
The field of composite materials is both old and new. It is old in the sense that most 
natural objects, including the human body, plants, and animals, are composites. It is 
new in the sense that only since the early 1960s engineers and scientists have 
seriously exploited the vast potential of fabricated fibrous composite materials. Due 
to their tailored high specific stiffness and strength, fibre-reinforced composite 
materials are increasingly used in weight-critical applications and development of 
new composites and new applications of composites is now accelerating. 
From the earliest days of the development of composites, their fatigue behaviour has 
been a subject of serious study, because their fatigue behaviour is fundamentally 
different from the behaviour exposed by metals. Although fibre-reinforced 
composites have quite a good rating as regards life time in fatigue, the fatigue 
damage starts very early, after only a few or a few hundred loading cycles. The main 
reason is their anisotropic and inhomogeneous nature: a stress system that develops 
only a small working strain in the main fibre direction may easily cause strain levels 
normal to the fibres or at the fibre/resin interface that will be sufficiently high to 
cause fatigue damage. In designing appropriately with composites, therefore, fatigue 
must be taken into consideration. And it follows directly that, in addition to needing 
to understand the mechanisms by which damage occurs in composites, procedures 
must be developed by which the development and accumulation of this damage, and 
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therefore the likely life of the material (or component) in question, can be reliably 
predicted. In general, the service behaviour of a component is controlled by 
stiffness, strength and life. The deflections and dynamic behaviour are controlled by 
stiffness; the load carrying capability and resistance to damage is controlled by 
strength; and the reliability, safety and life cycle cost of a component is defined by 
the life of the member [1]. 
Initially, the knowledge about the fatigue behaviour of fibre-reinforced composites 
was very limited and inspired by the fatigue design methodology for metals, where 
the design information was extracted from the stress/life, or S-N fatigue life curve. 
This design procedure is still widely used and the danger was, and is, in making the 
assumption that the underlying mechanisms of material behaviour that give rise to 
the S-N fatigue life curve, are the same in metals and composites. The S-N curve 
represents directly the perceived nature of fatigue in terms of experimental results, 
but gives no indication of the mechanisms of fatigue damage, of the presence or 
behaviour of cracks, or of changes in the characteristics of the material caused by the 
fatigue process. As a consequence, this approach requires extensive experimental 
work and is only valid for standard specimens in standard fatigue tests, not for 
realistic composite structures. 
Later on, the residual strength models were developed, which predict the 
degradation of initial static strength during fatigue life. Here again, the fatigue life is 
predicted without any interaction of the intermediate damage states: if the residual 
strength of the composite falls to about the same level as the externally applied load, 
the material will fail [2]. 
As such, both the S-N fatigue life methodology and the residual strength approach 
ignore the fact that an appraisal of the actual state or a prediction of the final state 
(when and where failure is to be expected) of the composite structure depends on the 
“path” of successive damage states. Indeed, the gradual deterioration of a fibre-
reinforced composite – with a loss of stiffness in the damaged zones – leads to a 
continuous redistribution of stress and a reduction of stress concentrations in a 
structural component [3,4]. Moreover, measurement of strength during damage 
development in a material is not feasible, because only one such measurement can 
be made for one specimen, and as yet it is very difficult to compare damage states 
between two specimens [5]. 
The simulation of the successive damage states has been addressed by the 
phenomenological residual stiffness models and the progressive damage models. 
The former describe the degradation of the stiffness properties due to fatigue 
damage in terms of macroscopic variables, while the latter describe the deterioration 
of the composite material in terms of measurable manifestations of damage (matrix 
crack density, delamination size). 
Although the progressive damage models quantitatively account for the underlying 
fatigue damage mechanisms, their constitutive equations are often cumbersome to 
use and the application of these models to realistic structures is very limited [6]. The 
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major obstacle to developing progressive damage models for composites is the 
complexity of the fatigue damage mechanisms, both in their geometry and the 
details of the evolution process [7]. 
Residual stiffness models too take into account the physical nature of the fatigue 
process, but they model the degradation of the material in terms of macroscopic 
damage variables which are directly related with the stiffness properties. Through 
these close relations between damage and stiffness, stiffness can be used to monitor 
the damage which develops in a component during service. Besides, stiffness can be 
measured frequently or even continuously during damage development and can be 
measured without further degrading the material [5]. 
 
Up till now, most models have only been established for laminates with a particular 
stacking sequence, under uni-axial cyclic loading with constant amplitude, at one 
particular frequency, etc. Their application to real structures with a stacking 
sequence varying from point to point, and more complex variation of the loads, is 
still very limited, because the simple extrapolation of laboratory results ignores a lot 
of differences between the fatigue behaviour of small test specimens and large 
composite structures. Some of these pitfalls are: 
• in tension fatigue tests, the stress distribution is assumed to be equal in each 
cross-section, while in real structures, stresses are redistributing continuously 
due to the stiffness degradation during fatigue loading. Most models are not able 
to account for this effect, because they only predict the moment of failure, not 
the path to ultimate failure, 
• the vast majority of the laboratory fatigue tests are load-controlled and the elastic 
stress in the virgin material is used as the quantifying parameter. Based on this 
same elastic stress, the S-N curves and residual strength predictions are 
established. In real structures, the presence of damage and accumulation of 
permanent strain can lead to a totally different stress state, 
• in variable amplitude loading conditions, the fatigue behaviour of composite 
materials is often dependent on the load history. Nevertheless, most models 
which do predict fatigue damage, do not take into account the load sequence 
effect. 
In the long run the application of test results to real problems is only possible by the 
use of models which are intrinsic to the material used, so that they can be used to 
simulate the fatigue behaviour of a test specimen or a large component. 
The relevance of such models for industrial applications is substantial. The number 
of expensive and time-consuming full-scale experiments can be reduced and most 
fatigue tests can be replaced by numerical simulations. Moreover, as the material 
model would be intrinsic to the material used, various stacking sequences and 
geometries could be simulated in advance. As a consequence, the time-to-market is 
considerably reduced. Further, the large safety factors could be reduced. Of course, 
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the safety factors are higher than for steel and concrete, due to the larger statistical 
scatter on the experimental results. Nevertheless, the large safety factors are partially 
due to the lack of knowledge about the fatigue behaviour of fibre-reinforced 
composites. 
Despite the apparent advantages of such intrinsic material models, common practice 
design is still based on S-N fatigue life curves and residual strength theory. This can 
be explained by the fact that (i) the application of present material models is still 
limited to simple fatigue loading conditions, and (ii) there is a lack of commercial 
numerical tools to simulate the whole fatigue damage process and the related stress 
redistribution. 
These two fundamental problems will be dealt with in this research and a practicable 
solution constitutes the aim of the doctoral research: 
1) the development of a residual stiffness-based material model to predict the 
degradation of fibre-reinforced composite materials subject to fatigue loadings. 
This material model should be intrinsic for the material used, and thus should not 
depend on the boundary conditions of the experimental setup. Although the 
development of the model has to start with simple cases, the final aim must be 
the capability to build relations between stress, strain, damage and their 
derivatives with respect to number of cycles. The developed system of 
constitutive equations must describe the evolution of a carefully chosen set of 
damage variables, which are directly related with the stiffness properties of the 
composite material. So the model should be based on the residual stiffness 
approach. Although the kinetics of the underlying fatigue damage mechanisms 
are taken into account, the research does not deal with the physics of the damage 
processes as such, but only with the reduction of stiffness brought about by the 
various damage processes, 
2) the implementation of the material model in a (commercial) finite element code, 
in order to demonstrate the feasibility of the developed model for the fatigue 
loading of fibre-reinforced composites. Due to the gradual deterioration of this 
material, there is a continuous stress redistribution in the structure, which affects 
the further damage evolution. As a consequence the numerical simulations 
should simulate the whole fatigue damage process. Clearly it is impracticable to 
simulate each single loading cycle. Therefore, the constitutive equations for 
damage evolution should be integrated according to the number of cycles, and 
only a deliberately chosen set of loading cycles should be fully simulated. The 
numerical process should be adaptive, depending on the extent of local damage. 
In 1998, a grant from the Fund for Scientific Research – Flanders (F.W.O.-
Vlaanderen) was awarded to the author. The above-mentioned objectives are 
consistent with those already formulated in the accompanying research proposal at 
that time. 
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1.2. BACKGROUND OF THE SUBJECT 
1.2.1. Fibre-reinforced composite materials [8-10] 
For completeness, this paragraph gives an elementary introduction to the composite 
material constituents. The fatigue issue is commonly associated with metals. 
However composite materials are fundamentally different from metals, and hence is 
their fatigue behaviour. 
Composite materials are a combination of two or more chemically different phases 
with a distinct interface between them. Thus a composite is heterogeneous and 
consists of two or more materials which together produce desirable properties that 
cannot be achieved with any of the constituents alone. Fibre-reinforced composite 
materials, in particular, consist of high strength and high modulus fibres in a matrix 
material. In these composites, fibres are the principal load-carrying members, and 
the matrix material keeps the fibres together, acts as a load-transfer medium between 
fibres, and protects fibres from being exposed to the environment (e.g. moisture, 
toxic agents, etc.). 
It is known that fibres are stiffer and stronger than the same material in bulk form, 
whereas matrix materials have their usual bulk-form properties. Geometrically, 
fibres have a very high length-to-diameter ratio. To gain a full understanding of the 
behaviour of fibres, matrix materials and agents that are used to enhance bonding 
between fibres and matrix, and other properties of fibre-reinforced composite 
materials, it is necessary to know certain aspects of material science. Since the 
present study is entirely devoted to mechanical aspects and analysis of fibre-
reinforced composite materials, no attempt is made here to present basic material 
science aspects, such as the molecular structure or interatomic forces that hold the 
matter together. 
Following this general introduction, the fibre and matrix materials will be discussed 
in more detail. 
 
1.2.1.a. Fibres 
The fibres used in composites are either metallic or nonmetallic. The fibre materials 
in use are common metals like aluminium, copper, iron, nickel, steel and titanium, 
and organic materials like glass, carbon, boron, and graphite materials. 
Glass fibres have been in use since the 1930s; however it was only in the late 1950s 
that fibres which exhibit significantly higher stiffness were developed for structural 
applications. These new high-specific-stiffness (stiffness divided by density) and 
high-specific-strength (strength divided by density) fibres are called advanced fibres. 
The first advanced fibre developed for applications in structural composites was the 
boron fibre introduced by Talley (1959). Other examples of advanced fibres include 
carbon (some forms of which are graphite), aramid (sold under the trade name 
Kevlar by Du Pont), silicon carbide, alumina, and sapphire. As mentioned, glass 
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fibres generally are not considered to be advanced fibres because of their relatively 
low modulus compared with those of other advanced fibres. However, glass is an 
important engineering fibre because of its high specific strength and low cost. 
Fibre architecture refers to the arrangement of fibres, which can be either linear, 
two-dimensional, or three-dimensional (see also Table 1.1). 
 
Table 1.1 Fibre architecture [8]. 
 
 
 
In the linear form, the fibres can be either continuous or discontinuous. Continuous 
fibres are used in filament-wound, pultruded, or laminated structures in which the 
fibre orientation can be precisely controlled. Discontinuous fibres are either directly 
mixed with the matrix, for example in injection-moulded structures, or combined 
with a binder to form a planar mat. In these latter cases, there is very little control 
over the fibre orientation. 
Two- and three-dimensional architectures are produced by means of textile 
processes such as interlacing, intertwining, and interlooping continuous fibres in 
textile machines. These processes provide good control over the fibre orientation as 
well as fibre placement and can be used to produce a variety of complex shapes or 
preforms in a relatively short time. Two-dimensional architecture is used in 
laminated structures. A three-dimensional arrangement of continuous fibres is used 
when interlaminar failure or delamination becomes a problem with laminated 
structures that are made by stacking several laminae on top of one another. Fibres in 
the thickness direction improve the interlaminar fracture toughness and make the 
laminate virtually delamination-free. 
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1.2.1.b. Matrix 
Polymers, metals, and ceramics are all used as matrix materials in continuous fibre 
composites. Polymeric matrix materials can be further subdivided into 
thermoplastics and thermosets. 
The thermoplastics soften upon heating and can be reshaped with heat and pressure. 
Thermoplastic polymers used for composites include polypropylene, polyurethane, 
poly-ether-ether-ketone (PEEK), polyvinyl chloride,… The thermoplastic 
composites offer the potential for higher toughness and high-volume, low-cost 
processing. 
Thermoset polymers become cross-linked during fabrication and do not soften upon 
reheating. The most common thermoset polymer matrix materials are polyesters, 
epoxies, and polyimides. Polyesters are used extensively with glass fibres. They are 
inexpensive, are lightweight, have a useful temperature range up to 100 °C, and are 
somewhat resistant to environmental exposures. Epoxies are more expensive but 
have better moisture resistance and lower shrinkage on curing. Polyimides have a 
higher use temperature but are difficult to fabricate. 
Table 1.2 gives an overview of the commonly used matrix materials in composites. 
 
Table 1.2 Matrix materials commonly used in composites [8]. 
 
 
 
The matrix plays several important roles in the composite: 
• it holds the reinforcements in place, 
• it acts as a path for stress transfer between fibres, 
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• it protects the reinforcement from an adverse environment. 
The matrix has a minor role in the longitudinal tensile properties of a unidirectional 
continuous fibre composite. However, the selection of the matrix influences the 
following properties of a unidirectional fibre composite: 
• transverse tensile modulus and transverse tensile strength, 
• both longitudinal and transverse compressive properties, 
• shear modulus and shear strength. 
These properties are referred to as matrix-dominated properties. 
In addition to influencing the mechanical properties of a composite, the matrix has a 
major influence on its processing characteristics. For example, the moulding time of 
a thermosetting polymer matrix composite depends on the time required to complete 
the chemical curing reaction that transforms the liquid thermosetting polymer into a 
solid polymer. 
 
1.2.1.c. Fibre/matrix interface 
The fibre/matrix interface has a crucial role in the performance of a composite 
material. The reinforcement is effective in strengthening the matrix only if a strong 
interfacial bond exists between the reinforcement and the matrix. The interfacial 
properties also influence the resistance to crack propagation in a composite and 
therefore its fracture toughness. The two most important energy-absorbing failure 
mechanisms in a fibre-reinforced composite are debonding at the fibre/matrix 
interface and fibre pull-out. 
 
1.2.1.d. Composite forms 
Depending on the matrix used, composite materials are classified as polymer matrix 
composites (PMCs), metal matrix composites (MMCs), or ceramic matrix 
composites (CMCs). The majority of the composites used commercially are based 
on polymer matrices. However, both metal matrix and ceramic matrix composites 
are attracting great interest in high temperature applications. Another class of 
composites is based on a cement matrix. Because of their importance in civil 
engineering structures, considerable effort is being made to develop cement matrix 
composites with high resistance to cracking [11]. 
The unidirectional lamina is the basic form of continuous fibre composites. The 
lamina (or ply) consists of many fibres embedded in a matrix material, but all fibres 
are in the same direction. It may be fabricated in various ways, including from 
prepreg tape, filament winding, pultrusion, or resin transfer moulding (RTM). The 
stiffness and strength in the fibre direction are typically much greater than in the 
transverse directions, depending on the matrix material and the quality of the 
fibre/matrix bond. The properties of a unidirectional lamina are thus orthotropic, 
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with different properties in the material principal directions (parallel and 
perpendicular to the fibres). For a sufficient number of filaments in the thickness 
direction, the effective properties in the transverse plane (perpendicular to the fibres) 
may be isotropic. Such a material is called transversely isotropic. However, laminae 
can be built up as well with woven, knitted or braided fabrics, chopped-fibre mats,… 
Laminates are made by stacking the unidirectional (or woven, knitted, braided 
fabric) layers at different angles. The lamination scheme and material properties of 
individual laminae provide an added flexibility to designers to tailor the stiffness and 
strength of the laminate to match the structural requirements. 
 
1.2.2. Fatigue of fibre-reinforced composites 
In general fatigue is a quite complex phenomenon, and a large research effort is 
being spent on it today. Fatigue can be defined as a gradual degradation of a 
structural material by repeated application of loading cycles, which are most often 
irregular, but which remain always below a certain threshold value. Final failure is 
difficult to predict and only takes place after the structure or the component has 
borne successfully the external service loads for quite a long time. In many cases, 
unforeseen fatigue failures can be catastrophic, as indicated in Figure 1.1. 
 
 
 
Figure 1.1 Crash of aircraft following fatigue failure of fin [12]. 
 
Fibre-reinforced polymer composites have a quite good rating as regards life time in 
fatigue. The same does not apply to the number of cycles to initial damage. 
Although the fatigue behaviour of fibre-reinforced polymer composites has been 
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studied for many years, it is so diverse and complex that present knowledge is far 
from complete. 
There are a number of important differences between the fatigue behaviour of metals 
and of continuous fibre-reinforced polymer composites. In metals the stage of 
gradual and invisible deterioration takes a relatively large part of the total life. No 
significant reduction of stiffness is observed in metals during the fatigue process. 
The final stage of the process starts with the formation of small cracks, which are the 
only form of macroscopically observable damage. Gradual growth and coalescence 
of these cracks quickly produce a large crack and final failure of the structural 
component. 
Continuous fibre-reinforced polymers are made of long, reinforcing fibres imbedded 
in a polymer matrix. This makes them heterogeneous and anisotropic. The first stage 
of deterioration by fatigue is observable by the formation of “damage zones”, which 
contain a multitude of microscopic cracks and other forms of damage, such as 
fibre/matrix interface debonding and pull-out of fibres from the matrix. It is 
important to observe that damage starts very early, after only a few or a few hundred 
loading cycles. This early damage is followed by a second stage of very gradual 
degradation of the material, characterized by a gradual reduction of the stiffness. 
More serious types of damage appear in the third stage, such as fibre breakage and 
unstable delamination growth, leading to an accelerated decline and finally 
catastrophic failure. 
A schematic representation of the differences between the damage behaviour of 
metals and continuous fibre-reinforced composites has been given by Curtis [13] 
and is reproduced in Figure 1.2. 
 
 
 
Figure 1.2 Comparison of typical damage zones at notches in metals and composite 
materials [13]. 
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These major differences in damage behaviour must be reflected in the modelling 
approach. Indeed, as the stiffness of a metal remains quasi unaffected during fatigue 
life, the linear relation between stress and strain remains valid. Although more and 
more complicated fatigue laws for metals are developed due to their complex 
material design and the severe in-service fatigue loadings, the fatigue process can 
still be simulated in most common cases by one finite element calculation. Then, in 
the post-processing stage, the fatigue life of the individual nodes of the finite 
element mesh is assessed taking into account the (multi-axial) stress state in that 
particular node. Often the critical plane concept is used for this purpose [14]. 
On the contrary, in continuous fibre-reinforced polymer composites, the damage 
zones grow during the fatigue process and involve various interacting failure 
mechanisms (e.g. small matrix cracks generating large size delaminations). The 
gradual deterioration of a fibre-reinforced composite – with a loss of stiffness in the 
damaged zones – leads to a redistribution of stress and a reduction of stress 
concentrations in a structural component, which makes impossible a classical 
fracture mechanics approach [5,15]. An appraisal of the actual state or a prediction 
of the final state (when and where failure is to be expected) requires the simulation 
to follow the complete path of successive damage states, taking into account the 
damage evolution “history” and identifying the progressive failure mechanisms. 
Since the fatigue behaviour of fibre-reinforced composites is characterized by a 
gradual degradation, continuum damage mechanics clearly appears as the most 
appropriate approach to the progressive damage analysis [3,16,17]. 
 
 
1.3. ESSENTIAL RESEARCH STAGES AND METHODOLOGY 
JUSTIFICATION 
Three essential research stages can be distinguished: (i) basic fatigue experiments, 
(ii) implementation of the basic model structure into a (commercial) finite element 
code, and (iii) development of the fatigue degradation model. 
 
1.3.1. Basic fatigue experiments (Chapter 2) 
The research project contained a sizeable experimental part, aiming at investigating 
the fatigue behaviour under various stress and strain states, for the selected material. 
The primary concern did not deal with the physics of the various damage processes, 
but with the stiffness reduction and the permanent deformation resulting from these 
damage processes. In order to identify the material model’s essential parameters, the 
experiments were designed to generate accurate and reliable data concerning the 
degradation under fatigue loads of the material properties. In Chapter 2, the 
material characterization, the experimental setup and the test results have been 
discussed. 
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The selected material was a plain woven glass fabric/epoxy composite, because of 
its widespread application in naval, automotive and aerospace industry [18]. The use 
of fabrics is particularly attractive due to their better drapability for complex 
geometries, reduced manufacturing costs and increased resistance to (impact) 
damage [19]. Further, due to the renewed interest in environment-friendly energy 
resources, the material is used extensively in wind turbine blades which are prone to 
fatigue damage. Finally, its transparency facilitates visual inspection for damage. 
The material was fabricated by resin transfer moulding and a full characterization of 
the composite material was performed. 
All fatigue tests have been performed in bending with a small but efficient device 
which had been built before by Sheng [20]. The specimen was clamped at one side, 
while a constant-amplitude displacement was prescribed at the other side, so that the 
composite specimen was loaded as a cantilever beam. This type of loading was 
chosen because it simulates some characteristics of in-service fatigue loading: (i) 
due to the varying bending moment, damage is not constant in each cross-section, 
(ii) due to stress redistribution, neither stresses nor strains are constant during 
fatigue life, and (iii) tensile and compressive damage occur simultaneously in the 
structure. Further, the corresponding finite element implementation guarantees a far 
more general applicability, because there are no premisses about the constant 
amplitude of neither stresses, nor strains or damage. 
Two stacking sequences of the composite material, each eight layers thick, were 
selected for fatigue testing. In the first layup, all plies were aligned with the loading 
(bending) direction (notation: [#0°]8), while all plies made up an angle of 45° with 
the loading direction in the second layup (notation: [#45°]8). The two stacking 
sequences are supposed to represent two fundamentally different stress states. The 
bending of the [#0°]8 stacking sequence results in a quasi one-dimensional loading 
of the laminate, with large stresses along the longitudinal fibre direction. In the 
[#45°]8 stacking sequence, the load is sustained by a combined state of normal 
stresses in the two orthogonal fibre directions of the fabric, and shear stresses. 
Due to the degradation of the (bending) stiffness, the necessary force to bend the 
specimen decreases, and the out-of-plane displacement profile of the composite 
specimens might change during fatigue life. The force measurement was already 
possible in the experimental setup designed by Cheng [20], but the out-of-plane 
displacement profile was not recorded. 
In order to record this deformation, a digital variant of the phase-shift shadow Moiré 
method was developed. Phase-shift shadow Moiré is a contactless optical technique 
for measuring the shape of surfaces. It requires a set of precise mechanical devices 
to shift the reference Moiré grating relative to the object surface to be measured. A 
digital variant of this method has been developed, so that all mechanical devices can 
be eliminated and only one image of the projected Moiré grating lines onto the 
object surface is required. 
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This digital phase-shift shadow Moiré method has widespread applicability due to 
the general formulation of its set of equations, but a more simplified method can be 
applied to the case of the bending composite beam. Following this simplified 
method, a digital image of the out-of-plane displacement profile is taken and by 
means of an edge detection method in image processing, the height of the bending 
surface is measured. 
These efforts for measuring the out-of-plane displacement profile of the composite 
specimen are justified, because this profile yields important information about the 
relation between the bending moment and the curvature along the specimen length. 
Further, the deformation measurements provide additional data for validation of the 
developed model. 
Finally, the experimental results in Chapter 2 have shown that each bending fatigue 
test generates a lot of useful information, compared to the limited data extracted 
from standard tension fatigue tests designed to yield the S-N curves. As expected, 
the fatigue behaviour of the [#0°]8 and the [#45°]8 specimens is quite different. 
Especially the permanent deformation of the [#45°]8 specimens under large 
prescribed displacements cannot be ignored. 
 
1.3.2. Implementation of the basic model structure into a finite element 
program (Chapters 3, 4 and 5) 
At the start of the research, there was – to the author’s knowledge – not a single 
example in open literature of the implementation of a fatigue model in a commercial 
finite element code, capable of progressively simulating fatigue behaviour for a 
composite component subjected to more complex loadings, and taking into account 
the continuous stress redistribution during fatigue life. On the other hand such a 
finite element implementation was indispensable to develop the fatigue model, 
because the stress redistribution and varying damage distribution in the bending 
fatigue tests were too complicated to simulate with analytical tools. Also, the 
implementation of the new fatigue model into finite element software should 
demonstrate its feasibility to be applied to real composite structures. 
Therefore, before developing the fatigue model itself, a numerical implementation of 
the basic model structure into a commercial finite element code had to be elaborated, 
allowing to deal with time dependent material behaviour, the number of cycles being 
treated as a measure of time. In order to define this basic model structure, an in-
depth study of the existing fatigue models was performed. In Chapter 3, this survey 
of the different fatigue modelling approaches and the related models is presented. 
Based on the extensive literature review, a detailed justification was given why the 
class of residual stiffness models has been selected. As mentioned in paragraph 1.1, 
the main reasons are its capability of simulating stress redistribution and its 
nondestructive evaluation of fatigue damage by means of stiffness reduction. 
A modified formulation of the fatigue model by Sidoroff and Subagio [21] was 
finally selected as the generic model for the numerical implementation, because this 
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model has also been used by other researchers [22,23], and an analytical 
implementation of the model has been applied to four-point bending fatigue [21]. 
Further, the development of the basic model structure could benefit from the wide 
experience in impact loading in the research group Mechanics of Materials and 
Constructions. Experience in building models for the dynamic behaviour (impact 
loading) of fibre-reinforced polymers had been built up in the course of several 
years [24-27], using both finite element simulations and advanced numerical 
techniques for the validation of the models. 
Chapter 4 describes the semi-analytical MathcadTM implementation of the generic 
model, which can be considered as a learning process for the finite element 
implementation afterwards. A simulation of all loading cycles is practically 
impossible, but the successive damage states must be simulated to account for stress 
redistribution. This chapter demonstrates the feasibility of the cycle jump approach: 
the loading cycle N is fully simulated, and then, the simulation is restarted at cycle 
N + Njump, taking into account the effect of the Njump cycles in between. This means 
that the damage increment during the loading cycle N, as predicted by the fatigue 
model, is calculated for each point of the composite structure. This damage 
increment is then used to calculate in each point the damage accumulation over 
Njump cycles beyond the simulated loading cycle. The cycle jump approach allows 
for a realistic calculation in terms of computation time and computer resources. 
In Chapter 5, the cycle jump concept has been transposed to finite elements and 
implemented in the commercial finite element code SAMCEFTM. All numerical 
aspects of the integration of the damage evolution law have been investigated in 
detail. The implemented predictor-corrector procedure has proved to guarantee an 
accurate integration of the constitutive equations of the model, and an efficient finite 
element environment for implementation and validation of a wide range of residual 
stiffness fatigue models. 
 
1.3.3. Development of the fatigue degradation model (Chapters 6, 7 and 8) 
The finite element implementation of the generic residual stiffness model has proved 
that the residual stiffness approach satisfies the requirements: the generic model was 
able to simulate the results of bending fatigue experiments, but only in qualitative 
terms. A new model should be elaborated to simulate the bending fatigue tests both 
in quantitative and qualitative terms. 
The new fatigue model has been developed in two stages. First, a one-dimensional 
formulation of the model has been developed, based on the results of the bending 
fatigue tests on [#0°]8 specimens, as the stress state in that case can be considered 
quasi one-dimensional. Next, the model has been extended for multi-axial in-plane 
fatigue loading conditions, based on the results of the bending fatigue tests on 
[#45°]8 specimens. 
Chapter 6 discusses the one-dimensional formulation of the fatigue model 
developed. This one-dimensional model has one damage state variable D, which is 
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directly related with the stiffness degradation (D = 1 – E/E0). The damage evolution 
law dD/dN predicts the damage increment per cycle N, depending on the value of 
the applied stress and the damage itself. It has been demonstrated that the damage 
law for tensile stresses should be different from the one for compressive stresses, but 
each of these laws clearly distinguishes between damage initiation and damage 
propagation. Research on the impact behaviour of composite materials at the 
Mechanics of Materials and Constructions research group has shown that damage 
growth rate equations which distinguish between damage initiation and damage 
propagation lead to very good results [27,28]. Besides, these two distinct phases 
could be clearly seen on the force-cycle histories of all fatigue tests. 
The major drawback of residual stiffness models is that they do not have an inherent 
failure criterion to predict final failure. Already in the early 70s, Salkind [29] 
suggested to draw a family of S-N curves, being contours of a specified percentage 
of stiffness loss, to present fatigue data of residual stiffness models. To alleviate this 
problem, a new stress measure has been defined: the fatigue failure index Σ. To that 
purpose, the Tsai-Wu static failure criterion was used in a different way and, instead 
of the applied nominal stress σ, the effective stress σ~  (= σ/(1 – D)) was inserted in 
the Tsai-Wu equation. In the one-dimensional case, the fatigue failure index Σ is 
calculated from this Tsai-Wu failure criterion as the ratio of the effective stress σ~  to 
the respective static strength. Its value is lying between zero (σ = 0) and one 
(effective stress equals static strength). The fatigue failure index Σ governs the 
damage growth rate equation dD/dN, but at the same time indicates the reserve to 
failure. As such, the model is capable of both simulating stiffness reduction and 
predicting final failure. 
Five material constants have been introduced in the damage initiation and 
propagation functions, each having a very distinctive meaning in relation with the 
underlying damage mechanisms. 
The developed one-dimensional formulation has been validated against the 
experimental results of several fatigue tests, including the force-cycle history, the 
recorded out-of-plane displacement profiles, the optical micrographs of damage 
distribution and the failure loci (tensile/compressive side) of the specimens. 
Further, the load sequence effect has been studied qualitatively by numerical 
simulations with the developed model. The load sequence effect is often investigated 
by performing block loading fatigue experiments, where the specimens are subjected 
to low-high and high-low sequences of the applied stress level. The literature survey 
revealed that there is no agreement at all in open literature which sequence (low-
high or high-low) is the most damaging for composites. Numerical simulations with 
the developed model have shown that transitions from low to high stress levels are 
the most damaging, and that the number of transitions and the actual damage state at 
these transitions in particular, determine which block loading sequence (low-high or 
high-low) is the most damaging. The fatigue failure index Σ has appeared a very 
useful measure in these simulations, and as the damage evolution law dD/dN is valid 
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for each stress level, no damage accumulation rules (e.g. Miner’s rule) are needed to 
assess the cumulative damage due to block loading. 
Next, the one-dimensional formulation has been extended for fully-reversed 
bending. In this loading case, the stress amplitude changes sign during one loading 
cycle in each material point. The adverse effect on fatigue life of this loading type 
has been accounted for by coupling the damage evolution law for tensile damage 
and compressive damage in each material point. This coupled system of differential 
equations provides a very general formulation of the interacting effect of tensile and 
compressive damage. 
In Chapter 7, the one-dimensional model has been extended for multi-axial in-plane 
loading conditions, based on the experimental data for the [#45°]8 specimens. The 
multi-dimensional formulation is very consistent with the one-dimensional one: (i) 
the physical meaning, as well as the value of the material constants is retained, (ii) 
no new material constants have been introduced, and (iii) if only one stress 
component is applied, the multi-dimensional model reduces to the one-dimensional 
one. Further, the one-dimensional formulation of the fatigue failure index Σ has been 
extended for a multi-axial stress state through the modified use of the Tsai-Wu static 
failure criterion for a plane stress state. 
Finally, it was clearly demonstrated that the permanent deformation of the [#45°]8 
specimens under large prescribed displacements cannot be neglected and should be 
modelled. To that purpose, the permanent strain has been introduced as an additional 
state variable, and its evolution law is coupled with the evolution laws of damage. 
Chapter 8 reports the conclusions and several recommendations for further 
research. Indeed, some fatigue parameters, although important, have not been 
included in the developed fatigue model: frequency effects, environmental 
conditions (temperature, moisture), and delaminations. So far, no one has succeeded 
in integrating all these parameters in one unified fatigue model, and it is 
questionnable whether this will be possible anyway [6], due to the wide variety of 
composite materials and their anisotropic and inhomogeneous nature. Besides, 
studying the coupled effect of all these fatigue parameters would require a huge 
amount of experiments. For example, at higher test frequencies (10 – 15 Hz), the 
temperature in the composite material can rise by several ten degrees [30] due to 
hysteretic heating, irrespective of the value of the ambient temperature. Further, the 
investigation of moisture absorption requires a time-consuming hydration of the 
composite specimen until the desired moisture concentration is reached in all parts 
of the laminate. Next, delaminations can be initiated by several factors: (i) three-
dimensional stress state at matrix crack tips, (ii) interlaminar stresses at free edges, 
and (iii) stress concentrators like holes and notches. 
Clearly, the number of fatigue parameters must be restricted in order to manage the 
fatigue experiments and the model development within the time granted. Therefore 
the studied fatigue damage has been restricted to all intra-layer fatigue damage 
(matrix cracks, fibre/matrix interface failure, fibre pull-out, fibre fracture) that is 
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caused by pure mechanical loading with constant frequency. The stacking sequences 
[#0°]8 and [#45°]8 were chosen such that delaminations did not develop during the 
bending fatigue tests. Although delaminations are a dominant failure mode for fibre-
reinforced composite structures, the driving mechanisms are completely different, 
because out-of-plane normal and shear stresses are predominantly responsible for 
their initiation and growth. Other fatigue testing devices should be used to 
investigate this damage type separately, and the numerical implementation would 
require other types of finite elements (i.e. interface elements) to be used. In the 
author’s opinion, simultaneous research on delaminations (inter-layer damage) and 
intra-layer damage would seriously jeopardize the feasibility of the project. 
Further the formulation of the fatigue model is deterministic in nature and a 
statistical interpretation has not been included. The statistical evaluation of the 
model would drastically increase the number of fatigue tests and this objective was 
not realistic. If for example 20 samples would be tested for each stacking sequence 
([#0°]8 and [#45°]8), for 7 values of the prescribed displacement, under single-sided 
and fully-reversed bending, the total required testing time would be about six years, 
since the average time for one fatigue test is about 4 days (including calibration, 
specimen preparation and processing of results). Besides, fatigue tests should be 
running day and night, the whole year long. Nevertheless, the need for statistical 
evaluation has been borne in mind while developing the model, and a statistical 
evaluation of the model is certainly possible. Indeed, the fatigue failure index Σ 
depends on the value of the static strength. If the mean value of the static strength 
would be replaced by the Weibull distribution of the static strength, the fatigue 
failure index Σ becomes a statistical variable, which governs the damage evolution 
law. As such, the fatigue damage model obeys the generally accepted “Strength-Life 
Equal Rank Assumption (SLERA)”. This assumption was first formulated by Hahn 
and Kim [31] in 1975 as follows: “A specimen of a certain rank in the fatigue life 
distribution is assumed to be equivalent in strength to the specimen of the same rank 
in the static strength distribution”. However, a correct statistical formulation would 
require a statistical evaluation of the material constants as well. The determination 
of the corresponding statistical distributions (Gauss, Weibull,…) and the respective 
parameters of these statistical distributions would require a huge amount of 
experimental data, and a sophisticated statistical analysis. 
 
 
1.4. INNOVATIONS 
1.4.1. Fatigue experiments 
All fatigue experiments have been performed in bending with a device which was 
built by Sheng [20]. In Chapter 2, it is explained how the bending fatigue setup has 
been equipped with additional instruments to measure the out-of-plane displacement 
profile of the composite specimen. To that purpose, a digital variant of the phase-
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shift shadow Moiré method has been developed, so that all mechanical phase-
stepping devices can be eliminated and only one recorded image is required to 
calculate the deformation. The theoretical formulations have been published in 
Optics and Lasers in Engineering [32]. This digital phase-shift shadow Moiré 
method can be used to determine the topography of the full specimen surface. 
However, for the bending beam, a simplified registration method has been 
developed as well, based on a digital edge detection algorithm. 
As such, the experimental device yields a lot more valuable information for one 
fatigue test, than the standard tension fatigue tests. A general overview of the 
obtained experimental results has been published in Composite Structures [33] and 
Composites Part A [34]. 
 
1.4.2. Finite element implementation 
The finite element implementation has been elaborated for a generic residual 
stiffness model. This model has been selected from a fairly complete list of existing 
fatigue models. A comprehensive survey of the recent fatigue models is included in 
Chapter 3 and has been published in Applied Mechanics Reviews [35]. 
The cycle jump concept is outlined in Chapter 4 (semi-analytical MathcadTM 
implementation) and Chapter 5 (finite element implementation). If the successive 
damage states must be simulated, it is evident that only a selected set of fatigue 
loading cycles can be fully simulated and that such approach must inevitably result 
in a numerical procedure with cycle jumps. So, although the cycle jump idea and the 
numerical procedures used (predictor-corrector procedure, rational extrapolation) are 
not new as such (see for example references [36-38]), the present contribution is the 
implementation of the cycle jump concept in the commercial finite element code 
SAMCEFTM, which allows for the application of the fatigue model to more complex 
loading conditions and geometries of the composite component. A detailed 
description of the cycle jump concept and its finite element implementation has been 
published in Composites Part B [39]. 
 
1.4.3. Fatigue damage model 
Chapter 6 describes the one-dimensional formulation of the developed fatigue 
model. The basic structure of the model is based on published work of other 
researchers. Dechaene [40] had already developed a model for predicting impact 
damage in fibre-reinforced composites. He proved that the discrimination between 
damage initiation and damage propagation in the constitutive equations worked very 
well to describe the onset and growth of impact damage. Further, several fatigue 
models have been referenced to support important modelling choices. However, the 
system of constitutive equations and the definition of the fatigue failure index are 
original work. The derivation of the fatigue model has been published in the 
International Journal of Fatigue [41] and experimental and simulated results have 
been presented in Composites Science and Technology [42]. 
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The benefit of the model is that it is not limited to simple fatigue tests, where stress 
or strain is constant throughout the complete cross-section. The majority of the 
existing fatigue models are limited to such fatigue loading conditions, in which it is 
often possible to integrate the constitutive equations over time and to use simplified 
expressions, since the governing parameter of the differential equation (stress, 
strain,…) is constant during fatigue life. Through a coupled approach of stiffness 
and strength, the developed model can simulate the whole fatigue life, from early 
damage to final failure. 
The investigation of the load sequence effect was published in Mechanics of 
Composite Materials and Structures [43]. In open literature, the opinions are 
strongly divided about which load sequence (low-high or high-low) is the most 
damaging for composite materials. It was concluded from the numerical simulations 
with the developed model that transitions from low to high stress levels are the most 
damaging, and that the number of transitions and the actual damage state at these 
transitions in particular, determine which block loading sequence (low-high or high-
low) is the most damaging. Further, these simulations demonstrated that the 
developed model can be transposed to block loading without use of any damage 
accumulation rule, and that the fatigue failure index is a very good parameter to 
characterize the fatigue loading level at each moment of fatigue life. 
The adverse effect of fully-reversed bending on fatigue life has been modelled by 
coupling the differential equations for tensile and compressive damage. This 
approach is far more general than the commonly used modelling strategies, where 
the stress ratio R (R = σmin/σmax) must account for changing signs of the stress 
during one fatigue loading cycle. The theory and results have been published in 
Fatigue and Fracture of Engineering Materials and Structures [44]. 
Chapter 7 explains how the one-dimensional model has been extended towards 
multi-axial in-plane fatigue loading conditions. This chapter is original work too. 
The main innovations of the multi-dimensional model are: (i) the definition of the 
multi-dimensional fatigue failure indices (which include the adverse effect of multi-
axial loading into the equations), and (ii) the inclusion of permanent strain. To the 
author’s knowledge, the accumulation of permanent strain has never been 
implemented in a fatigue damage model so far. A search in the Science Citation 
Index (1972 – present) (http://websci.rug.ac.be/CIW.cgi) with the keywords 
“permanent strain”, “composites” and “fatigue” yields two publications. In these two 
publications, it is mentioned that permanent strain does occur in ceramic and metal-
matrix composites, but no attempt has been made to model the phenomenon. 
The developed model can predict very well the permanent deformation of the 
[#45°]8 specimens after unloading, and permanent strains of up to 60 % of the total 
strain are predicted at the clamped cross-section. 
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1.5. INDUSTRIAL RELEVANCE OF THE RESEARCH [8,9] 
The applications of fibre-reinforced composites over the past quarter-century have 
been primarily in specialty areas such as athletic equipment and aerospace 
structures. More recently applications are developed in the infrastructure, including 
plans for an all-composite bridge over an interstate highway in the United States and 
the anticipation of an all-composite automobile that will result in significant 
improvement in fuel mileage, improved safety and reduced maintenance. Some of 
these structural applications are prone to fatigue damage, and a few examples are 
given below in order to demonstrate that these fatigue-critical applications do cover 
a wide range of fields. 
 
1.5.1. Aerospace 
Aircraft, spacecraft, satellites, space telescopes, the space shuttle, the space station, 
helicopters,… are all examples where composite materials have been used to 
advantage. The primary reasons for using composites in aircraft include specific 
stiffness and specific strength, and design tailorability. 
Military aircraft use carbon fibre-reinforced epoxy laminates extensively in both 
primary and secondary structures. The most extensive use of composite materials is 
found in the B-2 Stealth bombers. It is estimated that between 18000 and 25000 kg 
of carbon fibre-reinforced epoxy is used in each Stealth bomber (Figure 1.3). 
 
 
 
Figure 1.3 B2 advanced materials (Photo courtesy of Northrop Grumman) [9]. 
 
The acceptance of fibre-reinforced composites in commercial aircraft has been much 
slower. Initially, these composites were used mostly in secondary structures such as 
fairings, engine cowls, and flight control surfaces. However, steady growth in the 
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use of composite secondary structures has occurred over the last 20 years in Boeing 
(Figure 1.4). 
 
 
 
Figure 1.4 Application of fibre-reinforced polymers in Boeing 757 (Courtesy of 
Boeing Commercial Plane Co.) [8]. 
 
1.5.2. Rotor blades of wind turbines 
Due to the increasing interest in renewable energy resources, wind mill parks are 
built in several countries. The rotor blades (Figure 1.5) can vary in length from 15 
metres (250 kW) to about 50 metres (2,5 MW), and must be designed for fatigue. 
 
 
 
Figure 1.5 Rotor blades of wind turbines. 
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1.5.3. Other applications 
Other fatigue-critical applications involve: 
• marine applications (hull and deck shells of racing boats, pleasure boats,…), 
• industrial applications (pressure vessels). 
 
1.5.4. Industrial application of the developed fatigue model 
The increasing use of composite materials in these domains urges the need for an 
integrated fatigue design. However, the majority of commercial finite element 
packages handle fatigue problems using classical fracture mechanics theory, which, 
as explained above, is inadequate to model the fatigue degradation of composite 
materials [45]. From personal contacts of the author with design engineers in 
automotive, naval and aerospace industry, it appears that it is still common practice 
to design fibre-reinforced composites for fatigue by performing a static analyis and 
evaluating in the post-processing stage the fatigue life of each node of the finite 
element mesh by means of S-N curves. In some cases, a supplementary fatigue 
degradation analysis is performed. Then, fatigue degradation is most often simulated 
by assuming that the stiffness components are reduced to zero when the 
corresponding elastic stress reaches a certain threshold value. Clearly, continuum 
damage mechanics based models, including internal damage state variables, would 
produce much more realistic results. 
Currently, the shortcomings of numerical simulations are remediated by the 
application of large safety factors or extensive and expensive prototype testing. At 
the TexComp 5 conference (Leuven, 2000), Dr. Klaus Drechsler (Daimler-Chrysler, 
Germany) told that certain composite components of the EuroFighter will be 
designed with safety factors of 8 to 10 ! The stiffeners of the aircraft will be 
experimentally tested under fatigue and they must sustain 150 % of the maximum 
load during seven times the design fatigue life. Only if they pass this test, the 
stiffeners will be integrated in the design of the EuroFighter. This typical example 
illustrates the great deal of uncertainty about the fatigue behaviour of fibre-
reinforced composites that does exist amongst design engineers all over the world. 
Of course, these large safety factors are partially justified, because the scatter of 
fatigue testing results is larger than for other construction materials. However, 
reliable simulations would certainly contribute to a more clear understanding of the 
material’s behaviour and a more optimized fatigue design. 
The material model which was developed in the framework of this research, allows 
for simulation of the degradation behaviour of composite components under fatigue. 
The model was implemented into a commercial finite element code, making it 
possible to extend the modelling to more general loading conditions and to more 
complex geometrical dimensions, and to assess the fatigue damage growth in 
different locations of the structure. Through the coupled approach of stiffness and 
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strength, the finite element simulations can predict the successive damage states, as 
well as final failure of the composite component. 
Although a minimum of tests remains indispensable to determine the parameters of 
the material model and to calibrate the results, considerable cost saving can be 
expected through numerical modelling instead of performing long-term fatigue 
experiments. This will result in more efficient, economic and safer design of 
composite structures. In addition, decision making will be more reliable as regards 
the replacement of structural components and unnecessary repair will be prevented. 
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Chapter 2 
 
 
Materials, Experimental 
Setup and Measurement Data 
 
 
This chapter is completely devoted to the experimental 
research part. The selected material and the experimental 
setup for bending fatigue are proposed. Several aspects of 
data measurement are discussed. Finally an overview of the 
experimental results is presented. 
A summary of the experimental bending fatigue tests can be 
found in Appendix A. 
 
 
 
2.1. EXPERIMENTAL MATERIAL 
In Chapter 1, a general overview of fibre-reinforced composite materials has been 
given. From now on, the discussion will be restricted to continuous fibre-reinforced 
polymer composites, unless stated otherwise. The selected material for all 
experimental fatigue tests was a plain woven E-glass/epoxy composite. Several 
reasons favoured this choice: 
• glass fibres are considerably cheeper than carbon fibres and are therefore widely 
used in automotive and naval industry. At present E-glass constitutes the 
majority of textile fibreglass production. The filament designation “E” refers to a 
low-alkali composition (aluminoborosilicate) which exhibits excellent electrical 
insulation properties [1]. However, glass fibres also provide most of the volume 
of composite material for aerospace applications, and E-glass fabric/epoxy is 
widely used for primary and secondary components for subsonic aircraft, ducts, 
housings, bulkheads, intake manifolds, helicopter blades, radomes, etc. [2]. 
 As can be seen on Figure 2.1, the fatigue life of E-glass/epoxy composites is 
very comparable with that of standard aluminium alloys. Most other composites 
are performing better than the aluminium alloy, but the cost of the reinforcing 
fibres is also higher than for the E-glass fibre. 
 The use of fabrics is particularly attractive due to their better drapability for 
complex geometries, reduced manufacturing costs and increased resistance to 
(impact) damage [3]. Finally, the recent interest in environment-friendly energy 
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resources has favoured the construction of large wind mill parks, whereby the 
rotor blades of the wind turbines are often fabricated with E-glass fibres and 
epoxy matrix, 
 
 
Figure 2.1 Fatigue life comparisons (Courtesy of Hexel Composites) [4]. 
 
• the typical gradual degradation during fatigue life of this material allows to 
examine damage onset and growth and to model both stages of damage 
development, 
• fibre-reinforced polymers with a thermosetting matrix can be easily 
manufactured by resin transfer moulding, 
• due to the transparency of the laminate, the specimens can be visually inspected 
for defects, damage,… 
The epoxy resin was produced with Araldite LY 556, Hardener HY 917 and 
Accelerator DY 070 (Ciba-Geigy). The E-glass fibres (Syncoglas) were finished 
with a silane coupling agent and had a total weight of 420 g/m2. The plain woven 
glass fabric was stacked in eight layers and two different stacking sequences were 
chosen, the stacking angle being referred to the warp direction. 
The warp yarns run parallel to the fabric length direction (i.e., in the 0° direction), 
while the weft yarns run perpendicular to the fabric length direction (i.e., in the 90° 
direction). The warp yarns are also called “ends”, while the weft yarns are 
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sometimes called “picks” or “fillings” [5]. Figure 2.2 illustrates the weaving process 
with definition of the warp and weft yarns. 
 
 
 
Figure 2.2 Illustration of weaving operation with indication of weft and warp yarns 
[6]. 
 
For the first stacking sequence, the warp direction of all eight layers was aligned 
with the loading direction (denoted as [#0º]8, where ‘0°’ means that the warp 
direction of each of the eight layers has been aligned with the loading direction and 
where the hash mark ‘#’ refers to the fabric reinforcement type). For the second 
stacking sequence, the angle between the warp direction of all layers and the loading 
direction was 45º (denoted as [#45º]8). 
The two stacking sequences are supposed to represent two fundamentally different 
stress states. The bending of the [#0°]8 stacking sequence results in a quasi one-
dimensional loading of the laminate, with large stresses along the longitudinal fibre 
direction. In the [#45°]8 stacking sequence, the load is sustained by a combined state 
of normal stresses in the two fibre directions of the fabric, and shear stresses. 
All composite specimens were manufactured using the resin transfer moulding 
technique and a closed steel mould. After curing they had a thickness of 2.72 mm. 
The fibre volume fraction Vf was 0.48. The samples were cut to dimensions of 145 
mm long by 30 mm wide on a water-cooled diamond saw. 
 
2.1.1. Elastic properties 
The elastic properties were first approximated by replacing one layer of fabric by 
two cross-ply unidirectional layers, so that the stacking sequence of the [#0°]8 
specimens can be replaced by a [0°/90°]8 stacking sequence. The input values for the 
individual constituents of fibres and matrix are listed in Table 2.1. 
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Table 2.1 Individual properties of epoxy matrix and E-glass fibre [7-10]. 
 
Property Epoxy E-glass fibre 
Specific mass [kg/m3] 1175.0 2560.0 
Young’s modulus [GPa] 3.5 72.0 
Ultimate tensile strength [MPa] 60.0 3447.0 
Poisson coefficient [-] 0.35 0.3 
 
 
With the fibre volume fraction Vf being 0.48, the estimated homogenized properties 
are listed in Table 2.2. 
 
Table 2.2 Estimated in-plane elastic properties of the [#0°]8 composite laminates. 
E11 [GPa] 23.51 
E22 [GPa] 23.51 
ν12 [-] 0.143 
G12 [GPa] 3.95 
 
 
The in-plane elastic properties of the [#0°]8 composite laminates were then 
determined using the dynamic modulus identification method described by Sol et al. 
[11,12]. They are listed in Table 2.3. 
 
Table 2.3 Measured in-plane elastic properties of the [#0°]8 composite laminates. 
E11 [GPa] 24.57 
E22 [GPa] 23.94 
ν12 [-] 0.153 
G12 [GPa] 4.83 
 
 
As can be noticed, the agreement between the estimated and measured elastic 
properties is very good for E11 and E22, but the agreement is less satisfying for ν12 
and G12. Of course, the measured elastic properties will be used for all subsequent 
calculations. There is a slight difference between the measured values of E11 and E22. 
This must be due to fabrication, because the plain woven fabric is balanced in its 
warp and weft direction. Therefore, the mean value of E11 and E22 has been used for 
all numerical analyses. 
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2.1.2. Strength properties 
The in-plane tensile, compressive and shear strength have been determined for the 
[#0°]8 stacking sequence. The determination of these strength properties is discussed 
in some more detail, because it will be demonstrated that the in-plane strength 
properties can be determined rather accurately without the extensive experimental 
requirements in the ASTM and ISO standards. 
When performing such strength experiments, there is always discussion about the 
gripping method: bonded/non-bonded tabs, aluminium tabs or non-woven E-glass 
tabs, tapered/non-tapered tabs,… Even the international standards are not fully 
compatible. The ISO 527-4 standard “Plastics – Determination of tensile properties 
– Part 4” leaves the choice between gripping without end tabs or with non-tapered 
bonded end tabs (Figure 2.3). The ISO-specification even allows to use “… 
alternative tabs made from the material under test, mechanically fastened tabs, 
unbonded tabs made of rough materials (such as emery paper or sandpaper), and 
the use of roughened grip faces”. 
 
 
Figure 2.3 Possible gripping methods from ISO 527-4 standard. 
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On the other hand, the ASTM D 3039-76 standard “Tensile properties of fibre-resin 
composites” recommends the use of tapered non-woven E-glass tabs (Figure 2.4). 
 
 
 
Figure 2.4 Gripping method from ASTM D 3039-76 standard. 
 
In this context it is worth to mention the keynote lecture of Hartsmith (Senior 
Technical Fellow at the Boeing Company) at the Seventh International Conference 
on Composites Engineering (ICCE/7 – Colorado, 2000) [13]. In his company it was 
observed that the use of non-bonded uniformly thick friction tabs results in far 
higher mean strengths and far less scatter than the use of the recommended bonded 
tabs. In the case of McDonnell Douglas, the improvement achieved in this way was 
to raise the measured strength of the same [0°/±45°/90°]s carbon/epoxy laminates 
from about 550 MPa to 760 MPa consistently. 
Bearing in mind these considerations, the tensile tests have been done with a very 
simple gripping method. Rectangular pieces of emery paper have been clamped 
between the grips and the specimen surface. No gross slip was observed, and the 
tensile failure occurred in the midsection of the specimen (Figure 2.5). 
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Figure 2.5 Tensile failure of a [#0°]8 specimen with alternative gripping method. 
 
The two black lines in Figure 2.5 indicate the position of the grips. The matrix 
cracks are very regularly spaced and the failure pattern clearly shows that the load 
has been borne equally by the whole free specimen area. 
It appears that this simple gripping method can be an adequate alternative for this 
type of material, because the out-of-plane stiffness is relatively small. 
 
Regarding the determination of the composite’s compressive strength, the 
international standards ASTM D 3410-75 and ISO 14126 (which replaces the 
commonly known ISO 8515) are quite different. The ASTM D 3410-75 standard 
“Compressive properties of unidirectional or crossply fibre-resin composites” 
recommends a specially designed compression fixture with tapered sleeves, while 
the ISO 14126 standard “Fibre-reinforced plastic composites – Determination of 
compressive properties in the in-plane direction” makes use of sidelong guides to 
prevent buckling of the specimen. 
Due to the large thickness of the specimens (t = 2.72 mm), a more simplified 
approach could be followed here. A rectangular specimen piece was placed between 
the two parallel loading plates of the Instron hydraulic testing machine. Rotation of 
the loading plates was prevented. Of course precaution was needed to ensure that 
both specimen ends were perfectly parallel, and the height of the specimen was 
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limited to prevent buckling. Under these restrictions, reproducible results could be 
obtained. 
Figure 2.6 shows an example of compressive failure of the [#0°]8 specimen. The 
specimen width was 30 mm, and as the height should be lower than the critical 
buckling length, the height was limited to 20 mm. 
 
 
 
Figure 2.6 Compressive failure of a [#0°]8 specimen, clamped between two parallel 
plates. 
 
Regarding the in-plane shear strength, there is the standard guide ASTM D 4255-83 
“In-plane shear properties of composite laminates” which recommends the use of 
the rail shear apparatus, while the standard practice ASTM D 3518-76 “In-plane 
shear stress-strain response of unidirectional reinforced plastics” avoids specialized 
test fixtures by utilizing the uni-axial tensile stress-strain response of a ±45° 
laminate which is symmetrically laminated about the midplane. This standard 
practice is based on the work of Petit and Waddoups [14] and Rosen [15]. Again, 
Hart-Smith from Boeing Company [13] advises that the in-plane shear stress-strain 
curve is best deduced from tensile tests on ±45° laminates. 
In this case, a reasonable estimate for the inplane shear strength can be made from 
tensile tests on the [#45°]8 stacking sequence. The transformation matrix between 
material and structural axes can be used to express the relation between (σ11, σ22, 
σ12) and (σxx, σyy, σxy) [16]: 
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If the laminate is subjected to a uni-axial tensile stress in the 0° direction (σxx ≠ 0, 
σyy = σxy = 0), the shear strength S can be calculated as σxx/2, where the stress σxx is 
the longitudinal stress at the moment of failure of the [#45°]8 specimen in the static 
tensile test. Figure 2.7 shows the failure pattern of the [#45°]8 specimens. 
 
 
 
Figure 2.7 Failure pattern of the [#45°]8 specimens in the static tensile test. 
 
The calculation of the shear strength S from the formula σ12 = σxx/2, results in a 
strength value of 100.6 MPa, which is rather high. Although the tests are 
reproducible, the deformation of the specimens might suggest that the condition of a 
uniform uni-axial tensile stress is not completely satisfied, and that the effect of the 
boundary conditions has not vanished completely. As a consequence, the specimen 
length should be increased, but this was not possible with the fabrication procedure 
used. Therefore, additional specimens have been fabricated in another mould. The 
same thickness could not be obtained with that mould, but a comparable fibre 
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volume fraction (3.6 % higher) was reached for a thickness of 2.96 mm and 9 glass 
fabric layers. 
Figure 2.8 shows the failure patterns of the [#45°]9 specimens. Different gauge 
lengths (18 cm, 19 cm, 25 cm and 32 cm) have been used to examine the effect on 
the calculated shear strength value. 
 
 
 
Figure 2.8 Failure patterns of longer [#45°]9 specimens in the static tensile test. 
 
The four calculated shear strengths were respectively: 103.09 MPa (gauge length = 
18 cm), 104.74 MPa (gauge length = 19 cm), 102.88 MPa (gauge length = 25 cm) 
and 101.02 MPa (gauge length = 32 cm). The mean value of the calculated shear 
strength S12 was 102.93 MPa ± 1.9 %, the scatter being very small. 
Since the difference with the shorter [#45°]8 specimens is almost negligible, the 
previously calculated value of 100.6 MPa for the shear strength S was accepted as a 
reliable value. 
Finally, the mean values of the in-plane static strengths are listed in Table 2.4. XT 
and XC are the tensile and compressive static strength in the warp direction, YT and 
YC are the tensile and compressive static strength in the weft direction, and S is the 
static shear strength. As the fabric is plain woven, it is assumed that YT = XT and YC 
= XC. 
 
Table 2.4 Measured in-plane static strengths of the [#0°]8 composite laminates. 
XT [MPa] 390.7 
XC [MPa] 345.1 
YT [MPa] 390.7 
YC [MPa] 345.1 
S [MPa] 100.6 
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These strength values are rather high compared to strength values for similar 
stacking sequences reported in literature [7-10]. This might be due to the excellent 
properties of the constituent materials and the precisely controlled fabrication, but 
also to the use of the alternative gripping methods. Moreover the scatter was very 
small: for the set of 5 static tensile tests, the static tensile strength was in the range 
390.7 MPa ± 3.3 %. This observation seems to support the conclusion of Hart-Smith 
[13] that the use of non-bonded uniformly thick friction tabs results in far higher 
mean strengths and far less scatter. 
 
 
2.2. EXPERIMENTAL FATIGUE TESTING 
2.2.1. General remarks 
Some years ago, it was not uncommon for users of composite materials, even within 
the aerospace industry, to express the belief that composite materials – specifically 
carbon fibre-reinforced polymers – did not suffer from fatigue. What it usually 
meant, was that because most carbon fibre-reinforced polymers were extremely stiff 
in the fibre direction, the working strains in practical components at conventional 
design stress levels were usually far too low to initiate any of the familiar local 
damage mechanisms that might otherwise have led to deterioration under cyclic 
loads [17]. 
However, this assertion was refuted later on, primarily because of two reasons: 
• by using expensive, high-performance materials at small fractions of their real 
strength, composite structures were over-designed or, in more cost-conscious 
terms, not used economically, 
• since anisotropy is a characteristic that is accepted and even designed for in 
composites, a stress state that develops only a small working strain in the main 
fibre direction may easily cause strain levels normal to the fibres or at the 
fibre/resin interface that will be sufficiently high to cause the kind of 
deterioration that is called fatigue damage. 
In designing appropriately with composites, therefore, fatigue is a factor that must 
be taken into consideration. 
A good deal of the work that has been done on the investigation of the fatigue of 
composites reflects the much more extensive body of knowledge relating to the 
fatigue of metallic materials. And this is not unreasonable since the established 
methods of accumulating and analysing metallic fatigue data provided a reliable 
means of describing fatigue phenomena and designing for fatigue. The danger was, 
and is, in making the assumption that the underlying mechanisms of material 
behaviour that give rise to the stress/life (σ/log Nf) curve are the same in metals and 
composites. Indeed the study of fatigue of composites is complicated by the fact that 
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most fatigue phenomena which are well-known for metals, cannot be simply 
transposed to their ‘composite’ equivalent: 
• most fibre-reinforced composites are strongly orthotropic or transversely 
isotropic, as opposed to the isotropic metals, 
• the fracture mechanism is not defined by one single crack, but by various 
damage mechanisms that can interact with each other, 
• the finite element modelling of multi-layered composites or composites 
reinforced with textile structures is not straightforward. Calculating the correct 
stress states often requires advanced finite element analysis, 
• as opposed to metals, fibre-reinforced composites show a typical degradation of 
stiffness and strength during fatigue life. 
Before the development of fracture mechanics and its use in treating metallic fatigue 
as a crack-growth problem, the only available design information on fatigue 
behaviour was the stress/life, or S/N curve. It represented directly the perceived 
nature of fatigue in terms of experimental results, but gave no indication of the 
mechanisms of fatigue damage, of the presence or behaviour of cracks, or of 
changes in the characteristics of the material as a consequence of the fatigue 
process. 
Another presentation is the constant-life diagram, where the expected life is shown 
for a given combination of the alternating component of the stress 
2
minmax
alt
σ−σ
=σ  and the mean stress 
2
maxmin
m
σ+σ
=σ . This automatically 
introduces the concept of the stress ratio R (defined as 
max
minR
σ
σ
= ), and the question 
of the relative importance of any compression component of stress. In metallic 
fatigue it was frequently assumed, however, that compression stresses were of no 
significance because they acted only to close the fatigue cracks, unlike tensile 
forces. Master diagrams of this kind are presented in a variety of forms, all more or 
less equivalent, but the most familiar is that which is usually referred as the 
Goodman diagram (Figure 2.9). The abscissa contains the mean stress m, while the 
ordinate axis shows the alternating stress a, both being normalized with respect to 
the static tensile strength. 
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Figure 2.9 Schematic illustration of a constant-life or Goodman diagram [17]. 
 
So far the use of data from fatigue experiments has been considered in which the 
stress level or stress range remains fixed during the test. A satisfactory life-
prediction method, however, must be able to cope with variable stress, because the 
mean and alternating stress amplitudes do vary in most fatigue environments. 
The most common law for damage accumulation in metals is the Palmgren-Miner 
linear damage rule, but its applicability to composite materials is very limited. In the 
field of metallic fatigue, the logical definition of damage must be related with crack 
growth, and the need for an empirical damage law was perhaps obviated by the 
arrival of fracture mechanics. In materials where fatigue deterioration cannot be 
easily described in terms of single crack growth – composite materials, ceramics and 
concrete are typical examples – effort continues to be expended in searching for 
parameters that may be used in life prediction. 
 
2.2.2. Parameters involved in fatigue experiments 
The number of parameters that affect the result of fatigue experiments, is very large. 
They can be classified in two categories: parameters that are inherent to the material 
used, and parameters that are related with the fatigue loading conditions. 
 
2.2.2.a. Parameters inherent to the composite specimen 
• the matrix can be a thermosetting or a thermoplastic matrix. Due to hysteretic 
heating, the load frequency effect is much more pronounced in the case of 
thermoplastic matrices. Temperature rises up to 100 °C are not unusual for 
higher test frequencies (5 – 10 Hz) [18]. The thermal conductivity of the matrix 
is also important for temperature rises in the material. When the conductivity is 
low, the hysteresis losses accumulate locally and the material degrades faster due 
to the hysteretic heating. The frequency effect is also very pronounced for 
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elastomer matrices, which are used in nylon fibre-reinforced elastomers for the 
carcass of bias aircraft tires [19], 
• the stacking sequence of the laminate has a very important effect on the fatigue 
behaviour of the composite specimen [20]. Kim [21] showed that the onset of 
delaminations can be delayed by changing the stacking sequence of 
graphite/epoxy specimens. For the [0°/±45°/90°]s layup, delaminations initiated 
at N = 200 cycles, while for the [0°/90°/±45°]s stacking sequence, delamination 
onset was only observed at N = 20,000 cycles. Further, a dependency of the 
maximum crack density state on the onset of delamination was noticed, 
• the mechanical properties of the constituents (fibres and matrix) and the fibre 
volume fraction, as well as the bond strength between fibres and matrix, affect 
the fatigue performance. Adali [20] has shown that the fibre volume content is an 
important variable for design against fatigue, 
• defects during fabrication can be a cause of deteriorated fatigue performance. 
For example defects can be due to draping of the fibre reinforcement. McBride 
and Chen [22] studied the evolution of microstructure in dry plain-weave fabric 
during large shear deformation. In various resin transfer moulding techniques, 
dry fabric is shaped around complex mould shapes. The fabric can be in state of 
large in-plane shear deformation which significantly alters the spatial orientation 
of the constituent yarns and fibres. These deformations can lead to shear 
wrinkling in the fabric and reductions of structural integrity, due to varying fibre 
volume content. At the TexComp 5 conference (Leuven, 2000), Lomov [23] has 
shown that each textile geometry model should take this effect into account, 
• discontinuities, like cuts or holes, or previously initiated damage (due to impact 
damage [24] for instance) act like stress concentrators and can alter the fatigue 
behaviour of the composite specimen significantly. 
 
2.2.2.b. Parameters of the fatigue setup 
• in composite materials, the inhomogeneity resulting from the fibre distribution 
may be so great as to influence the fatigue response of a sample, the size of 
which is comparable with the scale of the inhomogeneity. Thus, in woven-roving 
laminates, the width of a test piece should be sufficiently large to include several 
repeats of the weaving pattern [25], 
• the choice of an appropriate specimen shape is strongly influenced by the 
characteristic nature of the composite being tested and has given rise to some 
difficulties. Early attempts to use test specimens similar to metallic designs led to 
unrepresentative modes of failure in composites that were (i) highly anisotropic 
and (ii) had relatively low in-plane shear resistance, such as unidirectionally-
reinforced carbon fibre plastics containing high-modulus untreated carbon fibres. 
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 Much early work was carried out on waisted samples of conventional kind, and 
designs were adapted for unidirectional carbon fibre-reinforced composites by 
using long samples with very large radii and relatively little change in cross-
section in the gauge length (Figure 2.10a). An alternative approach that has been 
used to prevent the familiar shear splitting in composites of low shear resistance 
was to reduce the sample thickness rather than the width (Figure 2.10b). For 
tensile fatigue testing, this has now been almost universally superceded by the 
technique of using parallel-sided strips with end-tabs, either of glass fibre-
reinforced polymer or soft aluminium, bonded onto the samples for gripping 
(Figure 2.10c). Carefully done, this eliminates the risk of grip-damage (and 
resultant premature failure) without introducing significant stress concentrations 
at the ends of the test length, and failures can usually be expected to occur in the 
test section [25]. However, for tension-compression and compression-
compression fatigue testing, various sorts of tabs are used (see for example [26-
28]), 
 
 
 
Figure 2.10 Schematic illustration of typical specimen shapes used for fatigue testing 
of fibre-reinforced plastics [25]. 
 
• the nature of the fatigue stress (tension/compression/shear), 
• the stress ratio 
max
minR
σ
σ
=  is a very important parameter in fatigue testing. The 
stress levels σmin and σmax are evaluated with their algebraic sign, so a negative 
stress ratio (-∞ < R < 0) refers to tension-compression loading, while tension-
tension loading comprises the range 0 < R < 1 and compression-compression 
loading comprises the range 1 < R < +∞ (see Figure 2.11). The remaining cases 
are zero-tension loading (R = 0) and zero-compression loading (R = -∞). 
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Figure 2.11 Constant-life diagram showing lines of constant stress ratio R (designated 
in the graph as Rs) [29]. 
 
 For most composite materials, the worst fatigue loading condition is fully-
reversed axial fatigue, or tension-compression loading (R = -1) [30,31]. Indeed, 
in compression, although the fibres remain the principal load-bearing elements, 
they must be prevented from becoming locally unstable and undergoing a micro-
buckling type of failure. This is the task of the matrix and the fibre/matrix 
interface, the integrity of both being of far greater importance in compressive 
loading than in tensile loading. 
 Under tensile fatigue loading, many of the laminate plies without fibres in the 
test direction, develop intraply damage and this causes local layer delamination 
at relatively short lifetimes. In compression, this tensile-induced damage can 
lead to local layer instability and layer buckling, perhaps before resin and 
interfacial damage within the layers has initiated fibre micro-buckling. Thus 
fatigue lives in reversed axial loading are usually shorter than for zero-
compression or zero-tension loading, 
• the fatigue experiments can be load-controlled or displacement-controlled, 
• when the fatigue stress amplitude is low compared to the static strength, it is 
called ‘high-cycle fatigue’, because the specimen will sustain the load during a 
large number of cycles. When on the other hand the fatigue stress amplitude is a 
large percentage of the static strength, it is called ‘low-cycle fatigue’. Damage 
types can be quite different, since static failure mechanisms are often involved in 
low-cycle fatigue, while typical fatigue damage mechanisms rather occur in 
high-cycle fatigue [32], 
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• the applied load usually has a constant amplitude over time. To simulate in-
service loading conditions more realistically, block loading and variable 
amplitude loading are used, 
• the frequency is a very important parameter. Ellyin and Kujawski [33] clearly 
showed the influence of frequency in fatigue tests on E-glass/epoxy specimens. 
At lower stress amplitudes they found that the cyclic creep increased and the 
fatigue life decreased with reduced cyclic frequency. In contrast, at higher stress 
amplitudes, the effect of loading frequency on both cyclic creep and fatigue life 
was opposite to that at lower stresses, in that the fatigue life decreased with 
higher frequency, 
• environmental conditions can play an important role. Bach [34] has proved that 
moisture has a significant effect on the fatigue performance of glass fibre-
reinforced plastics. 
 
2.2.3. Damage types in fibre-reinforced composite materials 
First of all one has to distinguish between process-induced damage and service-
induced damage [35]. The former class can be divided into faults due to the build-up 
of the laminate and faults due to the curing of the laminate. Lagace and Brewer [36] 
have shown that curing stresses can considerably affect the damage evolution 
history during fatigue loading. 
The predominant service-induced damage mechanisms can be classified as follows 
[37,38]: 
 
• matrix cracks appear parallel to the fibres in off-axis plies and are due to the 
strong anisotropic nature of the composite material (Figure 2.12), 
 
 
 
Figure 2.12 Matrix cracks in the 90°-ply of the laminate [37]. 
 
• matrix-fracture normal to the fibres is inhibited by the fibres since they are much 
stiffer and stronger than the matrix (Figure 2.13), 
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Figure 2.13 Failure mechanisms in a fibre-reinforced composite [35]. 
 
• fibre/matrix interfacial debonding (Figure 2.13), 
• fibre pull-out (Figure 2.13), 
• fibre fracture (Figure 2.13), 
• delamination can be defined as debonding of two adjacent plies in a laminate. 
They are divided into interior delaminations and free-edge delaminations. 
Interior delaminations can initiate because a transverse matrix crack crosses a ply 
with a different stacking angle. There, stress concentrations can lead to 
debonding of the two adjacent plies. Free-edge delaminations are caused by 
interlaminar stresses. The individual laminae must have the same deformations, a 
condition which implies the existence of interlaminar normal stresses σzz and 
shear stresses τxz and τyz at the free edge. 
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2.2.4. Typical fatigue phenomena in fibre-reinforced composite materials 
Fatigue in common materials such as metals is usually discussed from the point of 
view of crack initiation and propagation. It is assumed that a single dominant crack 
is responsible for structural failure in these materials and that the fatigue life is 
determined by the number of loading cycles required to cause sufficient crack 
growth so that quasi-static catastrophic fracture occurs. Continuous fibre-reinforced 
polymers on the other hand, show a gradual deterioration during fatigue life, 
whereby damage can start very early, even in the first few loading cycles. Figure 
2.14 summarizes the differences between the fatigue behaviour of metals and 
composites [39]. 
 
 
 
Figure 2.14 Comparison of fatigue behaviour in metals and composites [39]. 
 
Next the most important observations concerning fatigue damage in fibre-reinforced 
composite materials are presented. 
A good starting point is the work of Schulte [40-42]. He thoroughly studied the 
damage development of carbon/epoxy specimens with stacking sequence 
[0°/90°/0°/90°]2s during tension-tension fatigue (R = 0.1). Figure 2.15 shows the 
typical stiffness reduction which was observed during the fatigue tests. 
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Figure 2.15 Typical stiffness reduction curve for a [0°/90°/0°/90°]2s laminate [42]. 
 
Schulte distinguishes three distinctive stages in this stiffness degradation curve [42]: 
• the initial region (stage I) with a rapid stiffness reduction of 2-5 %, 
• an intermediate region (stage II), in which an additional 1-5 % stiffness reduction 
occurs in an approximately linear fashion, 
• and a final region (stage III), in which stiffness reduction occurs in abrupt steps 
ending in specimen fracture. 
 
During fatigue loading in stage I the formation of matrix cracks parallel to the fibres 
can be observed very early in the 90° plies which are perpendicular to the load axis. 
The development of these transverse cracks dominates the stiffness reduction 
ascertained in early fatigue life. In the fatigue tests, the constant distance between 
the transverse cracks is already developed after only a few hundred loading cycles. 
This saturation effect of transverse matrix cracks has been studied by Highsmith and 
Reifsnider [43] and Masters and Reifsnider [44]. They investigated the effect of 
matrix cracks in the off-axis plies of graphite/epoxy laminates and the resulting 
stiffness loss. Their load-controlled fatigue experiments were tension-tension tests 
with R = 0.1. Experiments confirmed the observation that the number and 
distribution of the matrix cracks in the off-axis plies saturates after a sufficiently 
large number of loading cycles. This equilibrium state is commonly known as the 
“Characteristic Damage State”. 
The damage mechanisms occurring in stage II seem to be the typical fatigue 
mechanisms, whereas the damage mechanisms which can be observed during stage 
I, also occur in static tests. A typical mechanism to be observed during stage II is the 
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development of edge delaminations which are the main influencing mechanism for 
the reduction of the elastic modulus. Besides delamination, additional longitudinal 
cracks along the fibres in the 0° plies appear which have developed from the 
transverse cracks in the 90° plies. 
In stage III a transition to local damage progression occurs, leading to fibre failure 
which results in a sudden drop of the characteristic stiffness reduction curve and 
initiates final failure. This also is a reason for the large scatter in fatigue life and 
why the sudden drop in stiffness can hardly be predicted. 
 
Fujii et al. [45] have performed similar investigations for plain woven glass fibre-
reinforced composites with a polyester matrix. The tests were performed in uni-axial 
zero-tension along the warp direction with stress ratio R = 0 and frequency f = 2 Hz. 
They reported a modulus degradation which was very similar to the one described 
by Schulte et al. [42]. According to the experiments, the weft tows first debond from 
the matrix (see Figure 2.16). Simultaneously matrix cracks occur in the resin-rich 
regions between two woven sheets. In a second stage, the debonds propagate in the 
weft along the fibre and connect with other debonds that are present near the 
adjacent cross-over points. Small delaminations (so-called meta-delaminations) 
occur between warp and weft fibre bundles near the fabric cross-over points. Finally 
fibre fracture occurs. 
 
 
 
Figure 2.16 Microscopic fatigue processes in a plain woven glass/epoxy laminate [45]. 
 
These observations have been confirmed by Pandita et al. [46]. Tension-tension 
fatigue tests (R = 0.1) were performed on plain woven glass/epoxy specimens and 
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damage development was monitored by means of acoustic emission and SEM 
inspection (Scanning Electron Microscopy). 
 
A hardly studied phenomenon is the accumulation of permanent strain during 
fatigue loading. For composite materials with a thermoplastic matrix, creep effects 
seem to be dominant, while in case of thermosetting materials, permanent strain is 
simply neglected in most reported literature. Moreover, for both types of material, 
the phenomenon is not understood quite well. Bassam et al. [47] have performed 
quasi-static tensile tests on cross-ply E-glass/epoxy specimens. They observed a 
residual strain on unloading which was due to matrix cracking. In their opinion, 
matrix cracks give rise to the relief of thermal curing stresses and any damage which 
locally reduces the balanced macroscopic curing stresses can lead to a change in 
laminate dimensions. The residual strain could be reasonably well predicted based 
on shear-lag or variational mechanics. 
 
 
2.3. EXPERIMENTAL SETUP FOR BENDING FATIGUE 
Uni-axial fatigue experiments in tension/compression are most often used in fatigue 
research [41,45,48] and accepted as a standard fatigue test, while bending fatigue 
experiments are scarcely used to study the fatigue behaviour of composites [49-51]. 
Nevertheless bending fatigue experiments were preferred to uni-axial 
tension/compression fatigue tests because of the following reasons: 
• the bending moment is (piecewise) linear along the length of the specimen (3-
point bending, 4-point bending, cantilever beam bending). Hence stresses, strains 
and damage distribution vary along the gauge length of the specimen. On the 
contrary, in uni-axial tension/compression fatigue experiments, the stresses, 
strains and damage are assumed to be equal in each cross-section of the 
specimen, 
• due to the continuous stress redistribution, the neutral fibre (as defined in the 
classic beam theory) is moving in the cross-section because of changing damage 
distributions. Once a small area inside the composite material has moved for 
example from the compressive side to the tensile side, the damage behaviour of 
that area can be altered considerably, 
• the finite element implementation gives rise to several complications, because 
each material point is loaded with a different stress, strain and possibly stress 
ratio, so that damage growth can be different for each material point. In 
tension/compression fatigue tests, the stress- or strain-amplitude is constant 
during fatigue life and differential equations describing decrease of stiffness or 
strength, can often be simply integrated over the considered number of loading 
cycles, 
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• smaller forces and larger displacements in bending allow a more slender design 
of the fatigue testing facility. 
These reasons favoured the decision to use a bending fatigue setup instead of a 
tensile fatigue setup. The resulting fatigue damage model should be more general in 
use and thus more suited for modelling full-scale structural composite components. 
Figure 2.17 shows the experimental setup for displacement-controlled bending 
fatigue tests which was built by Cheng [52]. 
 
 
 
Figure 2.17 Experimental setup for bending fatigue. 
 
A schematic drawing of the setup is shown in Figure 2.18. 
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Figure 2.18 Schematic drawing of the experimental setup. 
 
The outcoming shaft of the motor has a rotational speed of 185 rpm. The power is 
transmitted by a V-belt to a second shaft (point D in Figure 2.18), which provides a 
fatigue testing frequency of 2.2 Hz. The influence of frequency can be assumed 
negligible in the range up to 5 Hz [53]. The power transmission through the V-belt 
ensures that the earthing of the motor and the earthing of the measurement system 
are electrically isolated, which is an advantage mainly with metallic or carbon fibre-
reinforced specimens. 
The second shaft bears a mechanism with crank and connecting rod, which imposes 
an alternating displacement on the hinge (point C in Figure 2.18) that connects the 
connecting rod with the lower clamp of the composite specimen. At the upper end 
the specimen is clamped (point A in Figure 2.18). Hence the sample is loaded as a 
composite cantilever beam. 
The amplitude umax of the prescribed displacement is defined as the orthogonal 
distance between the centre of the hinge (point C in Figure 2.18) and the vertical line 
passing through the midplane of the undeformed specimen (see Figure 2.19). The 
amplitude umax can be adjusted by changing the position of the crank, and its sign is 
positive in the direction indicated in Figure 2.19. An additional parameter is the 
displacement ratio 
max
min
d u
uR =  (analogous to the stress ratio R), where umin and umax 
are evaluated with their algebraic signs. If Rd = 0.0, the fatigue test is performed in 
single-sided bending, while it is performed in fully-reversed bending if Rd = - 1.0; 
i.e. the deflection can vary from zero to the maximum deflection in one direction, or 
in two opposite directions, respectively. 
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Figure 2.19 Definition of the amplitude umax of the prescribed displacement. 
 
A full Wheatstone bridge on the connecting rod is used to measure the force acting 
on the composite specimen. Due to the (bending) stiffness degradation of the 
specimen during fatigue life, the measured force will gradually decrease as the 
amplitude umax of the prescribed displacement remains constant. The selection of the 
strain gauges must be done carefully, since the connecting rod is fatigued as well 
and internal energy dissipation leads to small temperature rises at the site of the 
active strain gauges, which are not compensated by the dummy strain gauges in the 
neighbourhood. Therefore two self-temperature compensated strain gauges are 
placed on the two opposite surfaces of the connecting rod and they measure both the 
longitudinal and transversal strain. In that way temperature effects, as well as small 
bending moments, are compensated. 
The force measurement was already possible in the experimental setup built by 
Cheng [52], but the out-of-plane displacement profile could not be recorded. 
However, it was meant that the regular recording of this deformation would provide 
useful additional information about the fatigue degradation and could be used to 
validate the finite element predictions. If the vertical (undeformed) position of the 
specimen corresponds with a 0° angle position of the crank, then the out-of-plane 
displacement profile which corresponds with a 180° angle rotation of the crank, is 
defined as the maximum deformed state. In order to record this out-of-plane 
displacement profile, it was necessary to develop a mechanism to hold the specimen 
fixed in this state, because recording the profile while the test keeps running at a 
frequency of 2.2 Hz, gives rise to some practical problems. A rotary digital encoder 
was attached to the second shaft. Its angular position (relative to a certain reference 
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angle) is directly related with the loading path of the composite specimen. The 
frequency inverter reads the signal from the rotary encoder and can stop and hold the 
motor at a predetermined angular position of the encoder. The commands for the 
inverter are controlled by a computer and sent through a RS232 communication line. 
This mechanism allows the recording of the maximum out-of-plane displacement 
profile of the composite specimens. 
In the next paragraph, the procedures developed to measure the out-of-plane 
displacement profile of the composite specimen at several stages during fatigue life, 
will be discussed. 
 
 
2.4. DEFORMATION MEASUREMENTS 
As mentioned earlier, the force-cycle history is retrieved from the strain gauge 
measurement, but the out-of-plane displacement profile provides information about 
the relation between the bending moment and the curvature. As a consequence the 
recording of the out-of-plane displacement profile at regular times during fatigue life 
provides very important data to validate the proposed fatigue damage model. 
Two recording techniques have been developed: one is based on the phase-shift 
shadow Moiré technique and has widespread applicability, while the other is based 
on edge detection with digital photographs and is specifically designed for this 
setup. 
 
2.4.1. Digital phase-shift shadow Moiré method 
Shadow Moiré interferometry is a contactless optical technique for measuring the 
shape of surfaces. The main components of a shadow Moiré interferometer are a 
(pointlike) light source, a periodic Moiré grating, and a (digital) camera. Figure 2.20 
shows the typical experimental setup. 
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Figure 2.20 Moiré contouring system with the light source and the observer at finite 
distances from the grating. 
 
In this setup, a reference Moiré grating is placed close to the object surface to be 
measured, and is illuminated by a pointlike light source. The grating lines of the 
reference Moiré grating are projected onto the object surface to be measured. The 
shadow is spatially modulated by the surface, so, in general, the shadow consists of 
a set of deformed grating lines. When the shadow is viewed through the original 
reference grating, the two sets of lines (reference grating and shadow) interfere, 
producing fringes. Under the restriction that h1 = h2 (see Figure 2.20), the observed 
fringes represent iso-height surface contours which describe the shape of the surface. 
Figure 2.21 shows the result of the shadow Moiré procedure applied to the bending 
fatigue setup. The reference grating is placed before the bended surface of the 
composite specimen, and the Moiré fringes are contours of equal “depth” relative to 
the reference grating. 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
54 
 
 
Figure 2.21 Recorded Moiré fringes by standard shadow Moiré. 
 
Next the fringe patterns are analyzed by tracing the centre-lines of the fringes and 
assigning height values to them, a difficult and time-consuming process. Therefore 
the phase-shift method is often used to enhance this process [54,55]. 
A phase-shift means that the reference grating is translated in the z-direction (see 
Figure 2.20), so that the mutual phase between the two sets of lines (reference 
grating and shadow) is changed. Strictly spoken, the shift of the reference grating is 
a shift of distance (in the z-direction), and results in a shift of phase, but the term 
“phase-shift” is often used in both cases. The corresponding intensity distribution is 
then recorded. The total number of phase-shifts yields a set of intensity distributions, 
the processing of which results in a image in which the value of each pixel is 
proportional to the height of the surface at that point (relative to the reference 
grating). In contrast to the non-phase-shift shadow Moiré method, there is no need 
for tracing fringes. 
It is important to observe that a translation of the reference grating in the x-direction 
(see Figure 2.20) does not affect the fringe pattern, because the illumination path for 
the reference grating and its resulting shadow lines is not changed. 
The drawback of standard phase-shift shadow Moiré is that several images must be 
recorded, and that very precise mechanical phase-stepping devices are required 
(typical shifts are in the order of 0.1 mm). 
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Therefore a digital variant of the phase-shift shadow Moiré method has been 
developed. With the digital phase-shift shadow Moiré technique, all mechanical 
devices can be eliminated and only one image of the projected Moiré grating lines 
onto the object surface is required. The standard shadow Moiré setup is only slightly 
changed: the reference grating is moved to the left, so that the reference grating is 
only in the illumination path and the projected shadow lines onto the object surface 
can be observed directly by the (digital) camera. This is illustrated by Figure 2.22. 
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Figure 2.22 Experimental setup with the reference grating placed only in the 
illumination path. 
 
To clarify the difference with standard shadow Moiré, Figure 2.23 shows the 
standard shadow Moiré fringes (left), together with the projected shadow lines. The 
reference grating is only present for the left half width of the specimen. The left side 
of the picture shows the reference grating with the fringe pattern yielded by standard 
shadow Moiré. The right side shows the shadow of the grating lines onto the bent 
object surface. The indicated coordinate system is consistent with the one in Figure 
2.22. 
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Figure 2.23 Captured image with the Moiré contouring (left) and the shadow of the 
reference grating (right). 
 
This intensity distribution (right part of the picture in Figure 2.23) is recorded for 
only one position of the reference grating, and the phase-shifts are performed 
numerically with the aid of a virtual reference grating. However, it is not possible to 
shift the virtual reference grating in the z-direction, as the recorded bitmap is a two-
dimensional array of pixels (in the x-y plane). To alleviate this problem, the 
numerical shifts are performed in the x-direction. It was mentioned earlier that, in 
case of mechanical phase-shifting, a shift of the reference grating in the x-direction 
did not affect the fringe pattern, but this does not hold for the virtual phase-shifts. 
Indeed, in the case of mechanical phase-shifting, the shadow lines shift together with 
the shift of the reference grating, but in the case of virtual phase-shifting, the 
recorded shadow lines in the bitmap do not shift when the virtual reference grating is 
shifted. So, analogous to the mechanical phase-shifting procedure, a set of 
numerically constructed intensity distributions is generated and the processing of 
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these intensity distributions yields the height value of each pixel of the recorded 
bitmap. 
The important difference is that the virtual shifts are performed in the x-direction, 
while the mechanical shifts are performed in the z-direction. It is evident that the 
standard formulas of mechanical phase-shift shadow Moiré are not valid for digital 
phase-shift shadow Moiré. The relevant equations of the digital phase-shift shadow 
Moiré technique and its validation against the standard phase-shift shadow Moiré 
technique with mechanical phase-shifts can be found in Appendix B. 
Although the development of the digital phase-shift shadow Moiré method cannot 
be regarded as a primary achievement of the doctoral research, it is new in its kind 
and has been published in Optics and Lasers in Engineering [56]. The major 
innovation is that the reference grating is superimposed numerically and that the 
phase-shifts are performed mathematically. Further it has been shown in Appendix 
B that height-dependent nonlinearities are very important when measuring small 
deformations of curved surfaces, although these nonlinearities are often neglected in 
the processing of the intensity distributions. Finally, due to the simple optical 
arrangement, the errors caused by optical settings are eliminated and this makes the 
procedure very suitable for measurements of dynamic phenomena (in casu 
deformations during fatigue tests). 
 
2.4.2. Digital recording of out-of-plane displacement profile [57] 
The digital phase-shift shadow Moiré method can be applied to the general case of 
curved surfaces, because the Moiré method yields the out-of-plane displacement 
profile for the whole surface. However for the current bending fatigue setup, a more 
simplified method can be applied as well. 
A digital photograph of the out-of-plane displacement profile is taken from the side 
view. To enhance the contrast, the edge of the composite specimen has been painted 
white. A digital CCD-camera with a resolution of 2.5 Megapixels was used. An 
example of such a digital photograph is given in Figure 2.24. 
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Figure 2.24 Example of a digital photograph of the maximum out-of-plane 
displacement profile. 
 
When the number of pixels for a known distance is counted, the out-of-plane 
displacement profile can be calculated. Thereto an edge-detection algorithm is used 
which detects the edges of the composite specimen on the digital photograph. Figure 
2.25 shows an example of the edge detection algorithm. Of course, the recorded out-
of-plane displacement profile applies to the deformation of the specimen surface, not 
to the out-of-plane displacement of the midplane of the laminate. 
 
Chapter 2 Materials, Experimental Setup and Measurement Data 
59 
 
 
Figure 2.25 Edge detection program to determine out-of-plane displacement profile. 
 
The coordinates of the edge pixels are written to a file and can be inserted in an 
ExcelTM spreadsheet. The information is translated into an out-of-plane displacement 
profile by using the pixel/distance ratio. 
 
 
2.5. EXPERIMENTAL RESULTS 
This paragraph gives a representative overview of the experimental data that are 
provided by the experimental bending fatigue setup. The survey of results is by no 
means exhaustive, but is intended to make the reader feel acquainted with the typical 
fatigue behaviour of the [#0°]8 and [#45°]8 specimens. As mentioned earlier, a 
complete list of the experimental fatigue tests has been included in Appendix A. 
As mentioned earlier in Chapter 1, some fatigue parameters have not been included 
in the experiments: (i) fatigue testing frequency, (ii) influence of moisture and 
temperature, and (iii) delaminations. It was argued that the number of fatigue 
parameters must be restricted in order to manage the fatigue experiments and the 
model development within the time granted. Therefore the studied fatigue damage 
has been restricted to all intra-layer fatigue damage (matrix cracks, fibre/matrix 
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interface failure, fibre pull-out, fibre fracture) that is caused by pure mechanical 
loading with constant frequency. 
Further it is assumed that curing stresses and viscoelastic effects are negligible. As 
all layers of both [#0°]8 and [#45°]8 specimens have been stacked with the same 
orientation, the coefficients of thermal expansion are the same for all composite 
layers. Moreover, the composite plates can crimp freely during cooling in the closed 
steel mould. 
Regarding viscoelastic effects, there are three reasons to believe that these effects 
are negligible: (i) the epoxy matrix is a highly cross-linked thermosetting polymer 
[8], (ii) the testing frequency is small [53], and (iii) the testing temperature is well 
below the glass transition temperature. 
The fatigue experiments were performed with different values of the prescribed 
displacement amplitude umax, as well as with single-sided bending (Rd = 0.0) and 
fully-reversed bending (Rd = -1.0). 
Figure 2.26 shows the force-cycle history for a [#0°]8 and [#45º]8 specimen, 
subjected to single-sided bending with umax = 34.4 mm. The abscissa contains the 
number of cycles; the ordinate axis shows the corresponding maximum value of the 
force [Newton] for each loading cycle, as measured by the strain gauge bridge on the 
connecting rod (Figure 2.18) during the fatigue tests. The meaning of the arrows will 
be explained later. 
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Figure 2.26 Force-cycle histories for [#0°]8 and [#45°]8 specimens (single-sided 
bending, umax = 34.4 mm). 
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The [#0°]8 specimen degrades gradually in the early loading cycles, but its stiffness 
is reduced significantly after about 40,000 cycles. The initial force on the [#45°]8 
specimen is smaller, because its (bending) stiffness is lower. However, after 50,000 
cycles, its remaining stiffness has become larger than that of the [#0°]8 specimen. Of 
course the ratio of the surface strain to the ultimate strain is different for the two 
specimen types. This can be easily demonstrated by a structural analysis of the 
laminate when a constant curvature κx is imposed. The Tsai-Wu failure criterion will 
reach its failure value much earlier for the [#0°]8 specimen than for the [#45°]8 
specimen, because the stresses, resulting from the imposed curvature, are smaller for 
the [#45°]8 specimen. 
 
The evolution of the out-of-plane displacement profile for both stacking sequences 
can be quite different as well. The out-of-plane displacement profile of the [#0°]8 
specimens can change from a smoothly curved profile at the early loading stage to a 
straight line at failure. Indeed, Figure 2.27 shows the out-of-plane displacement 
profile for another [#0°]8 specimen Pr10_3 at the first loading cycle (left) and at 
final failure (right) for umax = 36.8 mm. As can be seen from this Figure, the out-of-
plane displacement profile can change drastically. 
 
 
Figure 2.27 Out-of-plane displacement profile for [#0°]8 specimen Pr10_3 at the first 
loading cycle (left) and at final failure (right) (umax = 36.8 mm). 
 
The arrows in Figure 2.26 indicate the cycle numbers (N = 1; 9,000; 67,682; 
142,540), at which an out-of-plane displacement profile of the [#0°]8 and [#45°]8 
specimens has been recorded. These shapes are shown in Figure 2.28 for the [#0°]8 
specimen Pr10_4 (digital phase-shift shadow Moiré method) and in Figure 2.29 for 
the [#45°]8 specimen Pr11_2 (edge detection algorithm), respectively. The white 
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rectangle in Figure 2.27 schematically indicates the area for which the out-of-plane 
displacement profile was recorded. 
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Figure 2.28 Out-of-plane displacement profile for [#0°]8 specimen Pr10_4 (umax = 34.4 
mm). 
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Figure 2.29 Out-of-plane displacement profile for [#45°]8 specimen Pr11_2 (umax = 
34.4 mm). 
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Although the large difference between the out-of-plane displacement profiles for the 
[#0°]8 specimen might seem unrealistic, it is correct. However the choice of scale 
along abscissa and ordinate axis might be misleading. Figure 2.30 shows the same 
results as in Figure 2.28, but with a schematic indication of the relative position of 
the lower clamp. The vertical coordinate of the hinge of the lower clamp 
corresponds with the prescribed displacement amplitude umax = 34.4 mm. 
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Figure 2.30 Out-of-plane displacement profile for [#0°]8 specimen Pr10_4 with 
schematic indication of the lower clamp (umax = 34.4 mm). 
 
It is clearly demonstrated that the fatigue behaviour of both specimen types is very 
different. With regard to the [#0°]8 specimen, a hinge is formed at the clamped 
cross-section (which corresponds with the sharp decline in the force-cycle history in 
Figure 2.26) and the strains in the parts remote from the fixed clamp are nearly 
reduced to zero. On the other hand the out-of-plane displacement profile of the 
[#45°]8 specimen remains nearly the same, as well as the force necessary to impose 
the bending displacement (Figure 2.26). 
 
When the prescribed displacement umax increases to 38.9 mm, the decline for the 
[#0°]8 specimens is even more pronounced, as can be seen in Figure 2.31. Figure 
2.32 shows that the deterioration for [#45°]8 specimens is now also severe, but 
remains far more gradual. 
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Figure 2.31 Force-cycle histories for [#0°]8 specimens (single-sided bending, umax = 
38.9 mm). 
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Figure 2.32 Force-cycle histories for [#45°]8 specimens (single-sided bending, umax = 
38.9 mm). 
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Although the scatter in the fatigue experiments is limited, small deficiencies in the 
mechanical properties can make the difference between complete failure and a 
steady-state condition. Indeed, the force-cycle paths of the three [#45°]8 specimens 
in Figure 2.32 start to diverge after a few thousands of cycles and the fatigue 
performance of the Pr06_4 specimen is in the end a lot better than that of the Pr06_5 
specimen. 
 
When umax is smaller, the degradation is confined to an initial decrease due to matrix 
cracking, but damage propagation is very limited. Fatigue lives are close to one 
million loading cycles. Figure 2.33 shows the force-cycle history for both stacking 
sequences with umax = 30.4 mm. 
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Figure 2.33 Force-cycle histories for [#0°]8 and [#45°]8 specimens (single-sided 
bending, umax = 30.4 mm). 
 
For even smaller umax being equal to 27.7 mm, the force-cycle curve is quasi 
horizontal after the initial decline (Figure 2.34) 
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Figure 2.34 Force-cycle histories for [#0°]8 and [#45°]8 specimens (single-sided 
bending, umax = 27.7 mm). 
 
Finally, Figure 2.35 shows an experiment with fully-reversed bending (Rd = -1.0). 
Although the prescribed displacement umax is smaller (25.5 mm), the fully-reversed 
loading cycles of tensile and compressive stresses at both sides of the specimen 
rapidly lead to a serious deterioration. 
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Figure 2.35 Force-cycle histories for [#0°]8 and [#45°]8 specimens (fully-reversed 
bending Rd = -1.0, umax = 25.5 mm). 
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Another interesting observation is that the apparent “fatigue threshold stress” below 
which no fatigue damage occurs, should be used with great precaution when applied 
to bending fatigue experiments. Figure 2.36 illustrates a fatigue experiment on the 
[#0°]8 specimen Pr10_1 with two different displacement amplitudes in single-sided 
bending. First the composite specimen has been fatigued during 770,000 cycles with 
a small constant-amplitude displacement (umax = 7.1 mm). The force, necessary to 
bend the composite specimen and measured by the Wheatstone bridge, is constant 
during these 770,000 cycles and equals approximately 20 N. Next a larger 
displacement (umax = 29.5 mm) is prescribed, which is held constant during 530,000 
cycles more. Then indeed degradation is initiating and growing fast, until complete 
damage has occurred. 
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Figure 2.36 Degradation of the [#0°]8 specimen Pr10_1 at a small and a large constant 
displacement. 
 
But if the fatigue life of the second loading block (about 200,000 cycles) is 
compared to the fatigue life of the [#0°]8 specimen Pr05_2 in Figure 2.33, which is 
about 800,000 cycles at umax = 30.4 mm, the fatigue life is drastically reduced due to 
the “pre-loading” with a small umax = 7.1 mm. So although no apparent degradation 
can be deduced from the recorded force-cycle history, there definitively must be 
damage initiation. 
 
So far, the force-cycle history and out-of-plane displacement profile of the [#0°]8 
and [#45°]8 specimens have been discussed. Other differences in the fatigue 
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behaviour of both stacking sequences can be found in the damage patterns. Figure 
2.37 shows the typical fatigue damage patterns for [#0°]8 (left) and [#45°]8 (right) 
specimens. The black horizontal line schematically indicates the position of the 
fixed clamp. 
 
 
 
Figure 2.37 Typical fatigue damage patterns for [#0°]8 (left) and [#45°]8 (right) 
specimens. 
 
In the [#0°]8 specimen, several fibres are broken at the clamped end of the specimen 
and a sort of ‘hinge’ is formed, while in the [#45°]8 specimen a more regular pattern 
is found. Further away from the fixed clamp a regular pattern of transverse cracking 
in the weft tows at the fabric cross-over points is shown in the [#0°]8 specimens. 
This “characteristic damage state” is very similar to the steady state matrix cracks in 
tension fatigue [45,53]. The [#45°]8 specimen on the other hand shows no fibre 
breakage at the fixed clamp, because the load is smaller and is taken by both the 
weft and warp tows. For the [#0°]8 specimen the load is larger and has to be taken by 
the warp tows only. 
However, for both types of specimens, the outermost layers which have been 
subjected to the largest tensile stresses, are clearly damaged, compared to the 
outermost layers at the compression side which show no observable sign of damage. 
This brings about an important result: due to the growth of damage and the 
degradation of the bending stiffness, there is a continuous redistribution of the 
stresses in the cross-section, especially near the fixed clamp where damage growth 
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is dominant. The position of the ‘neutral fibre’ (according to its definition in the 
classical beam theory) does not remain at mid thickness of the cross-section, but 
tends to move towards the compression side and transfers the load to that zone. 
 
Another aspect which should be paid attention to, is the accumulation of permanent 
strain for the [#45°]8 specimens under large prescribed displacements. Indeed, when 
umax is large, a substantial permanent deformation did remain after removing the 
grips from the [#45°]8 specimens, while this was much less the case for the [#0°]8 
specimens. For each specimen, the permanent deformation was also measured after 
3 days, 7 days and one month. However, no recovery of the permanent deformation 
could be observed. 
Figure 2.38 shows the out-of-plane displacement profiles for the [#45°]8 specimen 
Pr11_3 during fatigue life and after removing the lower clamp, for umax = 37.8 mm. 
These out-of-plane displacement profiles have been recorded with the edge detection 
algorithm and show the displacement of the lower clamp as well, except for the 
permanent deformation state, where the lower clamp has been removed. As can be 
seen from the Figure, the permanent deformation is not at all negligible. 
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Figure 2.38 Out-of-plane displacement profiles of [#45°]8 specimen Pr11_3 during 
fatigue life (umax = 37.8 mm). 
 
Figure 2.39 shows a picture of the [#45°]8 specimens Pr06_3, Pr06_4 and Pr06_5, 
after having been subjected to a prescribed displacement umax of 38.9 mm for about 
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900,000 loading cycles. The specimen at the right-hand side of the picture is an 
undamaged specimen for comparison purpose. 
 
 
 
Figure 2.39 Permanent deformation of [#45°]8 specimens after removing the lower 
clamp. 
 
This phenomenon can be explained by matrix crazing. The prevailing stresses in the 
[#45°]8 specimens are shear stresses which induce much friction. Matrix debris is 
formed and prevents the matrix cracks from closing completely when the prescribed 
displacement falls down to zero. When removing the lower clamp, the cracks in the 
[#45°]8 specimens remain partially opened. For the [#0°]8 specimens on the other 
hand, the matrix cracks are perpendicular to the load direction and are opened and 
closed during each loading cycle. A similar explanation has been proposed by 
Wevers et al. [58,59] who studied the formation of small matrix cracks at a ±45° 
angle to the full thickness matrix cracks in carbon/epoxy composites. 
Such permanent deformations are difficult to observe when specimens are loaded in 
fatigue tension and/or compression because of the very small displacements, but are 
easy to measure in bending, because the displacements are much larger. The bending 
fatigue experiments thus show that a more generalized fatigue damage model should 
take into account the accumulation of permanent strain for certain stacking 
sequences. 
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Chapter 3 
 
 
Fatigue Models for Fibre-
reinforced Composite 
Materials: Review 
 
 
 
This chapter presents a review of the major fatigue models 
and life time prediction methodologies for fibre-reinforced 
composite materials, subjected to fatigue loadings. In this 
review, the fatigue models have been classified in three 
major categories: (i) fatigue life models, which do not take 
into account the actual degradation mechanisms but use S-N 
curves or Goodman-type diagrams and introduce some sort 
of fatigue failure criterion, (ii) phenomenological models for 
residual stiffness/strength, and (iii) progressive damage 
models which use one or more damage variables related to 
measurable manifestations of damage (transverse matrix 
cracks, delamination size). Although this review does not 
pretend to be exhaustive, the most important models 
proposed during the last decades have been included, as 
well as their relevant equations. 
Based on this literature review, the class of 
phenomenological residual stiffness models was selected as 
the most suitable one to model the fatigue behaviour of 
continuous fibre-reinforced polymers. Next, a representative 
residual stiffness model was chosen for the development of 
the finite element implementation. 
 
 
 
3.1. FATIGUE MODELLING: GENERAL CONSIDERATIONS 
In general fatigue of fibre-reinforced composite materials is a quite complex 
phenomenon, and a large research effort is being spent on it today. Fibre-reinforced 
composites have a rather good rating as regards to life time in fatigue. The same 
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does not apply to the number of cycles to initial damage. Composite materials are 
inhomogeneous and anisotropic, and their behaviour is more complicated than that 
of homogeneous and isotropic materials such as metals. The main reasons for this 
are the different types of damage that can occur (e.g. fibre fracture, matrix cracking, 
matrix crazing, fibre buckling, fibre-matrix interface failure, delaminations,...), their 
interactions and their different growth rates. 
Among the parameters that influence the fatigue performance of composites are: 
• fibre type, 
• matrix type, 
• type of reinforcement structure (unidirectional, mat, fabric, braiding,...), 
• laminate stacking sequence, 
• environmental conditions (mainly temperature and moisture), 
• loading conditions (stress ratio R, cycling frequency,...). 
As a consequence the microstructural mechanisms of damage accumulation, of 
which there are several, occur sometimes independently and sometimes 
interactively, and the predominance of one or other of them may be strongly affected 
by both material variables and testing conditions. 
According to Fong [1], there are two technical reasons why fatigue damage 
modelling in general is so difficult and expensive. The first reason are the several 
scales where damage mechanisms are present: from micro-scale (fibres and matrix), 
through the meso-scale (individual lamina), to the component and structural levels. 
The second reason is the impossibility of producing ‘identical’ specimens with well-
characterized microstructural features. 
Fong also draws the attention to some pitfalls of fatigue damage modelling: 
• confusion over scale: information from measurements on different scale levels, is 
combined improperly and leads to erroneous results, 
• false generalization: for example stiffness reduction can often be divided in three 
regimes (sharp initial reduction – more gradual decrease – final failure [2,3]), but 
the related models are not always valid in the three stages, 
• oversimplification: curve fitting of experimental data is done by using 
oversimplified expressions. This last statement was confirmed by Barnard et al. 
[4]. He presented evidence that much of the scatter of the S-N curve drawn from 
his experimental data was caused by a change in failure mode, generating a 
discontinuity in the S-N curve. Indeed a Students t-distribution indicated that his 
test data were falling apart in two distinct and statistically significant 
populations. The remaining scatter was a consequence of static strength 
variations. 
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Next, many models have been established for laminates with a particular stacking 
sequence and particular boundary conditions, under uni-axial cyclic loading with 
constant amplitude, at one particular frequency,... Their application to real structures 
with a stacking sequence varying from point to point, and more complex variations 
of the loads, is very complicated. Indeed some serious difficulties have to be 
overcome when fatigue life prediction of composite materials under general loading 
conditions is pursued: 
• the governing damage mechanism is not the same for all stress level states [3,4]. 
Failure patterns vary with cyclic stress level and even with number of cycles, 
• the load history is important. When block loading sequences are applied in low-
high order or in high-low order, there can be a considerable difference in damage 
growth [5], 
• most experiments are performed in uni-axial stress conditions (e.g. uni-axial 
tension/compression), although more complex stress states can exist in real 
structures, 
• the residual strength and fatigue life of composite laminates have been observed 
to decrease more rapidly when the loading sequence is repeatedly changed after 
only a few loading cycles [6]. This so-called “cycle-mix effect” was described in 
detail by Farrow [6] and means that the residual strength and the fatigue life of 
composite laminates are decreasing more rapidly when the (block) loading 
sequence shows frequent transitions from high-to-low or low-to-high stress 
levels after only a few loading cycles, 
• the frequency can have a major impact on the fatigue life. Ellyin and Kujawski 
[7] investigated the frequency effect on the tensile fatigue performance of glass 
fibre-reinforced [± 45°]5S laminates and concluded that there was a considerable 
influence of test loading frequency. Especially for matrix dominated laminates 
and loading conditions, frequency becomes important because of the general 
sensitivity of the matrix to the loading rate and because of the internal heat 
generation and associated temperature rise. 
Clearly a lot of research has still to be done in this domain. However several 
attempts have been made to extend models for uni-axial constant amplitude loading 
to more general loading conditions, such as block-type and spectrum loading and to 
take into account the effect of cycling frequency and multi-axial loads. 
 
 
3.2. REVIEW OF EXISTING FATIGUE MODELS 
The following survey has been published as a review paper in Applied Mechanics 
Reviews [8]. It aims to outline the most important fatigue models and life time 
prediction methodologies for fatigue testing of fibre-reinforced polymers. A rigorous 
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classification is difficult, but a workable classification can be based on the 
classification of fatigue criteria by Sendeckyj [9]. According to Sendeckyj, fatigue 
criteria can be classified in four major categories: the macroscopic strength fatigue 
criteria, criteria based on residual strength and those based on residual stiffness, and 
finally the criteria based on the actual damage mechanisms. 
A similar classification has been used by the authors to classify the large number of 
existing fatigue models for composite laminates and consists of three major 
categories: (i) fatigue life models, which do not take into account the actual 
degradation mechanisms but use S-N curves or Goodman-type diagrams and 
introduce some sort of fatigue failure criterion, (ii) phenomenological models for 
residual stiffness/strength, and (iii) progressive damage models which use one or 
more damage variables related to measurable manifestations of damage (transverse 
matrix cracks, delamination size). The next paragraphs briefly justify the 
classification. 
Although the fatigue behaviour of fibre-reinforced composites is fundamentally 
different from the behaviour exposed by metals, many models have been established 
which are based on the well-known S-N curves. These models make up the first 
class of so-called ‘fatigue life models’. This approach requires large amounts of 
experiments for each material, layup and loading condition [10], and does not take 
into account the actual damage mechanisms, such as matrix cracks and fibre 
fracture. 
The second class comprises the phenomenological models for residual stiffness and 
strength. These models propose an evolution law which describes the (gradual) 
deterioration of the stiffness or strength of the composite specimen in terms of 
macroscopically observable properties, as opposed to the third class of progressive 
damage models, where the evolution law is proposed in direct relation with specific 
damage. Residual stiffness models account for the degradation of the elastic 
properties during fatigue. Stiffness can be measured frequently or even continuously 
during fatigue experiments, and can be measured without further degrading the 
material [11]. The residual stiffness model may be deterministic, in which a single-
valued stiffness property is predicted, or statistical, in which predictions are for 
stiffness distributions. The other approach is based on the composite’s strength. In 
many applications of composite materials it is important to know the residual 
strength of the composite structure, and as a consequence the remaining life time 
during which the structure can bear the external load. Therefore the so-called 
‘residual strength’ models have been developed, which describe the deterioration of 
the initial static strength during fatigue life. From their early use, strength-based 
models have generally been statistical in nature. Most commonly, two-parameter 
Weibull functions are used to describe the residual strength and probability of failure 
for a set of laminates after an arbitrary number of cycles. 
Since the damage mechanisms which govern the fatigue behaviour of fibre-
reinforced composites, have been studied intensively during the last decades, a last 
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class of models have been proposed which describe the deterioration of the 
composite material in direct relation with specific damage (e.g. transverse matrix 
cracks, delamination size). These models correlate one or more properly chosen 
damage variables to some measure of the damage extent, quantitatively accounting 
for the progression of the actual damage mechanisms. These models are often 
designated as ‘mechanistic’ models. 
Summarized, fatigue models can be generally classified in three categories: (i) the 
fatigue life models, (ii) the phenomenological models for residual stiffness/strength, 
and (iii) the progressive damage models. 
One of the important outcomes of all established fatigue models is the life time 
prediction. Each of the three categories uses its own criterion for determining final 
failure and as a consequence for the fatigue life of the composite component. 
The fatigue life models use the information from S-N curves or Goodman-type 
diagrams and introduce a fatigue failure criterion which determines the fatigue life 
of the composite specimen. Regarding the characterization of the S-N behaviour of 
composite materials, Sendeckyj [12] advises to take into account three assumptions: 
• the S-N behaviour can be described by a deterministic equation, 
• the static strengths are uniquely related to the fatigue lives and residual strengths 
at runout (termination of cyclic testing). An example of such a relationship is the 
commonly used ‘strength-life equal rank assumption’ which states that for a 
given specimen its rank in static strength is equal to its rank in fatigue life 
[13,14], 
• the static strength data can be described by a two-parameter Weibull distribution. 
Residual strength models have in fact an inherent ‘natural failure criterion’: failure 
occurs when the applied stress equals the residual strength [10,15]. Residual 
stiffness models are dealing with different definitions of “failure” and already in the 
early 70s, Salkind [16] suggested to draw a family of S-N curves, being contours of 
a specified percentage of stiffness loss, to present fatigue data. In another approach, 
fatigue failure is assumed to occur when the modulus has degraded to a critical level 
which has been defined by many investigators. Hahn and Kim [17] and O’Brien and 
Reifsnider [18] state that fatigue failure occurs when the fatigue secant modulus 
degrades to the secant modulus at the moment of failure in a static test. According to 
Hwang and Han [5], fatigue failure occurs when the fatigue resultant strain reaches 
the static ultimate strain. 
Progressive damage models and life time prediction methodologies are very often 
inherently related, since the fatigue life can be predicted by establishing a fatigue 
failure criterion which is imposed to the progressive damage model. For specific 
damage types, the failure value of the damage variable(s) can be determined 
experimentally. 
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For each fatigue model mentioned hereafter, it will be clearly stated if fatigue 
experiments have been conducted on notched specimens. Indeed some damage 
models are not applicable to notched specimens, because central holes and sharp 
notches at the edge of a specimen are known to be stress-concentrators. On the other 
hand such specimens are often used to deliberately initiate delaminations at a well-
known site in the specimen. 
Although excellent review papers on the fatigue behaviour of fibre-reinforced 
composites have been published in the past [19-23], this chapter intends to focus on 
the existing modelling approaches for the fatigue behaviour of fibre-reinforced 
polymers. Moreover, the cited review papers date from the early nineties and do not 
mention the more recent developments in fatigue modelling. 
Since the vast majority of the fatigue models has been developed for and applied to 
a specific composite material and specific stacking sequence, it is very difficult to 
assess to which extent a particular model can be applied to another material type 
than the one it was tested for (glass/carbon fibre, thermoplastic/thermosetting 
matrix, unidirectional/woven/stitched/braided reinforcement, unnotched/notched 
laminates,…), but this chapter wants to give at least a comprehensive survey of the 
most important modelling strategies for fatigue behaviour. For an in-depth 
discussion of the fatigue models, illustrated with figures and experimental results, 
the reader is referred to the original publications cited in the references. The author 
has chosen to preserve the style of the equations (symbols, notations,...) as it was 
used by the researchers themselves, because the familiarity of the reader with the 
commonly known models could be lost when changing the symbols and notations of 
the equations. 
 
3.2.1. Fatigue life models 
The first category contains the so-called ‘fatigue life’ models: these models extract 
information from the S-N curves or Goodman-type diagrams and propose a fatigue 
failure criterion. They do not take into account damage accumulation, but predict the 
number of cycles, at which fatigue failure occurs under fixed loading conditions. 
 
One of the first fatigue failure criteria was proposed by Hashin and Rotem [24]. 
They distinguished a fibre-failure and a matrix-failure mode: 
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where σA and σT are the stresses along the fibres and transverse to the fibres, τ is the 
shear stress and uAσ , 
u
Tσ  and τ
u are the ultimate tensile, transverse tensile and shear 
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stress, respectively. Since the ultimate strengths are function of fatigue stress level, 
stress ratio and number of cycles, the criterion is expressed in terms of three S-N 
curves which must be determined experimentally from testing off-axis unidirectional 
specimens under uni-axial load. 
This criterion is in fact only valid for laminates with unidirectional plies, under the 
further restriction that discrimination between the two failure modes exhibited 
during fatigue failure, should be possible. 
 
 
Ellyin and El-Kadi [25] demonstrated that the strain energy density can be used in a 
fatigue failure criterion for fibre-reinforced materials. The fatigue life Nf was related 
to the elastic energy input ∆Wt through a power law type relation of the form: 
 
 ακ=∆ f
t NW  (3.2) 
 
where ∆Wt was calculated from the elastic stresses and strains in the undamaged 
lamina, and κ and α were shown to be functions of the fibre orientation angle. In 
comparison with experimental data from tests on glass/epoxy specimens, an 
expression for α and κ as a function of the fibre orientation angle was established. 
The strain energy density was calculated under an elastic plane stress hypothesis. To 
include interlaminar shear and through-the-thickness stress distribution, another 
expression for the strain energy density should be derived. 
 
 
Reifsnider and Gao [26] established a fatigue failure criterion, based upon an 
average stress formulation of composite materials derived from the Mori-Tanaka 
method (a method to calculate the average stress fields in inhomogeneities and their 
surrounding matrix). The criterion is at the micromechanics level and takes into 
account the properties of the constituents and the interfacial bond. 
Although very similar to the fatigue failure criteria proposed by Hashin and Rotem 
[24], the failure criteria for matrix-dominated and fibre-dominated failure are 
expressed in terms of the average stresses 〈σijm〉 and 〈σijf〉 in the matrix and fibres, 
respectively. These average stresses are calculated by applying the Mori-Tanaka 
method, while taking into account the problem of non-perfectly bonded interfaces 
between fibres and matrix by modelling the interface as a thin layer with spring-like 
behaviour. 
Finally, the failure functions for the two failure mechanisms are: 
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where Xf and Xm are fatigue failure functions under tensile loading for the fibre 
material and the unreinforced matrix material respectively, while Sm is the fatigue 
failure function of the unreinforced matrix under shear loading. These failure 
functions depend on the stress ratio R, the number of cycles N and the frequency f, 
and are actually S-N curves which should be determined experimentally in advance. 
The micromechanics model was applied to off-axis fatigue loading of unidirectional 
E-glass/epoxy laminae. When simulating the experiments, the interface was 
assumed to be perfectly bonded to simplify the mathematics, although the theory 
was derived for non-perfectly bonded interfaces. 
 
 
Lawrence Wu [27] used a macroscopic failure criterion, based on the Tsai-Hill 
failure criterion. The criterion was expressed as: 
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where F, G, H, L, M and N are functions of the lamina peak stresses X, Y, Z in the 
x, y and z directions and of Q, R and S, which are the lamina peak stresses with 
respect to the shear stress components σyz, σzx and σxy, respectively. 
2
σ  is an 
equivalent stress in terms of X, Y and Z. The peak stresses X, Y, Z, Q, R and S are 
all functions of fatigue life Nf and the corresponding S-N curves must be determined 
in advance. 
Comparison was made with S-N data for [±45°]s and [0°/90°]s carbon fibre-
reinforced laminates from other investigators. The stresses were obtained from finite 
element analysis, taking into account free edge effects and initial thermal stresses 
due to curing. Inclusion of initial thermal stresses into the analysis appeared to 
improve the results. 
 
 
Fawaz and Ellyin [28] proposed a semi-log linear relationship between applied 
cyclic stress S and the number of cycles to failure N: 
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where the second equation applies to a well chosen reference line. A set of fatigue 
results (stress vs. life) is used to establish the reference line which is then used to 
predict any other stress vs. life line by means of two non-dimensional functions. The 
relation between the two sets of material parameters (m, b) and (mr, br) is specified 
by: 
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where a1 is the first bi-axial ratio (
x
y
1a σ
σ
= ), a2 is the second bi-axial ratio 
(
x
xy
2a σ
τ
= ), R is the stress ratio and θ is the stacking angle. 
Their model could be generalized in the expression: 
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The aim of the model was then to predict the parameters m and b (related with mr 
and br through the functions f and g) of a general S-log(N) line, for any a, θ and R. 
Their model has been applied to a number of experimental studies that exist in the 
literature and the correlation is shown to be quite accurate. However the model 
seems to be rather sensitive to the choice of the reference line Sr. 
 
 
Harris and his coworkers [15,29,30], who have performed extensive research on 
fatigue in composite materials, proposed a so-called normalized constant-life model 
that expresses which combinations of mean and peak stress amplitudes give rise to 
the same number of cycles to failure: 
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where f, u and v are linear functions of ‘log Nf’ (f often kept constant); σt is the 
tensile strength, 
t
alta
σ
σ
=  is the normalized alternating stress component; 
t
mm
σ
σ
=  
is the normalized mean stress component and 
t
cc
σ
σ
=  is the normalized compression 
strength. The exponents u and v are responsible for the shapes of the left and right 
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wings of the bell-shaped curve, and as the two exponents do not need to be exactly 
equal, the curve can be asymmetric. The procedure for performing the constant-life 
analysis is described in detail by Harris in reference [15]. The final output results in 
a family of predicted constant life curves. 
In recent articles, Beheshty and Harris [31] and Beheshty et al. [32] proved that their 
model can be applied to impact-damaged laminates as well. In that case, the left-
hand (predominantly compression) quadrant of the constant-life diagram is 
substantially modified by the impact damage, through its effect in reducing the 
compression strength of the material, but the curve in the right-hand quadrant is 
much less affected. 
It is worth to note that from these experiments, Beheshty et al. [32] concluded that 
the observed values of the parameter f appeared to depend on the normalized 
compression strength c, as opposed to former statements. They suggested an inverse 
power-law relationship between f and c with two constants being functions of 
fatigue life Nf. 
 
 
Andersons and Korsgaard [33] observed that creep accelerated under cyclic loading 
in the case of glass/polyester composites for use as a blade material for wind 
turbines. It is considered a fatigue life model, because they used the life fraction as a 
measure of fatigue damage D, and the effect of fatigue damage on the viscoelastic 
response of the composite was modelled by a damage-dependent effective stress σef 
= σ·(1+c·D), where σ is the applied stress, D = n/N is the life fraction and c is a 
constant, depending on stress ratio and applied stress level. The linear viscoelasticity 
relations were then: 
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where ai and bi are creep parameters, determined from creep tests (stress ratio = 1) at 
low stress level. 
It is important to note that test data showed that the fatigue strength tends to 
converge to the creep rupture strength when the mean stress is increased, instead of 
to the ultimate tensile strength as is routinely assumed when constructing the 
Goodman diagram. 
 
 
Jen and Lee [34,35] modified the Tsai-Hill failure criterion for plane stress multi-
axial fatigue loading into a ‘general extended Tsai-Hill fatigue failure criterion’: 
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where all in-plane stress components are expressed in terms of σxx through stress 
transformations between the structural and material axes coordinate system, the 
stress ratios Rxx, Ryy and Rxy and the ratios α and β between σxx and σyy and σxx and 
σxy respectively. The fatigue strengths ijσ  are functions of number of cycles N, 
frequency f and stress ratios Rij and are experimentally determined in advance [34]. 
The theory was applied to quasi-isotropic and cross-ply carbon/PEEK laminates, but 
a larger error for the [±45°]4s laminates indicated that further refinements are 
necessary. 
 
 
Philippidis and Vassilopoulos [36] proposed a multi-axial fatigue failure criterion, 
which is very similar to the well known Tsai-Wu quadratic failure criterion for static 
loading: 
 
 6,2,1j,i01FF iijiij =≤−σ+σσ  (3.11) 
 
where Fij and Fi have become functions of the number of cycles N, the stress ratio R 
and the frequency of loading ν. 
The values of the static failure stresses Xt, Xc, Yt, Yc and S for the calculation of the 
tensor components Fij and Fi have further been replaced by the S-N curve values of 
the material along the same directions and under the same conditions. Although, 
doing so, five S-N curves are required, the number was reduced to three, when 
assuming that Xt = Xc and Yt = Yc. 
The researchers preferred to use the laminate properties instead of the lamina 
properties to predict the laminate behaviour, as they state that this enhances the 
applicability of the criterion to any stacking sequence of any type of composite (e.g. 
unidirectional, woven or stitched layers), because the S-N curves for the laminate 
account for the different damage types occurring in these various types of composite 
materials. 
Philippidis and Vassilopoulos compared their own results to the above-mentioned 
fatigue failure criterion proposed by Fawaz and Ellyin [28]. They concluded that the 
criterion by Fawaz and Ellyin was very sensitive to the choice of the reference S-N 
curve and that the predictions for tension-torsion fatigue of cylindrical specimens 
were not accurate. Under multi-axial loading the model by Philippidis and 
Vassilopoulos can produce acceptable fatigue failure loci for all the data considered, 
but their choice of a multi-axial fatigue strength criterion based on the laminate 
properties, implies that for each laminate stacking sequence, a new series of 
experiments is required. 
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Plumtree and Cheng [37] indicated that for multi-axial fatigue of metals, the Smith 
Watson Topper (SWT) parameter appeared to be a valid fatigue parameter. This 
parameter has the same dimensions as the strain energy density and is defined as the 
maximum stress times the tensile strain range. A similar definition was now 
proposed by Plumtree and Cheng for off-axis unidirectional composites: 
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where the fatigue parameter ∆W* accounts for the crack opening modes in off-axis 
loading: an opening mode normal to the fibres (σ22) and shear parallel to the fibres 
(τ12). 
A best linear fit between the fatigue parameter ∆W* and the number of reversals to 
failure 2Nf in a log-log coordinate system has been established for unidirectional E-
glass/epoxy composites in off-axis fatigue and has then been used to predict fatigue 
life for other off-axis loading angles. 
 
 
Bond [38] has developed a semi-empirical fatigue life prediction methodology for 
variable-amplitude loading of glass fibre-reinforced composites. The S-N curve is in 
this case described by the law: 
 
 c)Nlog(bmax +⋅=σ  (3.13) 
 
where b and c are fourth-order polynomials in function of the ratio range R′′. This 
arbitrary defined function must provide sequential modes of cyclic loading. For the 
tension-tension regime in the Goodman-diagram for example, R is in the range 0 < 
R < 1 and R′′ is defined as R′′ = 4 + R. It is not clear at all how these relations 
between R and R′′ are established in order to develop the fatigue life model. 
Other recent investigations to use more complex fatigue models than the 
traditionally used linear model to characterize the S-N curve can be found in 
[39,40]. 
 
 
Xiao [41] has modelled the load frequency effect for thermoplastic carbon/PEEK 
composites. Fatigue life prediction for 5 Hz and 10 Hz was based on the S-N data at 
1 Hz. The reference S-N curve was modelled by a four-parameter power law 
relation: 
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where p = σ/σu and p0 = σ0/σu, in which σu is the static strength and σ0 is the fatigue 
limit below which stress level no fatigue failure occurs; τ and n are determined by 
curve fitting. 
The S-N curve at 1 Hz was used as the reference curve. Since the maximum 
temperature during fatigue tests at 1 Hz was about 39 °C in average, 40 °C was 
chosen to be the reference temperature. It was then assumed that the iso-thermal S-N 
curves at elevated temperatures (due to hysteretic heating) can be estimated by 
shifting the reference S-N curve with two shifting factors aT and bT. Further an iso-
strength plot is needed to model the fatigue life prediction under non-isothermal 
conditions, as the temperature effect associated with hysteretic heating is non-
isothermal. These plots are constructed by drawing a horizontal line in the σ-log(Nf) 
diagram for a certain stress level, intercepting the iso-thermal S-N curves. 
Finally, by calculating the heating rate q from the area of the hysteresis loop, the 
temperature rise due to hysteretic heating can be calculated. In that way, the 
correlation between temperature and fatigue testing frequency is established. Fatigue 
life is finally determined as the intersection point of the temperature curve and the 
iso-strength curve in a temperature-log(Nf) plot. 
Fatigue life was predicted for AS4/PEEK [±45°]4s laminates at 5 Hz and 10 Hz 
based on an S-N curve generated at 1 Hz. For 10 Hz the measured value was 
considerably lower than the predicted one, which was possibly due to the delayed 
heat-transfer. 
 
 
Miyano et al. [42,43] developed a model for predicting tensile fatigue life of 
unidirectional carbon fibre-reinforced composites. The method is based on four 
hypotheses: (i) same failure mechanisms for constant-strain-rate loading, creep and 
fatigue failure, (ii) same time-temperature superposition principle for all failure 
strengths, (iii) linear cumulative damage law for monotonic loading, and (iv) linear 
dependence of fatigue strength upon stress ratio. 
First, a master curve for constant-strain-rate strength and fatigue strength at zero 
stress ratio was obtained through experimental testing (hypothesis (i) and (ii)). All 
tests were conducted at temperatures between 50 °C and 150 °C. Fatigue frequencies 
were in the range 0.02 Hz – 2.0 Hz. Applying hypotheses (i) and (iii), a master curve 
for the creep strength was predicted from the master curve of constant-strain-rate 
strength using the linear cumulative damage law. 
It was further supposed that the creep strength can be considered as the fatigue 
strength at unit stress ratio R = 1 and arbitrary frequency f with the failure time for 
creep tc being equal to the failure time for fatigue (tf = Nf/f). Assuming further that 
the fatigue strength linearly depends upon the stress ratio (hypothesis (iv)), the 
fatigue strength σf(tf; f, R, T) at an arbitrary combination of frequency f, stress ratio 
R and temperature T was estimated as: 
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where σf:1(tf; f, T) is the creep strength and σf:0(tf; f, T) is the fatigue strength at zero 
stress ratio. 
The model was applied to experimental data for carbon/epoxy composite rings, 
produced by filament winding method. The predictions deviate from the 
experimental data, when the temperature is above the glass-transition temperature. 
 
 
Epaarachchi and Clausen [44] proposed an empirical fatigue law: 
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where a and k are constants, γ is set fixed to 1.6 (derived from assumptions on 
fatigue crack propagation rate), σmax is the applied stress level, R is the stress ratio 
and t is a measure of time. The equation can be rearranged to give: 
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where f is the frequency, γ is set to 1.6, N is the number of cycles to failure, f is the 
loading frequency and α and β are constants. Since the right hand side of the 
equation is constant for a given σmax, regardless of the value of f and R, the 
parameters α and β can be determined experimentally. The model was applied to 
fatigue data from literature for glass/epoxy and glass/polypropylene specimens. 
 
 
3.2.2. Phenomenological models to predict residual stiffness/strength 
3.2.2.a. Residual stiffness models 
Residual stiffness models describe the degradation of the elastic properties during 
fatigue loading. To describe stiffness loss, the variable D is often used, which in the 
one-dimensional case is defined through the well-known relation 
0E
E1D −= , where 
E0 is the undamaged modulus. It may be noticed that, although D is often referred to 
as a damage variable, the models are classified as phenomenological models and not 
as progressive damage models, when the damage growth rate dD/dN is expressed in 
terms of macroscopically observable properties, and is not directly based on the 
actual damage mechanisms. 
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Sidoroff and Subagio [45] proposed the following model for the damage growth 
rate: 
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where the variable 
0E
E1D −= ; A, b and c are three material constants to be 
identified from experiments and ε∆  is the applied strain amplitude. 
The model was applied to the results from three-point bending tests on glass-epoxy 
unidirectional composites under fixed load amplitudes. 
 
The model of Sidoroff and Subagio has been adopted very recently by other 
researchers, but often in terms of stress amplitude instead of strain amplitude. 
Vieillevigne et al. [46] defined the damage growth rate as: 
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where σ is the local applied stress, m and n are fixed parameters, while Kd depends 
on the dispersion. In compression regime, dD/dN was again assumed to be zero. The 
formula was applied to three-point bending tests. 
Kawai [47] modified the model for off-axis fatigue of unidirectional carbon fibre-
reinforced composites: 
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where ω represents the damage D, while K, n and k are material constants and *maxσ  
is a non-dimensional effective stress corresponding to a maximum fatigue stress. 
The latter is defined as: 
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where X, Y and S are the static tensile strength, transverse strength and shear 
strength, respectively. 
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Hwang and Han [5,48] introduced the concept of the ‘fatigue modulus F’, which is 
defined as the slope of applied stress and resultant strain at a specific cycle. The 
fatigue modulus degradation rate is assumed to follow a power function of the 
number of fatigue cycles: 
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where A and c are material constants. Further they assumed that the applied stress σa 
varies linearly with the resultant strain in any arbitrary loading cycle, so that: 
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where F(ni) and ε(ni) are the fatigue modulus and strain at loading cycle ni, 
respectively. After integration and introducing the strain failure criterion, the fatigue 
life N can be calculated as: 
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where 
u
ar
σ
σ
=  is the ratio of the applied cyclic stress to the ultimate static stress, 
and B and c are material constants. 
Hwang and Han [5] proposed three cumulative damage models based on the fatigue 
modulus F(n) and the resultant strain. The presented model III shows better 
agreement with experimental data than the first models I and II. It is proposed as: 
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Failure occurs when: 
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where ∆Di is the amount of damage accumulation during fatigue at stress level ri and 
m is the number of load sequences until final failure. 
As explained in their work on the fatigue modulus concept [48], the cumulative 
damage model can be expressed as a function of the number of cycles too, but the 
researchers advise to define the cumulative damage model by physical variables 
rather than by number of cycles for a better understanding of the multi-stress level 
fatigue phenomena. 
Chapter 3 Fatigue Models for Fibre-reinforced Composite Materials: Review 
91 
The cumulative damage models proposed by Hwang and Han have been used by 
Kam et al. [49,50] to study the fatigue reliability of graphite/epoxy composite 
laminates under uni-axial spectrum stress using statistical methods. 
A recent review of cumulative damage models for homogeneous materials (more 
specifically metals and their alloys) is given by Fatemi and Yang [51]. Some of 
these models have been applied to fibre-reinforced composites as well. 
 
 
Whitworth [52] proposed a residual stiffness model for graphite/epoxy composites: 
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where N* = n/N is the ratio of applied cycles n to the fatigue life N, S is the applied 
stress level, R(0) is the static strength, E(0) is the initial modulus, and a and H are 
parameters which are independent of the applied stress level. 
This residual stiffness model was used by Whitworth [53] to propose a cumulative 
damage model, where the damage function has been defined as: 
 
 
N
n
S1
)S1(HD a
a
⋅



−
−⋅
=  (3.28) 
where 
)0(R
SS =  is the normalized applied stress range and a and H are the 
parameters. When D = 0, no cycles have been applied and E = E(0). When D = 1, 
then the residual modulus equals the failure stiffness Ef. 
This damage model has been extended to predict the remaining life of composite 
specimens subjected to variable amplitude fatigue loading. To determine the fatigue 
failure criterion in case of variable amplitude loading, Whitworth used the 
‘equivalent cycles approach’. In this approach, the number of cycles at a particular 
stress condition in a variable amplitude loading group is transformed into an 
equivalent number of cycles at some reference stress condition such that the original 
and transformed groups produce the same damage. When the sum of the damage 
values at each stress level reaches one, failure occurs. Such an approach holds the 
assumption that the behaviour of the composite specimen is history independent. 
The model was tested on the experimental data for two-stress level fatigue loading. 
Recently, Whitworth [54] proposed a new residual stiffness model, which follows 
the degradation law: 
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where E*(n) = E(n)/E(N) is the ratio of the residual stiffness to the failure stiffness 
E(N), n is the number of loading cycles and a and m are parameters that depend on 
the applied stress, loading frequency,… By introducing the strain failure criterion, 
the residual stiffness E(n) can be expressed in terms of the static tensile strength Su 
and a statistical distribution of the residual stiffness can then be obtained, assuming 
that the static ultimate strength can be represented by a two-parameter Weibull 
distribution. 
 
 
Yang et al. [55] have developed a residual stiffness model for fibre-dominated 
composite laminates: 
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where Q and ν are two parameters which are correlated by a linear equation. 
Experimental data revealed that ν could be written as a linear function of the applied 
stress level. The researchers have also derived a statistical distribution of the 
residual stiffness. 
They observed that this model was not immediately applicable to matrix-dominated 
composite laminates, because then the stress-strain curve is no longer linear. Yang et 
al. [56] have extended the model for matrix-dominated composites by replacing the 
modulus E(n) by the fatigue modulus F(n). The latter is defined as the applied stress 
level S divided by the corresponding strain at the n-th cycle. Through the modelling 
of the nonlinear stress-strain response, they derived an expression, relating the 
fatigue modulus F(0) with the initial stiffness E(0). They have proved that this new 
damage law is a particular case of the above-mentioned damage model for fibre-
dominated composites. The model for matrix-dominated behaviour was applied to 
the fatigue behaviour of [±45°]2S graphite/epoxy laminates. 
Lee et al. [57] used their model (3.30) to predict failure stiffness and fatigue life for 
composite laminates subjected to service loading spectra. An empirical criterion for 
the fatigue failure strain ε(N) was proposed. Since the experimental results showed 
large scatter in the third region of stiffness reduction, the researchers proposed to 
consider the fatigue failure strain at the end of the secondary region. 
 
 
Hansen [58,59] developed a fatigue damage model for impact-damaged woven 
fabric laminates, subjected to tension-tension fatigue: 
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where N is the number of cycles, eε  is the effective strain level and 0ε  the 
reference strain level, A and n are constants. The damage variable β is related to the 
elastic properties by the relations: 
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The experiments revealed that the tension-tension fatigue behaviour of the woven 
composites was affected by the low-energy impact damage for high-cycle fatigue 
(moderate or low peak load levels), but not for low-cycle fatigue (high peak load 
levels). Infrared thermography, which monitors the heating by internal losses and 
friction within the damaged regions, was found to be very successful in detecting 
damage initiation and growth. 
 
 
Brøndsted et al. [60,61] extended stiffness reduction to the life time prediction of 
glass fibre-reinforced composites. The predictions were based on experimental 
observations from wind turbine materials subjected to constant amplitude loading, 
variable amplitude block loading and stochastic spectrum loading. The material is a 
four-layer 90:10 fabric with a chopped strand mat on both sides. 
The stiffness change is calculated as: 
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where E is the cyclic modulus after N cycles, E1 is the initial cyclic modulus, E0 is 
the static modulus, σ is the maximum stress and K is a constant. This expression is 
based on their observed relationship between the stiffness and fatigue cycles in the 
second stage of the stiffness degradation curve: 
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where the stress dependence of the parameter A is assumed to be a power law 
relationship. 
The researchers supposed that the stiffness change is history independent. The 
model can then be utilized to predict the lifetime for variable amplitude loading 
conditions. 
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3.2.2.b. Residual strength models 
After a certain fatigue loading time, the specimen can be tested in a static tension 
test until fracture occurs. This remaining strength is called the residual strength. Two 
types of residual strength models can be distinguished: the sudden death model and 
the wearout model. 
When composite specimens are subjected to a high level state of stress (low-cycle 
fatigue), the residual strength as a function of number of cycles is initially nearly 
constant and it decreases drastically when the number of cycles to failure is being 
reached. The sudden death model [14,62] is a suitable technique to describe this 
behaviour and is especially used for high-strength unidirectional composites. 
However at lower level states of stress, the residual strength of the laminate, as a 
function of number of cycles, degrades more gradually. This behaviour is described 
by degradation models which are often referred to as wearout models. These models 
generally incorporate the ‘strength-life equal rank assumption’ which states that the 
strongest specimen has either the longest fatigue life or the highest residual strength 
at runout. This assumption has been experimentally proved by Hahn and Kim [13]. 
It should be noted that this assumption may not hold if competing failure modes are 
observed during the fatigue tests [12]. 
Whether or not the residual strength models mentioned below, are applicable to both 
low- and high-cycle fatigue, can not always be determined. Most researchers do not 
provide experimental results in both ranges of cycles. 
 
 
In the wearout model, which was initially presented by Halpin et al. [63], it is 
assumed that the residual strength R(n) is a monotonically decreasing function of the 
number of cycles n, and that the change of the residual strength can be approximated 
by a power-law growth equation: 
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where A(σ) is a function of the maximum cyclic stress σ, and m is a constant. 
This procedure was followed by a lot of researchers afterwards [13,14,17,62,64]. 
The survey by Kedward and Beaumont [65] has given an overview of the use of 
wearout models in certification methodologies. 
 
 
In the work of Yang and Jones [66] the following form for the residual strength 
curve has been proposed: 
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where R is the residual strength, n is the number of cycles, σ is the maximum cyclic 
stress, ν is a parameter, c = α/αf is the ratio of the Weibull shape parameter of the 
ultimate strength to that of the fatigue life and bKS/1N~ =  is the S-N curve of the 
characteristic fatigue life, where K and b are constants and S is the stress range. 
Yang and Jones also derived expressions for the distributions of fatigue life and 
residual strength under dual stress levels and spectrum loadings in terms of three-
parameter and two-parameter Weibull distributions respectively. Using these 
expressions, the load sequence effects were investigated for dual stress fatigue 
loadings and spectrum loadings. 
 
 
Daniel and Charewicz [3] studied damage accumulation in cross-ply graphite/epoxy 
laminates under cyclic tensile loading. They proposed a model based on the 
normalized change in residual strength: 
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where 
0
r
r F
Ff =  is the normalized residual strength, 
0
a
F
s σ=  is the normalized 
applied cyclic stress, N is the number of cycles to failure at stress σa and g(n/N) is a 
function of the normalized number of cycles which however has not been 
determined in their article. The researchers mentioned that the model is far from 
satisfactory, because it completely relies on a good definition of the residual strength 
curve. The experimental determination of the residual strength curve, which 
obviously is not a single-valued function of the number of cycles, is very difficult in 
view of the considerable scatter of the experimental data. 
Further Daniel and Charewicz assume that the fatigue damage is only a function of 
the residual strength, such that a specimen cycled at a stress σ1 for n1 cycles has the 
same damage as a specimen cycled at a stress σ2 for n2 cycles if they have the same 
residual strength Fr after their respective cycles n1 and n2. This definition allows the 
determination of equal damage curves in the (σ, n) plane. Residual life predictions 
thus can be made once the equal damage curves are determined. 
 
 
According to Rotem [67], the initial static strength is maintained almost up to final 
failure by fatigue. He then defined an imaginary strength S0 in the first loading 
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cycle, which has a higher value than the static strength. If the S-N curve for tension-
tension fatigue of graphite/epoxy laminates is expressed as: 
 
 )Nlog(K1s ⋅+=  (3.38) 
 
where 
0
f
S
Ss =  with Sf the fatigue strength for constant amplitude and S0 the 
imaginary strength, then the remaining fatigue life after a certain amount of loading 
cycles can be given by a curve similar to the S-N curve, but with a different slope 
and passing through the point S0. Such a curve is called a ‘damage line’ and a family 
of such damage lines is defined by: 
 
 Kk)Nlog(k1s <⋅+=  (3.39) 
 
As long as the degradation of the residual strength is situated in the region between 
the imaginary strength and the actual static strength, there is no apparent degradation 
of the strength. 
The cumulative fatigue theory based on these assumptions, was extended by Rotem 
to predict the S-N curve of a composite laminate which is subjected to an arbitrary, 
but constant stress ratio R [68]. 
Extensive experimental and theoretical research has been done by Schaff and 
Davidson [10,69]. They presented a strength-based wearout model for predicting the 
residual strength and life of composite structures subjected to spectrum fatigue 
loading. 
The following model for the residual strength was proposed: 
 
 
ν



−−=
N
n)SR(R)n(R p00  (3.40) 
 
where R is the residual strength, Sp is the peak stress magnitude of the loading and ν 
is a parameter. Linear strength degradation corresponds to ν = 1. Sudden death 
behaviour is obtained for ν >> 1, and a rapid initial loss in strength is obtained for ν 
< 1. 
This model was applied first to two-stress amplitude fatigue loading. Because the 
decrease of strength under stress level S2 depends on the number of cycles n1 that the 
material has previously sustained under the stress level S1, the contribution of (S1, 
n1) has to be considered. Therefore an effective number of cycles neff has been 
defined, such that (S1, n1) causes the same decrease of strength as (S2 , neff). 
Schaff and Davidson also investigated the importance of the ‘cycle-mix effect’: the 
residual strength and the fatigue life of composite laminates had been observed to 
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decrease more rapidly when the loading sequence is repeatedly changed after only a 
few loading cycles. 
This effect is particularly important in the second part of their study [69], where 
experimental results from so-called FALSTAFF spectrum loadings are used. 
FALSTAFF stands for ‘Fighter Aircraft Loading STAndard For Fatigue’ and is a 
standardized random-ordered loading spectrum that simulates the in-flight load-time 
history of fighter aircraft. The ‘cycle-mix effect’ is important in the FALSTAFF 
spectrum, as many of the constant amplitude segments are only a few cycles in 
length. The effect is accounted for in the model through the application of a ‘cycle-
mix factor’, which is applied only when the magnitude of the mean stress increases 
from one loading segment to the next. 
The model shows good correlation to a variety of experimental results, including the 
complex FALSTAFF loading. 
 
 
Caprino and D’Amore [70] conducted fatigue experiments in four-point bending on 
a random continuous fibre-reinforced thermoplastic composite. 
The hypothesis for their damage law is that the residual strength undergoes a 
continuous decay, following a power law: 
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where σn is the residual strength after n cycles, minmax σ−σ=σ∆  is a measure for 
the influence of the stress ratio R, and a0 and b are two constants. 
Caprino and D’Amore stressed the fact that a reliable model should reflect both the 
influence of the stress ratio R and the different fatigue behaviour at low- and high-
cycle fatigue. Indeed there appeared to be a transition in failure mode from matrix 
shear yielding at low-cycle fatigue (high stress levels) to a single crack growth at 
high-cycle fatigue (low stress levels) for the studied material. 
Moreover Caprino et al. [71] observed that the higher the material sensitivity to 
stress amplitude, the lower its sensitivity to the number of cycles. This implies that 
comparing different materials on the basis of their fatigue response at low-cycle 
fatigue does not necessarily leads to the same conclusions for high-cycle fatigue. 
Recently, Caprino and Giorleo [72] have applied their model to four-point bending 
fatigue of glass-fabric/epoxy composites, while Caprino [73] used the residual 
strength model for tension-tension fatigue of carbon fibre-reinforced composites. In 
the case of the carbon fibre-reinforced composites, Caprino concluded that the 
model can predict the fatigue life, but that the experimentally measured residual 
strength does not follow the path as described by the residual strength law (3.41). 
Therefore, in that case, the model must be considered as a fatigue life model and not 
as a residual strength model. 
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Whitworth [74] used his previously proposed residual stiffness model [54] (see 
Equation (3.29)) to evaluate the residual strength degradation. Thereto the failure 
stiffness E(N) in Equation (3.29) is determined by introducing the strain failure 
criterion: 
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where S is the applied stress level, SU is the ultimate strength, E(0) is the initial 
stiffness and E(N) is the failure stiffness. The parameters c1 and c2 were introduced 
to account for non-linear effects. Finally the residual strength can be expressed as: 
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where SR is the residual strength and γ is a parameter. The fatigue life N in the 
equation (3.43) can now be expressed in terms of ultimate strength SU and applied 
stress level S, based on the evolution law for the residual stiffness degradation. 
 
 
Yao and Himmel [75] assumed that the residual strength behaviour under tension 
fatigue for fibre-reinforced polymers can be described by the function: 
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where R(i) is the residual strength at the i-th loading cycle, R(0) is the static 
strength, S is the stress loading level, x = i/Nf and α and β are parameters to be 
determined through experiments. For specimens which fail under compressive 
loading, the residual strength was assumed to obey the degradation law: 
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where ν is a strength degradation parameter depending on the stress ratio and the 
peak stress. 
Then the cumulative damage was assessed according to the assumption that the 
damage state can be treated equivalently if the residual strengths are equal. 
The theory was applied to block loading experiments for glass/epoxy cross-ply 
laminates and carbon/epoxy composites. 
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3.2.3. Progressive damage models 
Progressive damage models differ from the above mentioned models in that they 
introduce one or more properly chosen damage variables which describe the 
deterioration of the composite component. These models are based on a physically 
sound modelling of the underlying damage mechanisms, which lead to the 
macroscopically observable degradation of the mechanical properties. The models 
have been subdivided into two classes: the damage models which predict the 
damage growth as such (e.g. number of transverse matrix cracks per unit length, size 
of the delaminated area), and the models which correlate the damage growth with 
the residual mechanical properties (stiffness/strength). 
 
3.2.3.a. Progressive damage models predicting damage growth 
Some models have been proposed to model damage accumulation for specific 
damage types, such as matrix cracks and delaminations. Several models classified in 
this category, make use of experiments on notched specimens to initiate a specific 
damage type at a well-known site. 
 
 
Owen and Bishop [76] were among the first researchers to investigate a wide range 
of glass fibre-reinforced composites. They tried to predict the initiation of damage at 
central holes in the specimens under static and fatigue loading. 
They concluded that there exists a substantial adverse size effect for some types of 
materials used, because damage and failure in the large specimens (width and 
diameter of the central hole ten times larger, and the same length-to-width ratio) 
occurred at between 48% and 73% of the corresponding values for the small 
specimens. 
Moreover central-holed specimens with one slit at each side of the hole were 
subjected to fatigue loading. Because the measurement of the crack lengths was 
experimentally difficult to do, Owen and Bishop related crack length to the 
specimen compliance. 
They concluded that the Paris power relationship is applicable to the fatigue crack 
growth rate in the two glass fibre-reinforced materials examined. 
 
 
Biner and Yuhas [77] investigated the growth of short fatigue cracks at notches in 
woven glass/epoxy composites. It was demonstrated that initiation and growth rate 
of short cracks emanating from blunt notches can be accurately described by an 
effective stress intensity factor range ∆Keff. For short cracks, the value of ∆Keff was 
calculated for a notch plus crack geometry using conformal mapping techniques. 
When the crack lengths were sufficiently long, ∆Keff converged to ∆K. 
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Bergmann and Prinz [78,79] proposed a specific model for delamination growth: 
 
 niti )G(fcˆdN
dA
⋅=  (3.46) 
 
where Ai is the delaminated area, and its growth rate is a function of the maximum 
amplitude of the energy release rate Git. The constants cˆ  and n are experimentally 
determined values. 
For experimental purposes, graphite/epoxy specimens of stacking order [02,+45,02,-
45,0,90]S with a central hole and unidirectional specimens of stacking order [0n, 0m]S 
with 2m severed central plies [0m]S were subjected to fatigue loadings. In case of the 
latter configuration, an artificial cut separated the 2m central plies. As a consequence 
a lateral crack occurred in the course of cyclic loading in the area of the artificial 
separations, from which two partial delaminations developed at each of the 
interfaces of the separated and the continuous plies. 
The buckling of delaminated sections was studied as well, and an estimate of the 
critical buckling load Fc was determined. 
 
 
Dahlen and Springer [80] proposed a semi-empirical model for estimating 
delamination growth in graphite/epoxy laminates under cyclic loading, including 
mode I, mode II and mixed-mode conditions. It was assumed that mode III does not 
significantly contribute to the delamination growth, and that viscoelastic and thermal 
effects are negligible. Then the crack growth rate is described, using dimensionless 
grouping of the involved variables and a Paris similar growth law: 
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where ∆a is the delamination growth normal to the circumference of the existing 
delamination, σf is the ply strength, Ey is the transverse ply modulus, Gcrit is the 
critical energy release rate with contributions from mode I and mode II, A and b are 
parameters which depend on the material and the relative contributions of mode I 
and mode II to the delamination growth, U is a function of Gmax/Gcrit and of 
Gmin/Gmax. The form of this function U depends on whether or not there is a shear 
reversal during mode II conditions, because the delamination grows at different rates 
in the absence or presence of shear reversal. Gmax is the total maximum energy 
release rate during the cycle under consideration. 
Three types of tests were performed on graphite/epoxy specimens: (i) mode I and 
mode II delamination growth under static loads, (ii) mode I and mode II 
delamination growth under cyclic loads, and (iii) mixed mode delamination growth 
under cyclic loads. Thereto, double cantilever beam, end notched cantilever beam, 
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mixed mode end notched cantilever beam and mixed mode bending tests were 
performed. 
 
 
Xiao and Bathias [81,82] studied notched and unnotched woven glass/epoxy 
laminates with a strong unbalanced character: the mechanical properties in the 
‘warp’ direction were much higher than those in the ‘weft’ direction. Although they 
did not propose a fatigue evolution law, they introduced fatigue ratios to compare 
the experimental data. The results showed that the unnotched and notched laminates 
have the same ratios of the fatigue strength to the ultimate tensile strength and that 
the fatigue strength ratios of notched and unnotched laminates for the three stacking 
sequences considered, are respectively equal to their respective static strength ratios. 
They also reported that the stacking sequence influences the fatigue life: when 90° 
layers are constrained by 0° layers, the damage in the 90° layers cannot easily cross 
the interface between the 90° plies and the other plies. As a consequence the damage 
trace is very sinuous through the thickness. 
Feng et al. [83] developed a model for predicting fatigue damage growth in carbon 
fibre-reinforced specimens due to matrix cracking. From experimental observations, 
it was concluded that the mode I crack growth could be described by a modified 
Paris law: 
 
 nmaxGDdN
dA
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where A is the damage area due to matrix cracking, N is the number of fatigue 
cycles, Gmax is the maximum strain-energy release rate in a fatigue cycle, and D and 
n are material constants. Through finite element calculations, the value of Gmax is 
evaluated and the finite element analysis of the local region is then run many times 
to simulate damage growth. This procedure allows to define the mathematical 
relationship between A and Gmax. 
When the fibre strain exceeds the fibre fracture strain, fatigue failure occurs. In that 
way, a prediction of the fatigue life Nf and the final value of the damage area Af can 
be made. 
The damage area due to matrix cracking was predicted for a notched I-beam 
subjected to four-point fatigue bending, and for a notched coupon subjected to 
tensile fatigue loading. 
 
 
Hénaff-Gardin et al. [84,85] have studied progressive matrix cracking in cross-ply 
laminates. The propagation law under fatigue was established as: 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
102 
 
n
max
I
G
GA
dN
dS




=  (3.49) 
 
where S is the crack surface, GI is the strain energy release rate for the current crack 
density, Gmax is the value of the strain energy release rate when the first matrix crack 
initiates, and A and n are constants, which are determined from experimental 
measurements of crack density. When Gmax is lower than GIc, the initiation of the 
first matrix crack requires a micro-damage accumulation during the first fatigue 
cycles. In that case, a phenomenological law was used to predict the cycle number, 
necessary for transverse cracking initiation. 
 
The same research group [86] studied how matrix cracks start from a free edge and 
propagate towards the centre of specimens with three sorts of stacking sequences: 
[02,+45,-45,02]s, [+452,-452]s and [04,452]s. The first damage mode consisted of 
matrix cracks in the ±45° plies and it appeared that the crack density in each ply was 
roughly constant along a line parallel to the specimen axis: it only depended on the 
distance x from the free edge and the number of cycles N. They postulated a 
principle of conservation of the number of crack tips in a suitable volume, which 
gave rise to a nonlinear wave equation governing crack density as a function of both 
number of cycles N and distance x from the free edge of the specimen. 
 
 
Bartley-Cho et al. [87] studied ply cracking behaviour of quasi-isotropic 
graphite/epoxy laminates under constant-amplitude tension-tension and tension-
compression fatigue. Block loading tests were also performed in tension-tension and 
tension-compression to assess the load sequence effect on ply cracking. The 
researchers outlined the following approach to calculate ply cracking in fatigue. 
First, for a given laminate stress σlam, the corresponding ply stresses are calculated. 
Two different lay-ups were used: [0/±45/90]s3 and [0/±45/90]s4. It was observed that 
the cracks initiate in the 90° plies before they initiate in the -45° plies. Due to the 
stiffer 0° ply being next to the +45° ply, the results show a lag in the +45° ply 
cracking. 
A failure function is assumed to predict crack initiation in the individual lamina: 
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where the failure function varies with the number of cycles following an 
experimentally determined relationship. Y and Y’ are the lamina transverse tensile 
and compressive strengths, respectively, and S is the shear strength. 
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For the 90° plies, the number of cycles Ni to crack initiation is calculated from 
Equation (3.50). Then the number of cycles is increased and the crack density (cm-1) 
in the 90° plies is calculated from the expression for the average ply crack densities 
ρcrack which were fitted using the following equation: 
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where Ni is the number of cycles to crack initiation, b is a constant and ρ∞ is the 
saturation crack density. These functions were fitted for different load levels for the 
90°, -45° and +45° plies. The researchers observed that, in the absence of another 
competing damage mode such as delamination, the saturation crack density ρ∞ 
increased with applied load level, which is contrary to the general belief that 
saturation crack density is independent of load-history. 
Then, due to cracking in the 90° plies, stresses are redistributed and the reduced 
effective ply stiffnesses Cij are given by: 
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where αij are experimentally determined stiffness reduction constants and tply is the 
ply thickness. The redistributed stresses, which are in fact function of ρcrack, are now 
used for evaluating the failure function. Then the calculation is proceeded until the 
number of cycles to crack initiation in the -45° plies is reached, according to the 
above-mentioned failure function. Finally, both 90° and –45° plies fail. 
The block loading fatigue experiments revealed a sequence effect where the 
low/high load sequence resulted in more ply cracks than the high/low load sequence. 
However since the model was not dependent on load-history, the sequence effect 
could be predicted neither for tension-tension nor tension-compression block 
loading. 
 
 
Bucinell [88] developed a stochastic model for the growth of free edge 
delaminations in composite laminates. The experiments were conducted for the 
stacking sequence [±45°/90°/0°]S of AS4/3501-6 coupons, where the location of the 
free edge delamination was observed to appear always in the 45°/90° interface. 
The growth model was derived from fracture mechanics principles: 
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where a is the delamination width, N is the number of cycles, σm is the applied load, 
G is the strain energy release rate and Gc its critical value. The parameters α and ρ 
are estimated using the delamination width versus number of cycles data for various 
fatigue load levels. 
The researchers reported that further investigation is required to extend the model 
for delaminations in laminates with other geometries than the geometries used in 
their research work. 
 
 
Schön [89] proposed a simplified method to describe delamination growth in fibre-
reinforced composites. The delamination growth rate under fatigue loading is 
assumed to be described by the Paris law: 
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where a is the delamination crack length, ∆G is the range of the energy release rate, 
and D and n are constants. In a log-log diagram the law is represented by a straight 
line and thus only two points are needed to determine the constants D and n. 
In order to avoid any confusion when comparing delamination growth results from 
specimens where tension and compression loading is well defined, with those of test 
specimens such as the Double Cantilever Beam and End Notched Flexure test 
specimens, a new parameter Q is introduced and is defined as: 
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where R is the stress ratio. Further, for mode II loading of the crack, it is possible to 
have shear reversal and negative Q-values. Instead of ∆G, a quantity ∆Gr, which is 
the rate of change in energy release rate, is introduced to handle shear reversal and is 
defined as: 
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with Gmax and Gmin being the maximum and minimum energy release rates of the 
delamination crack during a fatigue cycle. 
Then two conditions are defined in order to determine D and n: 
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The first condition holds for the fatigue delamination growth threshold, which 
experimentally has been found to occur for a constant change in energy release rate, 
thus for a value ∆Gr,th being independent of mode ratio and the Q-value. The second 
condition holds for static fracture, where it is assumed that the maximum energy 
release rate Gmax,c during fatigue loading can not be larger than the critical energy 
release rate Gc from quasi-static loading. 
The validity of the model was checked against experimental observations reported in 
the open literature. The model predicts the n-value to decrease with decreasing Q-
value and increasing amount of mode II fracture. 
 
3.2.3.b. Progressive damage models predicting residual mechanical properties 
This category of progressive damage models relates the damage variable(s) with the 
residual mechanical properties (stiffness/strength) of the laminate. The damage 
growth rate equations are often based on damage mechanics, thermodynamics, 
micromechanical failure criteria or specific damage characteristics (crack spacing, 
delamination area,…). 
 
 
One of the first methods to calculate stiffness reduction due to matrix cracking is the 
shear-lag model, established by Highsmith and Reifsnider [11]. Through careful 
examination of edge replicas of crack patterns in specimens of various composite 
materials, they observed that shear deformations in any given ply were restricted to a 
thin region in the vicinity of the interfaces of that ply with adjacent plies. Further 
this region tended to be resin-rich, and thus was less stiff in response to shear loads 
than the central portion of the lamina. Transverse cracks did extend up to this region, 
but usually did not extend into it. Hence this thin layer was referred to as the shear 
layer, in the vicinity of the layer interface. Tensile stresses in the uncracked layers 
were transferred to the cracked layers via the shear layer. 
Based on these observations, a one-dimensional equilibrium equation for a cracked 
ply in the laminate can then be established. The assembly of the governing equations 
for the plies within a laminate yields a system of coupled, second order differential 
equations in displacements. The main problem is to define the thickness of the shear 
layer. 
More recent models to calculate stiffness reduction due to matrix cracking are based 
on a variational approach, finite element analysis,… Details can be found in [90-96]. 
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Reifsnider [97] further proposed a modelling philosophy to counteract the problem 
of interaction of damage types. On the one hand it is computationally impossible to 
account for all of the interactions of all damage types on the microstructural level. 
On the other hand homogenization of constitutive properties and averaging out the 
influence of all damage events results in the loss of critical information [98]. 
Therefore Reifsnider proposed the approach of the ‘representative volume concept’. 
This representative volume is further divided into critical and subcritical elements. 
In the subcritical elements damage initiation and propagation is modelled on a 
micromechanical level and the local stress fields are calculated. The other details 
which are not important for the determination of the local stress field associated with 
the final failure event are grouped into continuum representations of the critical 
elements in the representative volume. 
In this approach the reduction in strength can be calculated using the integral 
formulation [97]: 
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The quantity on the left is the residual strength, normalized by the initial ultimate 
strength for that failure mode. The first factor on the right is the ratio of the initial 
stress concentration to the current stress concentration in a representative volume 
(subscript ‘rv’), where F is a generalized failure function. The subscript e indicates 
that the value of that failure function F is evaluated in the critical element, and the 
subscript L indicates the value of F in the laminate at some position remote from the 
location of the failure event. All quantities in the integral are evaluated in the critical 
element. The failure function is written as a function of time since the stress state in 
a critical element changes as damage develops in the subcritical elements around it. 
Recent applications of this methodology can be found in Subramanian et al. [99], 
Diao et al. [100] and Halverson et al. [101]. 
 
 
Talreja [102-105] presented a continuum damage model, where internal damage 
variables are characterized by vectorial/tensorial quantities. To determine the 
mechanical response in the presence of damage, stiffness-damage relationships are 
derived from a theory with internal variables based on thermodynamical principles, 
wherein the damage vectors/tensors have been taken as the internal state variables. 
Talreja considers two damage modes: intralaminar damage (matrix cracking) and 
interlaminar damage (delamination). The overall stiffness properties are reduced by 
the damage in the individual modes, but it is assumed that all damage modes present 
in the laminate, each given by its associated damage vector, do not mutually interact. 
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Neglecting these interactions, one damage mode at a time can be accounted for and 
their effects can be superimposed afterwards. 
Each damage mode is characterized by a damage tensor Dij, which is defined as: 
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where V is the representative volume element, S is the crack surface area, a is the 
normal component of the vector of surface activity, ni and nj are the crack surface 
normals, and n is the number of entities of the given damage mode (e.g. transverse 
cracks in a cross-ply laminate). 
The following relations then exist: 
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where φ is the specific Helmholtz energy, σij is the stress tensor, εij is the linearized 
strain tensor, ρ is the mass density and the Greek index α, β stands for the damage 
mode. 
Variation of elastic moduli and Poisson’s ratio were predicted for glass/epoxy and 
graphite/epoxy laminates. 
 
Bonora et al. [106] have presented a semi-empirical model for predicting the 
mechanical properties degradation of a composite laminate due to transverse matrix 
cracks. The constitutive equations are based on the damage model of Talreja [103]. 
The damage variable D is a product of three parameters, related to the crack density, 
length and width. 
 
 
Allen et al. [107-110] used both phenomenological and micromechanics solutions to 
produce the following ply level constitutive equations, which are constructed 
utilizing constraints imposed by thermodynamics with internal state variables: 
 
 ηη α+ε=σ klijklklijklij IC  (3.61) 
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where ηαkl  is an internal state variable for the damage mode η in the lamina (very 
similar to the definition used by Talreja) and ηijklI  is the damage tensor. Each 
damage mode is represented by the volume averaged dyadic product of the crack 
face displacement ui and the crack face normal nj: 
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where ηα ij  is a second order tensor internal state variable, 
η
cs  is the crack surface 
area, and VL is the local representative volume, i.e., all stresses, strains and internal 
state variables are averaged over a local volume element. 
In the case of matrix cracking, the damage evolution law due to cyclic loading in 
each ply is given by [109]: 
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where k1 and n are material properties, S is the area of matrix cracks and G is the 
damage dependent energy release rate within the ply. They proposed a similar 
evolution law for delamination in cross-ply laminates. 
Lee et al. [110] have applied this theory for predicting stiffness reductions in 
glass/epoxy and graphite/epoxy laminates with matrix cracks, while Coats and 
Harris [111] have used the internal state variables theory to study tension-tension 
fatigue of unnotched and notched graphite/bismaleimide laminates. 
 
 
Ogin et al. [112] showed that the stiffness reduction for a (0/90)s glass fibre-
reinforced laminate can be expressed over most of the range by the very simple 
relation: 
 
 )cD1(EE 0 −=  (3.64) 
 
where D = 1/2s is the average crack density (2s is the average crack spacing) and c 
is a constant. Further it is postulated that the crack growth rate is a power function of 
the stored elastic energy between two neighbouring cracks in the transverse ply. By 
using Equation (3.64) the stiffness degradation rate due to transverse matrix 
cracking is then obtained as: 
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where σmax is the fatigue stress level, A and n are constants. In their publication 
[112], Ogin et al. did not mention how they solve the singularity when E = E0. 
Beaumont [113,114] further used the same relation (3.65) and made a prediction of 
the S-N curves by using the strain failure criterion which yields a critical value Df of 
the damage variable D. 
In case of delamination being the predominant damage mechanism, Beaumont has 
defined another damage variable D: 
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where A is the actual delaminated area and A0 is the total available interfacial area 
between plies. The damage rate, applied to a quasi-isotropic carbon fibre laminate, 
was determined to be: 
 
 
4.6
TS
5
1.0R
102.9
dN
dD




σ
σ∆
⋅=


=
 (3.67) 
 
where R is the stress ratio, σ∆  is the applied stress range and σTS is the tensile 
strength. Again the strain failure criterion is used to determine the failure value Df. 
 
 
Carswell [115] introduced a model for laminates with unidirectional plies. The 
damage variable D is related to the length of the matrix cracks in the laminate and 
the following damage growth rate is proposed: 
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where p is a parameter, σc is the cyclic stress amplitude and D is related to the 
stiffness by the relation (3.64) determined previously by Ogin et al. [112]. 
 
 
Spearing and Beaumont [116-120] extensively studied the tensile fatigue behaviour 
of notched carbon/epoxy cross-ply laminates. The dominant damage modes 
observed were splitting in the 0° plies, delamination zones at 90°/0° interfaces the 
size of which is related to the split length, and transverse ply cracking in the 90° 
plies. The idealized damage pattern can be characterized by the split length l and the 
delamination angle α. The delamination angle α was defined as the acute angle of 
the charisteristic triangular-shaped delamination at the 90°/0° interfaces. 
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Based on the fatigue crack growth law for isotropic materials, the split growth rate is 
defined as: 
 
 
2/m
c
3 G
G
dN
d 

∆λ=l  (3.69) 
 
where λ3 and m are constants, ∆G is the driving force and Gc is the damage growth 
resistance. For an increment of split growth δl, the energy absorbed in forming new 
crack surfaces, is δEab: 
 
 lll δα+δ=δ )tan(GtGE dsab  (3.70) 
 
where Gs is the absorbed energy per unit area of split, Gd is the absorbed energy per 
unit area of delamination, t is the thickness of the 0° ply and α is the delamination 
angle at the split tip. 
Some of the global energy (strain energy + potential energy) is dissipated when the 
split extends with a corresponding increase in specimen compliance δC: 
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where P is the applied load. In the limit case Er = Eab, so that: 
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which is equivalent with G = Gc (where G is the strain energy release rate and Gc is 
the effective toughness of the laminate). In order to evaluate the expression, ∂C/∂l 
must be known. This term is calculated by finite elements, because it is difficult to 
determine it analytically. 
Then all relations are established to determine the split growth rate dl/dN. Through 
the use of a uni-axial tensile stress failure criterion, applied to the 0° plies, the post-
fatigue laminate strength is derived [119]. The stiffness reduction is modelled by 
assuming experimentally determined relations between crack spacing in the 
transverse plies and the longitudinal and shear moduli [120]. 
 
 
Caron and Ehrlacher [121] proposed a model for fatigue microcracking in cross-ply 
laminates. The assumption is that the 90° plies can be discretized in sections, which 
are preferential sites of cracking. The strength of these sections has a random 
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distribution. Further it is assumed that the crack propagates with a Paris law and that 
the residual strength degrades according to the law: 
 
 ηη− ∆−= SReC
dN
Red 3  (3.73) 
 
where Re is the residual strength, C and η are constants, and ∆S is the stress range. 
From this equation, the residual lifetime can be estimated. Then an iterative 
procedure is started, where the stresses in the sections are calculated and compared 
with the residual strength. If the section breaks, stresses are redistributed and the 
residual life of each section is evaluated. 
Experimental validation of the microcrack density has been done for tension-tension 
fatigue tests of [02,902]s carbon/epoxy specimens, but no experiments have been 
done to check the validity of the proposed residual strength law. 
 
 
Ladevèze [122,123] has developed a damage mechanics model at the meso-scale, 
which first has been applied to static loadings. It is shortly mentioned because a few 
researchers have developed fatigue damage models based on the model of Ladevèze. 
Laminated composites may be described at the meso-level by homogeneous layers 
in the thickness, and interfaces, i.e., a mechanical surface connecting two adjacent 
layers which depends on the relative direction of their fibres. The strain energy for 
the damaged material at the meso-level can then be written, in the case of plane 
stress assumption, as: 
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where 1, 2 and 3 are the fibre, transverse and normal direction, d and d’ are two 
scalar internal variables which are constant within the thickness, < . >+ denotes the 
positive part, and ϕ is a material function defined such that c
111
2
D
2
E
1E
=
σ∂
∂ , where c1E  
is the compression modulus in the fibre direction. 
The forces associated with the mechanical dissipation, are expressed in terms of the 
free energy ψ: 
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where ρ is the mass density, << . >> denotes the mean value within the thickness, 
and σ~  denotes the chosen effective stress. The effective stress defines the coupling 
between classical stress and the damage state which is involved in inelastic strains. 
For laminates, they can be written as: 
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Finally damage evolution laws are established in terms of Yd and Yd’. 
A similar philosophy is applied for the interface modelling, where the deterioration 
of the mechanical surface, which ensures stress and displacement transfers from one 
ply to another, is described by three damage variables d, d1 and d2. More information 
on the interface modelling can be found in the work of Allix and Ladevèze [124-
126]. 
The damage mechanics theory is applied to the static behaviour of three-dimensional 
composites (3D carbon/carbon) and laminate composites (carbon/epoxy). 
 
Sedrakian et al. [127,128] have developed a fatigue damage model which is based 
on the Ladevèze model. Three damage variables d11, d22 and d12 are respectively 
associated with fibre fracture, transverse matrix cracking and fibre/matrix interface 
failure. The strain energy and the thermodynamic variables Y11, Y22 and Y12 are 
determined, where the free energy is now defined as: 
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The parameters αi and βi are functions of the stress ratio R, the frequency f and the 
stress level. The damage evolution laws are then expressed by: 
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The theory has been applied to three-point bending tests. The experimental setup has 
been modelled with finite elements and two cases were distinguished: small length-
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to-height ratio (shear deformation) and large length-to-height ratio (flexural 
behaviour). For each case the stiffness loss and the maximum load for 5 % stiffness 
loss have been calculated. 
 
Thionnet and Renard [129-131] have developed a similar theory as the one proposed 
by Ladevèze in order to predict transverse cracking under fatigue. Transverse 
cracking was modelled at the meso-scale level and was described by a single scalar 
variable αf = e/L, where e is the thickness of the cracked ply and L is the crack 
spacing. Again, the thermodynamic potential ψ is constructed, as well as the 
thermodynamic variables. The matrix cracking is driven by an initiation criterion, 
which is a function of the thermodynamic variables. 
The crack density was predicted for a two-level fatigue test of carbon/epoxy 
laminates. 
 
 
Liu and Lessard [132] used a global damage variable D, which equals CmDm or 
CdDd, depending on the dominating damage type: matrix cracks or delaminations. 
Dm is a function of crack density and Dd is a function of delamination area, while Cm 
and Cd are constants that depend on material properties and laminate lay-up. 
The growth rate of the global damage variable D is: 
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where 
0E
E1D −= ; A, B and C are unknown constants and σmax is the maximum 
fatigue stress. 
Four choices for predicting tension-tension allowable fatigue life and for assessing 
fail-safety of composite structures are proposed: a matrix-cracking criterion, a 
delamination-size criterion, a residual-modulus criterion and a residual-strength 
criterion. 
For the matrix-cracking and delamination-size criterion, a maximum allowable crack 
density or delamination size is specified. In the case of the residual-modulus and 
residual-strength criterion, the additional assumption is made that the S-N relation 
for general laminates containing 0° plies has a power-law form: 
 
 1.N.K bmaxf =σ  (3.80) 
 
where K and b are constants, and Nf is the fatigue life at the tension-tension stress-
level σmax. 
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Shokrieh and Lessard [133-138] proposed a so-called ‘generalized residual material 
property degradation model’ for unidirectionally reinforced laminates. In this model 
three approaches are combined: (i) polynomial fatigue failure criteria are determined 
for each damage mode, (ii) a master curve for residual strength/stiffness is 
established, and (iii) the influence of arbitrary stress ratio is taken into account by 
use of the normalized constant-life diagram developed by Harris et al. [15,29,30]. 
First the Hashin-type fatigue failure criteria are determined for seven damage 
modes: fibre tension, fibre compression, fibre-matrix shearing, matrix tension, 
matrix compression, normal tension and normal compression. For example, for the 
fibre tension fatigue failure mode of a unidirectional ply under a multi-axial state of 
fatigue stress, the following criterion is used: 
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where n is the number of cycles, κ is the stress ratio, δ is a parameter of material 
nonlinearity, Xt(n,σ,κ) is the longitudinal tensile residual fatigue strength of a 
unidirectional ply under uni-axial fatigue loading, Sxy(n,σ,κ) is the in-plane shear 
residual fatigue strength of a unidirectional ply under uni-axial shear fatigue 
loadings, Exy(n,σ,κ) is the in-plane shear residual fatigue stiffness of a unidirectional 
ply under uni-axial shear fatigue loading, Sxz(n,σ,κ) is the out-of-plane shear 
residual fatigue strength under uni-axial shear fatigue loading and Exz(n,σ,κ) is the 
out-of-plane shear residual fatigue stiffness of a unidirectional ply under uni-axial 
shear fatigue loading conditions. Fatigue failure occurs when +Fg  > 1. 
For all damage modes, once failure has occurred, the corresponding material 
properties are set to zero. These are the “sudden material property degradation 
rules”. 
Further they used the normalization technique and some algebraic operations to 
reduce the residual strength and residual stiffness curves to one single master curve, 
which can be expressed as: 
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where R is the residual strength and E the residual stiffness after n cycles, Nf is the 
number of cycles to failure, Rs is the static strength and Es the static stiffness, κ is 
the stress ratio, σ is the applied stress, εf is the average strain to failure and α, β, γ 
and λ are stress independent experimental curve fitting parameters. 
Finally the fatigue life of a unidirectional ply under arbitrary state of stress and 
stress ratio is calculated using the normalized constant-life model developed by 
Harris et al. [15,29,30]: 
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where A, B and f are curve fitting constants, Nf is the number of cycles to failure, 
t
alta
σ
σ
=  is the normalized alternating stress component, 
t
mq
σ
σ
=  is the normalized 
mean stress component and 
t
cc
σ
σ
=  is the normalized compression strength. 
By combining these two models with the fatigue failure criteria, a ‘generalized 
residual material property degradation model’ can be established, since both the 
number of cycles to failure for each stress state and the residual material properties 
of the unidirectional ply can be calculated. The model has been applied to the 
progressive fatigue damage modelling of pin/bolt-loaded unidirectional 
graphite/epoxy laminates. 
Diao et al. [139] have recently modified this deterministic model to a statistical 
model for multi-axial fatigue behaviour of unidirectional plies. 
 
 
3.3. SELECTION AND JUSTIFICATION OF THE MODELLING 
APPROACH 
Extensive research on fatigue modelling of fibre-reinforced composite materials has 
been done during the last decades. A lot of models have been proposed to predict 
damage accumulation and fatigue life for composites with various stacking 
sequences and fibre- and matrix-types under loading conditions that vary from 
constant-amplitude loading to spectrum loading. Nevertheless research in this 
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domain should be addressed further attention, in order to meet the challenge of 
developing models with a more generalized applicability in terms of loading 
conditions and the materials used. It may be noticed that for instance no single 
model for the accumulation of permanent strain has been found in the open literature 
for composites with a thermosetting matrix, although it clearly appears from the 
bending fatigue experiments described in the previous chapter, that permanent strain 
does occur with certain stacking sequences. For composite materials with a 
thermoplastic matrix, creep effects seem to be dominant, while permanent strain is 
simply denied in most reported literature in case of thermosetting materials. 
However, for both types of material, the phenomenon is not understood quite well. 
Bassam et al. [140] have performed quasi-static tensile tests on cross-ply E-
glass/epoxy specimens. They observed a residual strain on unloading which was due 
to matrix cracking. In their opinion, matrix cracks give rise to the relief of thermal 
curing stresses and any damage which locally reduces the balanced macroscopic 
curing stresses can lead to a change in laminate dimensions. The residual strain 
could be reasonably well predicted based on shear-lag or variational mechanics. 
 
From the early start of the author’s research, the class of phenomenological residual 
stiffness models has been selected as the most suitable one to model the fatigue 
behaviour of continuous fibre-reinforced polymers. 
Although most of the fatigue life models are straightforward to use and do not need 
detailed information about actual damage mechanisms, the main drawback is their 
dependency on large amounts of experiments for each material, layup and loading 
condition [10]. Moreover these models are difficult to extend towards more general 
loading conditions, where multi-axial stress conditions are imposed. 
While the residual strength is a meaningful measure of fatigue damage, it does not 
allow for nondestructive evaluation as such. It is obvious that it is impossible to 
determine the residual strength without destroying the specimen, which makes it 
very difficult to compare damage states between two specimens. Of course residual 
strength can be correlated with measurable manifestations of damage, but then new 
relations must be established between evolution of residual strength and the damage 
manifestation. 
Moreover, neither fatigue life models nor residual strength models are able to 
simulate stress redistribution during fatigue life, while this phenomenon was 
frequently observed in the bending fatigue experiments. 
The remaining modelling approaches are (i) the progressive damage models which 
quantitatively account for the actual damage mechanisms, and (ii) the 
phenomenological residual stiffness models where the damage growth rate is 
expressed in terms of macroscopically observable properties. The choice in favour 
of one or the other approach depends on the fundamental question whether the 
selected damage variables should represent the actual fatigue damage modes, or they 
should be chosen as phenomenological state variables, describing the damage 
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patterns in a more global sense. Following the literature review (paragraph 3.2), two 
categories of progressive damage modelling can be distinguished: (i) the fatigue 
failure modes are identified through suitable fatigue failure criteria, and the elastic 
properties are modified in accordance with the predicted fatigue failure mode, or (ii) 
the damage variables represent the actual fatigue damage modes and their damage 
growth rate equations are derived from thermodynamical principles. 
In the following paragraphs, it will be justified why the phenomenological residual 
stiffness approach was preferred to these two categories of progressive damage 
modelling for the plain woven glass fabric/epoxy composite. 
 
 
3.3.1. Micromechanical fatigue failure criteria 
The use of micromechanical fatigue failure criteria is the first major category which 
can be distinguished in the class of progressive damage models. In the author’s 
opinion, there are three major objections against this way of working for the material 
under study. 
 
3.3.1.a. Definition of micromechanical fatigue failure criteria 
One of the most complete models in this class has been published in 1999 and 2000 
by Shokrieh and Lessard [133-138]. They proposed the so-called “generalized 
residual material property degradation model” for unidirectionally reinforced 
laminates. In this model three approaches are combined: (i) polynomial fatigue 
failure criteria are determined for each damage mode, (ii) a master curve for residual 
strength/stiffness is established, and (iii) the influence of arbitrary stress ratio is 
taken into account by use of the normalized constant-life diagram developed by 
Harris et al. [15,29,30]. A detailed discussion of the model can be found in 
paragraph 3.2.3.b, here only the micromechanical fatigue failure criteria will be 
investigated. 
The core idea of the model is that Hashin-type fatigue failure criteria are used to 
discriminate between seven damage modes in the unidirectionally reinforced lamina: 
fibre tension, fibre compression, fibre-matrix shearing, matrix tension, matrix 
compression, normal tension and normal compression. The fatigue failure criterion 
for the fibre tension fatigue failure mode was already shown in Equation (3.81) (p. 
3.32) as an example. For all damage modes, once failure has occurred, the 
corresponding material properties are set to zero. These are the “sudden material 
property degradation rules”. 
 
It is questionable how these fatigue failure criteria should be developed for plain 
woven glass/epoxy composites. The relation between fibre stresses and matrix 
stresses is far more complex. The development of these failure criteria is a very 
intensive work, which was facilitated in the case of a unidirectionally reinforced ply, 
because there exists a large amount of literature for this specific material. When the 
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plain woven glass/epoxy composite in this study is considered, the development of 
the micromechanical failure criteria is far less obvious, because of several reasons. 
First, to the author’s knowledge, there are no commonly accepted failure criteria for 
fabric reinforced composites distinguishing between the different failure modes 
(fibre failure, matrix failure, fibre/matrix shearing,…). The development of such 
failure criteria would require an extensive amount of experimental work. 
Secondly, the micromechanical failure criteria should depend on the individual 
stresses in the fibres and the matrix. Indeed, Figure 3.1 shows a detail of the damage 
pattern at the tensile surface of the [#45°]8 specimen Pr06_1 in single-sided bending 
(umax = 35.6 mm). As can be clearly seen on the photograph, there are small 
horizontal matrix cracks in the resin-rich areas of the material. 
 
 
 
Figure 3.1 Matrix cracks in the resin-rich areas of [#45°]8 specimen Pr06_1 (umax = 
35.6 mm). 
 
This can be clearly explained by Figure 3.2, which shows that the interlacing of 
undulating warp and weft yarns creates two types of resin-rich areas. Intersection of 
two yarns results in a resin-rich area that extends the width of the yarn and has a 
depth approximately equal to half the ply thickness. This is known as an undulation 
area. Intersection of four yarns results in a resin-rich area with the thickness of the 
ply known as the interstitial area [141]. 
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Figure 3.2 Fabric undulation and interstitial areas [141]. 
 
In the bending fatigue experiments, the principal tensile stress in the resin-rich areas 
produces small matrix cracks which are perpendicular to the loading direction. Due 
to the weaving structure of the reinforcement, an alternating damage pattern is 
observed along a horizontal line in Figure 3.1. 
As a consequence, the development of micromechanical fatigue failure criteria 
would require the calculation of the individual fibre and matrix stresses, and the 
determination of the micromechanical strength properties. 
 
3.3.1.b. Fatigue degradation of stiffness and strength 
The residual fatigue strengths and stiffnesses in the model by Shokrieh and Lessard 
[137,138] are deterministic functions of the number of cycles, the applied stress 
amplitude and the stress ratio (see Equation (3.82) p. 3.33). This means that a large 
amount of experimental fatigue tests should be done to determine the master curve 
of fatigue degradation of stiffness and strength for various applied stress amplitudes 
and stress ratios. 
 
3.3.1.c. Finite element implementation 
The last objection concerns the numerical implementation of the micromechanical 
fatigue failure criteria. When such criteria would be defined for woven fabric 
composites, it would be essential to calculate the stresses in the fibres and in the 
matrix. This is again straightforward for unidirectionally reinforced composites, 
where the knowledge of the fibre volume content suffices to calculate the stresses in 
fibre and matrix separately, as illustrated in Figure 3.3. 
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Figure 3.3 Calculation of fibre and matrix stresses in a unidirectionally reinforced 
lamina [142]. 
 
Indeed, when the longitudinal strain ε11 is applied, the fibre stress f11σ  and the 
matrix stress m11σ  are given by: 
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where Vf and Vm are the respective fibre and matrix volume content, and Ef and Em 
are the respective fibre and matrix stiffness modulus. 
For woven fabric composites, the stress distribution in fibres and matrix can be 
calculated by modelling the geometry of the fibres inside the matrix. Woo and 
Whitcomb [143] have done these calculations for a representative unit cell of the 
plain woven fabric reinforced composite. Figure 3.4 shows an example of such a 
finite element mesh. The mesh for only one unit cell counts 512 elements which 
effectively model the shape of the individual fibres and the surrounding matrix. 
 
 
 
Figure 3.4 Finite element model of the representative unit cell [143]. 
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Woo and Whitcomb [143] mentioned that “… for realistic textile structural 
configurations, conventional finite element analysis is not possible due to the huge 
requirements in CPU time and memory. For example, consider a symmetrically 
stacked plain weave textile structure which is 20 unit cells wide, 20 unit cells long, 
and 6 mats thick. This structure contains 1200 unit cells. If one tries to model this 
structure with a conventional mesh, there will be hundreds of thousands of elements 
even for a very coarse discretization (1200 × 512 = 614,400 elements if each unit 
cell is modelled with just 512 elements).” 
 
3.3.2. Damage state variables 
This second category of progressive damage models selects a number of damage 
state variables, which quantitatively account for the actual damage mechanisms in 
the material under fatigue loading. 
One of the first progressive damage models that received much attention, was the 
damage model by Talreja. Talreja [102-105] presented a continuum damage model, 
where internal damage variables are characterized by vectorial/tensorial quantities. 
To determine the mechanical response in the presence of damage, stiffness-damage 
relationships are derived from a theory with internal variables based on 
thermodynamical principles, wherein the damage vectors/tensors have been taken as 
the internal state variables. 
Talreja considers two damage modes: intralaminar damage (matrix cracking) and 
interlaminar damage (delamination). The overall stiffness properties are reduced by 
the damage in the individual modes, but it is assumed that all damage modes present 
in the laminate, each given by its associated damage vector, do not mutually interact. 
Neglecting these interactions, one damage mode at a time can be accounted for and 
their effects can be superimposed afterwards. 
The general outlines of the model have been explained in paragraph 3.2.3.b. Here, 
the particular modelling of intralaminar matrix cracking in Talreja’s model will be 
discussed to demonstrate that the feasibility of this class of models for practical use 
is highly doubtful. The equations have been included deliberately to make the reader 
feel acquainted with the complex nature of this modelling strategy. Figure 3.5 shows 
the representative volume element of a composite laminate with intralaminar matrix 
cracking, as defined by Talreja [103]. 
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Figure 3.5 Representative volume element of a composite laminate having 
intralaminar cracking [103]. 
 
For isothermal, elastic response of a damaged laminate restricted to small strains, the 
elastic potential W in Talreja’s model was be given by [103]: 
 
 ),(WW Ve=  (3.85) 
 
where e is the strain tensor and the vector V is the internal state variable for the 
intralaminar cracking mode. For thin laminates with orthotropic elastic symmetry in 
the initial state, neglecting the interactions between different damage modes and 
only taking into account the in-plane strains, the elastic potential W can be written 
as [103]: 
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where ci (i = 1,…, 18) are phenomenological constants independent of strains and 
damage magnitude as a consequence of the assumption of small strains and small 
damage. By setting the elastic potential to zero for an unstrained and undamaged 
material, and applying the condition that an unstrained material of any damage state 
must be stress-free, the terms P0 and P1 reduce to zero. 
To obtain the stiffness-damage relationships, the following constitutive equations 
are used by Talreja [103]: 
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where 0pqC  is the orthotropic stiffness matrix of the undamaged laminate and 
1
pqC  is 
due to the effect of damage represented by Vk. 
This results in the final stiffness-damage relationships [103]: 
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Equations (3.87) and (3.88) show that the initial orthotropic symmetry would in 
general be lost for a non-zero damage. 
To complete the model, additional equations must be established for the damage 
growth rate. In another article [104], Talreja derives this equation only for the very 
simplified case of transverse cracking in cross-ply laminates subjected to uni-axial 
stress. Then there is only one damage variable D1 which growth rate is derived from 
thermodynamical forces in accordance with the Second Law of Thermodynamics 
[104]: 
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where di (i = 10,…, 19) are again phenomenological constants. 
Summarized, to describe only the intralaminar damage mode of matrix cracking, 18 
constants ci and 10 constants di have been introduced. Further, the definition of the 
elastic potential is based on the restricting assumption of small strains and small 
damage, and the theory has been developed specifically for unidirectionally 
reinforced laminates. 
Such a model may indeed be based on a firm and sound thermodynamical theory, 
but its usefulness for real applications is highly doubtful. In June 2000, at the 
Second International Conference on Fatigue of Composites (Williamsburg, United 
States), Talreja himself expressed it this way [144]: “A reliable and cost-effective 
fatigue life prediction methodology for composite structures requires a physically 
based modelling of fatigue damage evolution. An undesirable alternative is an 
empirical approach. A major obstacle to developing mechanistic models for 
composites is the complexity of the fatigue damage mechanisms, both in their 
geometry and the details of the evolution process. Overcoming this obstacle requires 
insightful simplification that allows the use of well-developed mechanics modelling 
tools without compromising the essential physical nature of the fatigue process”. His 
statement is very significant, because it illustrates that Talreja as well must admit 
that these mechanistic models can well be in agreement with all thermodynamical 
laws, but have not found widespread use for simulating full-scale composite 
structures under fatigue, due to their very complicated structure and the introduction 
of (too) many constants. 
 
Furthermore it is not difficult to imagine that the identification of all fatigue damage 
mechanisms would become very complicated when reinforcement techniques, other 
than unidirectional reinforcement, are used. This was already demonstrated by 
Figure 3.1. Further, as Dr. Klaus Drechsler (DaimlerBenz, Germany) has shown at 
the Fifth International Conference on Textile Composites (Leuven, 2000) [145], 
more and more advanced reinforcement techniques are winning through in the 
automotive industry (see Figure 3.6). 
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Figure 3.6 Advanced reinforcement techniques for composite materials [145]. 
 
Two- and three-dimensional architectures are produced by means of textile 
processes such as interlacing, intertwining, and interlooping continuous fibres in 
textile machines (Figure 3.7). 
 
 
 
Figure 3.7 Composite braider [146]. 
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Defining all fatigue damage mechanisms for such materials with a complicated fibre 
architecture would require a lot of research. Besides, such approach would still be 
limited to the material under study, because the fatigue damage mechanisms 
strongly depend on the type of material used. For example, Pandita et al. [147] 
studied the damage development of plain woven glass/epoxy composites during 
tension-tension fatigue. As can be seen from Figure 3.8, meta-delaminations can 
develop at the cross-over points between weft and warp tows. This is a typical 
fatigue damage mechanism which does not develop with unidirectionally reinforced 
laminates. 
 
 
 
Figure 3.8 Scheme of the tensile fatigue damage development in woven fabric 
composites [147]. 
 
3.3.3. Conclusion 
The mechanistic or progressive damage models which quantitatively account for the 
progression of damage in composite laminates, may offer the long term promise to 
be applicable to a wide variety of materials, layups and loadings with a minimal 
amount of experimentally obtained input. At present, however, these models have 
only been applied to simple fatigue loadings or to a very specific class of materials 
[10]. Moreover the vast majority of these models has been developed theoretically 
but their implementation and validation for practical applications is very limited up 
till now. Although it is the author’s strong belief that fatigue damage models should 
be based on a firm knowledge and sound modelling of the actual damage 
mechanisms, phenomenological residual stiffness models which characterize the 
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composite’s fatigue behaviour in terms of macroscopically observable properties, 
offer the most promising short term approach. 
Moreover, as regards to the implementation in numerical software, the fatigue 
damage models which correlate damage with the degradation of macroscopic 
stiffness properties, can be used for real structures as well. When full-scale structural 
components are subjected to in-service fatigue loadings, stiffness is a more adequate 
parameter as it can be measured nondestructively and the residual stiffness exhibits 
much less statistical scatter than residual strength [11,55,56,65,74,148]. 
Summarized, the objective is to develop a phenomenological model which uses the 
residual stiffness as a damage indicator, yet being based on a sound modelling of the 
actual damage mechanisms. 
 
 
3.4. SELECTION OF THE GENERIC RESIDUAL STIFFNESS 
MODEL 
From the literature survey in paragraph 3.2, it clearly appears that the numerical 
implementation of the considered models is hardly discussed in the respective 
publications and that very few examples do exist where the development of the 
model is coupled with a finite element implementation. Since the final aim must be 
to simulate the fatigue behaviour of real composite structures, the finite element 
implementation is inseparably connected with the development of the model itself. 
Because it is impossible to properly simulate the bending fatigue experiments 
without a numerical tool, the first objective will be to develop a finite element 
framework which must be general enough to incorporate various kinds of residual 
stiffness models, so that the later development of the model will not be confined by 
numerical limitations. Moreover it would be preferable to develop the finite element 
framework within a commercial finite element code in order to use all features of the 
pre- and postprocessing environment and guarantee the general applicability of the 
implementation. To that purpose, a representative residual stiffness model was 
chosen from open literature, in order to develop the finite element implementation 
for a broad class of phenomenological residual stiffness models. 
The model of Sidoroff and Subagio [45] (Equation (3.18) p. 3.11) will be used in the 
following chapters as the generic, representative model to study the numerical 
implementation of the class of residual stiffness models because of several reasons: 
• the bending fatigue experiments in the previous chapter have clearly 
demonstrated that there is a gradual degradation of the composite specimens, 
which suggests that continuum damage mechanics could be used for modelling 
the fatigue behaviour. The model has a straightforward correlation with residual 
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stiffness through the relation: 
0E
E1D −= , which is one of the basic equations of 
continuum damage mechanics, 
• an important argument is also that the model has been applied to four-point 
bending fatigue experiments [45]. Although the simulations were limited to 
analytical calculations with classical beam theory, the predictions were rather 
accurate, 
• the model has also been used by other researchers (Equations (3.19-3.21)), 
although they replaced the strain amplitude in Equation (3.18) by (some measure 
of) the stress amplitude. 
Following these other researchers, the author has chosen to define the stress 
amplitude as the main parameter in the differential equation for damage growth rate. 
The reasons for this choice are: 
• the widespread use of the stress amplitude as a characterizing parameter of 
fatigue experiments which favours its use in the corresponding fatigue model, 
• one of the objectives of this research was to develop a model that could be 
extended to multi-axial fatigue loading conditions without introducing any 
inconsistencies. A useful tool to extend fatigue models to multi-axial loading 
conditions, is some sort of failure criterion. These criteria are very often 
expressed in terms of stresses instead of strains. 
The layout of the representative phenomenological residual stiffness model finally 
becomes: 
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where: - D : local damage variable 
 - N : number of cycles 
 - σ∆  : amplitude of the applied cyclic loading 
 - σTS : tensile strength 
 - A, b and c : three material constants 
 
Although this model does not account for the accumulation of permanent strain, it is 
retained in its present form, because its only purpose is to develop the finite element 
environment. It will be shown in Chapter 7 that the creation of an additional state 
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variable for the permanent strain is straightforward in the developed finite element 
environment. 
Once the finite element implementation has succeeded, the development of a new 
fatigue damage model for the material under study can be undertaken, because only 
then, comparisons with the experimental tests can be made through accurate finite 
element simulations. 
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Chapter 4 
 
 
 
Numerical Implementation of 
the Generic 1-D Fatigue 
Damage Model 
 
 
It was concluded in the previous chapter that a modified 
formulation of the residual stiffness model of Sidoroff and 
Subagio [1] can be used as a representative fatigue damage 
model to develop the numerical implementation. Before 
considering the finite element implementation, a numerical 
implementation of the fatigue damage model in the 
mathematical software package MathcadTM is discussed. 
This implementation is particularly useful to introduce some 
important fatigue concepts to the reader, and to investigate 
the pitfalls of the numerical implementation. 
 
 
4.1. OBJECTIVES 
The single objective of this chapter is to demonstrate the feasibility of the developed 
numerical implementation. The MathcadTM implementation of the generic fatigue 
model is presented to introduce several concepts which will be useful for the finite 
element implementation, and to show that a residual stiffness model is capable of 
simulating stress redistributions during fatigue life. 
Further, since the treatment of the fatigue problem will at first be one-dimensional in 
nature, the composite specimen is modelled as a cantilever beam in the x-y plane, in 
accordance with the conventions in classical beam theory. 
 
 
4.2. MATHCADTM IMPLEMENTATION 
The constitutive equations for stresses and strains are based on the classical linear 
beam theory (valid for small displacements). The composite specimen is considered 
as a bending cantilever beam, connected with a rigid rod (the lower clamp of the 
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specimen). Figure 4.1 illustrates the beam model and the bending moment 
distribution along the specimen length. At the end of the rigid rod, the displacement 
amplitude u(C) (= umax) is prescribed. The force F is the necessary force to impose 
this bending displacement. 
 
A
B
C
L a
u(C)
u(B)
α α(B) = (C)
x
y
F
M [N.mm]
x [mm]
- F.(L + a)
0
 
 
Figure 4.1 Bending of the cantilever composite beam following the conventions of 
the classical beam theory. 
 
The stresses σxx and strains εxx in the composite beam are calculated for a two-
dimensional grid of integration points in the (x, y)-plane. Sidoroff and Subagio [1] 
have calculated that the stresses and strains for a bending beam with damage 
distribution D(x,y) can be written as: 
 
 
( )
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−−
=ε
 (4.1) 
 
where the damage growth rate dD/dN is now described by the generic residual 
stiffness model proposed in the previous chapter: 
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Here, the stress amplitude ∆σ in the damage law (4.2) corresponds with the 
maximum stress in the simulated fatigue loading cycle. Indeed, in single-sided 
bending (Rd = 0.0), it is assumed that the minimum stress is zero. In the following 
discussion, the symbol σ represents the maximum stress. 
It is very important to take into account in Equation (4.1) a possible shift of the 
neutral fibre y0(x). When the axial force is supposed to remain zero and when only a 
bending moment exists, the position of the neutral fibre y0(x) at each moment of 
time is calculated as [1]: 
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where : - y : thickness-coordinate, with y = 0 at mid thickness of the specimen 
 - h : total thickness of the specimen 
 
According to Sidoroff and Subagio [1], the degraded bending stiffness EI(x) 
becomes (with ‘b’ the specimen width): 
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However, Dechaene [2] has calculated that the expression (4.4) is not correct. The 
complete derivation is included in Appendix C. Here only the correct expression for 
EI(x) is recalled: 
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It is obvious that the correct Equation (4.5) will be used for all subsequent 
calculations. 
Since the bending fatigue experiments are displacement-controlled, the 
corresponding force F, necessary to impose the bending displacement, must be 
determined. The unknown force F can be solved from the equation [2]: 
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where : - F : force measured by the strain gauges and acting on the hinge 
(point C in Figure 4.1), 
 - a : length of the moving clamp (Figure 4.1), 
 
This numerical model can be easily implemented in a mathematical software 
package such as Mathcad™. The numerical integration formulae must be chosen 
such that the second degree polynomials are exactly integrated. This is the case for 
the Simpson’s rule, which is a Newton-Cotes quadrature formula. Because the 
increase of the damage variable D during one cycle is so small, the integrations must 
be exact indeed, otherwise the relative error on the calculation of the bending 
stiffness EI may be larger than the increase of the damage variable itself. Therefore 
the conventional first-order trapezium method is not suited for this purpose. 
First the distribution of the bending moment along the length of the specimen is 
determined. Secondly the stresses and strains in each integration point can be 
calculated. The damage law is applied and a new cycle is evaluated. From equation 
(4.6) the necessary force to impose the displacement with amplitude umax can be 
calculated for each cycle. This algorithm must be solved for each calculated loading 
cycle, and as a consequence, the MathcadTM worksheet must be called several times. 
This is only possible within the MathconnexTM environment which allows to 
repetitively call the same MathcadTM worksheet with different starting values. 
The remaining problem is that the numerical implementation deals with two 
important, but contradictory demands: 
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• in order to correctly predict the damage and residual stiffness of the composite 
specimen after a certain number of cycles, the simulation should trace the 
complete path of successive damage states to keep track of the continuous stress 
redistribution, 
• as it is impossible to simulate each of the hundreds of thousands of loading 
cycles for a real construction, or even a part of it, the numerical simulations 
should be fast and computationally efficient. 
Indeed, even for the simplified MathcadTM implementation, the computational effort 
to simulate each of half a million loading cycles is huge. Moreover several 
parameters must be saved for each loading cycle, so that arrays with a length of half 
a million records must be stored in memory. It is evident that only a selected set of 
loading cycles should be simulated, but how should this set be determined ? 
 
First, to make the reader familiar with the concept, a simulation is done with a fixed 
array of cycle numbers at which the fatigue damage law is evaluated for the whole 
composite structure. Since the damage growth rate is very high at the early loading 
stage, the interval between two successive cycle numbers is chosen very small at the 
first few cycles and is then increasing further on (N = 1, 2, 3, 8, 18, 37, 65, 138,…). 
The jump from one simulated loading cycle to the next, is defined as a cycle jump 
and its corresponding size NJUMP is defined as NJUMP = Ni+1 – Ni. The simple 
Euler explicit integration formula was used for evaluating the local increase of 
damage for each integration point over each interval NJUMP = Ni+1 - Ni : 
 
 NJUMP
dN
dDDD
N
NNJUMPN ⋅+=+  (4.7) 
 
The flowchart of this numerical MathcadTM simulation with a fixed set of simulated 
loading cycles is shown in Figure 4.2. 
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Figure 4.2 Flowchart of the MathcadTM implementation with fixed cycle jumps. 
 
This algorithm with fixed cycle jumps is now applied to the bending fatigue loading 
of a [#45°]8 composite specimen. As the generic residual stiffness model is a one-
dimensional model (see Equation (4.2)), the [#45°]8 specimen must be treated as a 
one-dimensional beam with longitudinal stiffness Exx (or E0) and longitudinal 
strength σTS, instead of as a laminate with orthotropic stiffness properties E11, E22, 
G12 and ν12 and static strengths XT, YT and S along the principal material directions. 
The longitudinal stiffness Exx can be easily calculated from the orthotropic stiffness 
properties (see Chapter 2) and equals about 13.7 GPa. Also in Chapter 2, the shear 
strength S of the [#0°]8 specimen was measured by means of a static tensile test on a 
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[#45°]8 specimen. The longitudinal tensile strength σTS of the [#45°]8 specimen was 
measured to be 201.2 MPa. 
Figure 4.3 shows the resulting force-cycle history of a [#45°]8 specimen. The 
constants A, b and c (see Equation (4.2)), being respectively 1.32⋅10-3 [1/cycle], 0.45 
[-] and 8.3 [-], were optimized with a nonlinear least squares routine which 
minimizes the difference between the experimental and simulated force-cycle 
history. As the starting values were taken from the work of Sidoroff and Subagio 
[1], the optimized values were reached in a few iterations. The prescribed 
displacement umax was chosen to be 32.3 mm and the calculation was stopped at 
400,000 cycles. The composite specimen was modelled with a mesh of 400 
integration points in the (x, y) plane. 
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Figure 4.3 Simulated force-cycle history with fixed array of cycle numbers. 
 
It is important to note that, although the [#45°]8 specimen is treated here as a 
homogenized material with initial Young’s modulus Exx (and not E11 and E22), the 
initial longitudinal stiffness Exx can degrade in a different manner for each material 
point during fatigue life, depending on the actual applied stress level σxx(x,y) in that 
material point. 
Now the simulated results at some interesting integration points of the mesh will be 
investigated. In Figure 4.4 a detail of the mesh is shown. 
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Figure 4.4 Position of the integration points of interest: y = -0.136 mm, 0.0 mm, 
0.544 mm and 1.36 mm. 
 
All integration points of interest are situated at the clamped cross-section x = 0, and 
the position of the integration points of interest is marked with a dot (y = -0.136 mm, 
0.0 mm, 0.544 mm and 1.36 mm). The position y = 0.0 mm corresponds to the 
midplane of the composite specimen, positive y-values correspond to integration 
points at the tension side and negative y-values to integration points at the 
compression side. As was mentioned earlier, the full thickness of the composite 
specimens was 2.72 mm. 
 
In Figure 4.5 - Figure 4.8 the cycle history of the normal stress σxx(0,y) is now 
plotted for these four integration points at the clamped cross-section. 
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Figure 4.5 Stress-cycle history for y = -0.136 mm. 
 
 
0 100000 200000 300000 400000
No. of cycles [-]
0
10
20
30
40
50
St
re
ss
 [M
Pa
]
Stress-cycle history for y = 0.0 mm
 
 
Figure 4.6 Stress-cycle history for y = 0.0 mm. 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
148 
0 100000 200000 300000 400000
No. of cycles [-]
0
10
20
30
40
50
60
70
80
90
100
St
re
ss
 [M
Pa
]
Stress-cycle history for y = 0.544 mm
 
 
Figure 4.7 Stress-cycle history for y = 0.544 mm. 
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Figure 4.8 Stress-cycle history for y = 1.36 mm. 
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It is very important to note that these stress-cycle curves are not at all some sort of 
master curves or S-N curves to predict the behaviour of a certain integration point at 
a certain stress level. At each simulated cycle, these stresses result from the 
equilibrium stress state of the composite specimen for the prescribed displacement 
umax (which is constant in amplitude during fatigue life) and the stiffness distribution 
which is governed by the residual stiffness model (Equation (4.2)). The change of 
the stress state in each integration point during fatigue life is governed exclusively 
by the stiffness degradation E(x,y)/E0 which can vary from point to point, because 
the stress amplitude σxx(x,y) in the expression dD(x,y)/dN might be different. This is 
clearly explained by the flow-chart in Figure 4.2. 
When the stress-cycle curves are plotted, it appears that their shape can be very 
different: 
• the integration point y = - 0.136 mm is situated at the compression side, but due 
to the stress redistribution at the clamped cross-section, the normal stress σxx is 
changing from compressive stress (-) to tensile stress (+), 
• the integration point y = 0.0 mm is the neutral fibre of the virgin state material, 
but due to the stress redistribution, the stress is becoming increasingly positive, 
• the integration point y = 0.544 mm is situated at the tension side, and due to the 
load transfer from the heavily damaged neighbouring zone, the tensile stress is 
first increasing and going downhill afterwards, 
• the integration point y = 1.36 mm is situated at the specimen surface at the 
tensile side and the stress-cycle curve is showing a very sharp decline due to the 
fast increase of damage. 
In Figure 4.9 - Figure 4.12, the corresponding simulated damage-cycle history is 
plotted for the same four integration points (y = -0.136 mm, 0.0 mm, 0.544 mm and 
1.36 mm). The damage value is lying between zero and one, while the value for the 
cycle number N ranges from 1 to 400,000 cycles. Different scales for the ordinate 
axis have been applied, because the damage value is rather different in magnitude 
for these four integration points. 
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Figure 4.9 Damage-cycle history for y = -0.136 mm. 
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Figure 4.10 Damage-cycle history for y = 0.0 mm. 
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Figure 4.11 Damage-cycle history for y = 0.544 mm. 
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Figure 4.12 Damage-cycle history for y = 1.36 mm. 
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For all simulated results so far, a fixed set of simulated loading cycles was used. 
This procedure can be generalized as follows: the computation is done for a certain 
set of loading cycles at deliberately chosen intervals, and the effect on the stiffness 
degradation of these loading cycles is extrapolated over the corresponding intervals 
in an appropriate manner. Figure 4.13 illustrates the cycle jump principle: the cycles 
in continuous line are fully simulated, the damage growth rates dD/dN are evaluated, 
the cycle jump is determined, and the computation is restarted at the next simulated 
loading cycle with altered damage and stiffness properties. 
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Figure 4.13 Illustration of the cycle jump principle. 
 
The only difference with the MathcadTM simulations above, is that the value of the 
cycle jumps NJUMP (= Ni+1 – Ni) should not be fixed in advance, but should be 
determined by an automated criterion. To automate the choice of this set of cycle 
numbers where the damage growth law is evaluated for each integration point, a 
criterion could be imposed to the stress components, to the damage variable(s) or to 
some weighted combination of them. It appears now that the damage curves have 
some favourable properties as compared to the stress curves. Indeed, although the 
damage curves (Figure 4.9 - Figure 4.12) of the integration points can be rather 
different in shape, they have two important advantages for extrapolation, compared 
to the stress curves (Figure 4.5 - Figure 4.8): 
• the value of the damage variable D is always lying between known values; zero 
(virgin state material) and one (complete failure of the material), 
• the gradient dD/dN has to be positive or zero. The curve can never decrease, 
because the damage state reached cannot be reversed anymore. On the other 
hand, depending on stress redistributions, stresses can increase or decrease, 
without any foreknowledge. It is obvious that it would be very difficult to 
extrapolate the stress value beyond the current loading cycle for the stress curves 
shown in Figure 4.5 - Figure 4.8. There exists no single master curve to fit the 
stress curve and allow simple extrapolation. 
These properties of the damage curves remain when considering complex stress-
cycle histories of real in-service fatigue loadings. In such multi-axial loading 
conditions, several stress components will affect the material’s fatigue behaviour, 
while each of them can decrease or increase at different moments in fatigue life. 
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Extrapolating these stress-cycle histories is a hazardous job, because it is almost 
impossible to define a common procedure that can cope with the extrapolation of 
such dissimilar stress-cycle histories. 
Therefore, the damage value D will be used as a measure for determining the cycle 
jumps. To implement the cycle jump concept in the numerical MathcadTM-model, 
each integration point has been assigned – besides the damage variable D – a second 
state variable NJUMP1, which is the number of cycles that could be jumped over 
without losing accuracy on the piece-wise integration of the fatigue damage law 
dD/dN (Equation (4.2)) for that particular integration point. This state variable 
NJUMP1 is called the local cycle jump, as opposed to the global cycle jump NJUMP 
which will be applied to all integration points. 
Now it is matter of defining the criterion for calculating the local cycle jumps 
NJUMP1. One possible and straightforward method to tackle the problem is to use 
the simple Euler explicit integration formula for evaluating the local increase of 
damage for each Gauss-point: 
 
 1NJUMP
dN
dDDD
N
N1NJUMPN ⋅+=+  (4.8) 
 
The value of the local cycle jump NJUMP1 can then be determined by imposing a 
maximum allowed increase to the damage variable D. For example, DN+NJUMP1 can 
be limited to DN + 0.01, when the D-values are in the range [0, 1]. If the increase ∆D 
is limited to 0.01, this is equivalent to a piece-wise integration of the damage 
evolution law for that integration point with a step-size of 0.01 along the ordinate 
axis of the damage-cycle history. This assures an accurate follow-up of the damage 
path for each integration point. For certain integration points, NJUMP1 will be very 
small, while for Gauss-points situated in low stress areas, it will be very large. 
The approach followed can best be illustrated with a simple numerical example. The 
curve D(N) for a certain integration point is plotted in Figure 4.14, the values for A, 
b, c and σTS being respectively 1.32⋅10-4 [1/cycle], 0.45 [-], 8.3 [-] and 201.2 [MPa]. 
The value of the damage variable D at cycle N=60,800 – which has been fully 
simulated – is 0.60. 
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Figure 4.14 Numerical example of the calculation of the local cycle jump NJUMP1. 
 
In this example the increase ∆D is limited to an increment of 0.1. The damage 
growth rate dD/dN equals 4.32⋅10-6 [1/cycle] for D = 0.6 [-] and σxx (N=60,800) = 
96.08 [MPa]. The allowed cycle jump NJUMP1 then is: 
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⋅
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−+
=
−
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Based on the same philosophy, more accurate numerical techniques can be applied. 
For example, the damage D could be numerically extrapolated to D + 0.1, taking 
into account the full damage-cycle history information, instead of using only the last 
known damage value with the Euler method. However this does not limit the 
applicability of the approach presented here, and more advanced extrapolation 
techniques will be discussed for the finite element implementation. 
 
Since each fatigue loading cycle represents a physical amount of time tf (tf = 
1/frequency), the size of the global cycle jump NJUMP must be the same for all 
simulated parts of the structure under fatigue, otherwise the next simulated loading 
cycle N+NJUMP would not be the same for all simulated parts of the composite 
structure. It is obvious that the calculation of the equilibrium stress state of the fully 
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simulated composite structure makes no sense if the cycle jump for one part of the 
structure is different from the cycle jump for another part. 
Thus, the global cycle jump NJUMP for all integration points should of course be a 
single-valued property, and for the moment, NJUMP is defined as the minimum of 
all local cycle jump values NJUMP1. This definition will be refined for the finite 
element implementation. 
Figure 4.15 shows a flow-chart of the final numerical implementation in the 
MathcadTM/MathconnexTM environment. 
 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
156 
x)aL()N(F)N,x(M −+⋅=
( ) )y,x()y,x(D1E)y,x(
)x(EI
)x(yy)x(M)y,x(
xx0xx
0
xx
ε−=σ
−−
=ε
integration points
Calculate local  NJUMP1cycle jump
NJUMP = min(NJUMP1)
Update damage D
Calculate y (x)0
Calculate EI(x)
integration points
Given: umax
L
a
b
h
:
:
:
:
:
:
prescribed displacement
free specimen length
length moving clamp
Young’s modulus
specimen width
specimen height
E0
Solve F from 



−+
+
−+
⋅⋅= ∫ ∫∫ L
0
x
0 0
L
0 0
max 'dxIE
'xaLdxdx
IE
xaLaFu
Solve F from 



−+
+
−+
⋅⋅= ∫ ∫∫ L
0
x
0
L
0
max 'dx)'x(EI
'xaLdxdx
)x(EI
xaLaFu
NJUMP
dN
)y,x(dD)y,x(D)y,x(D
N
NNJUMPN ⋅+=+
( )
ncompressioin 0
in tension
)y,x(D1
)y,x(A
dN
)y,x(dD
b
c
TS
xx
−




σ
σ
⋅
=
NN
N1NJUMPN
dN
)y,x(dD
D
dN
)y,x(dD
)y,x(D)y,x(D1NJUMP ∆=−= +
 
 
Figure 4.15 Flow-chart of the MathcadTM/MathconnexTM implementation. 
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4.3. NUMERICAL SIMULATIONS 
The cycle jump implementation has been applied to the bending fatigue test on a 
[#45°]8 specimen, because these specimens show a very gradual degradation of the 
stiffness and the stresses are relatively small. As mentioned earlier, this 
implementation is a one-dimensional implementation and the difference between 
[#0°]8 and [#45°]8 specimens is only expressed by a different value of the stiffness 
Exx and the longitudinal static strength σTS, not by a different stress transfer to the 
fibres (contribution of shear stresses and normal stresses). 
Figure 4.16 shows the experimental and simulated results for the [#45°]8 specimen 
Pr04_4. The prescribed displacement umax is 32.3 mm, the displacement ratio Rd is 
zero and the length L is 54.0 mm. The measured force initially equals 65.3 N, the 
elapsed number of cycles in the experiment is 400,000 and the measured force then 
equals 50.1 N. With regard to the simulation, the composite specimen is modelled 
with a mesh of 400 integration points. The values of the constants A, b, c and σTS 
(see Equation (4.2)) are respectively: 1.32·10-3 [1/cycle], 0.45 [-], 8.3 [-] and 201.2 
[MPa]. The values of A, b and c are determined with a combined numerical-
experimental technique. The parameters are optimized with a nonlinear optimization 
procedure to fit the experimental results of this experiment. 
The predicted force at 400,000 cycles is 48.2 N, which results in an error of 3.8 % 
after 400,000 cycles. 
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Figure 4.16 Degradation of the force versus the number of cycles for the [#45°]8 
specimen Pr04_4. 
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The results from this experiment can be used now for a more detailed discussion of 
the simulated strain-, stress- and damage distributions in the composite specimen 
during fatigue life. 
Figure 4.17 shows the strain distribution at the clamped cross-section for a few 
decisive stages in fatigue life. The ordinate axis represents the height y [mm] in the 
cross-section. As mentioned earlier the specimens have a thickness of 2.72 mm, so 
the coordinates of the integration points are in the range [-1.36 mm, +1.36 mm]. 
 
strain [-]
-0.025 -0.015 -0.005 0.005 0.015 0.025
-1.4
-1.0
-0.6
-0.2
0.2
0.6
1.0
1.4
he
ig
ht
 y
 [m
m
]
cycle 1
cycle 19,278
cycle 99,086
cycle 367,500 
Strain distribution in the clamped cross-section
 
 
Figure 4.17 Strain distribution in the clamped cross-section. 
 
At the first cycle, the tensile and compressive strain are equal and the strain is zero 
in the middle of the cross-section. When damage is growing, the neutral fibre is 
moving towards the compression side of the specimen. 
The influence of damage can be observed even more clearly when the distribution of 
the stresses is calculated, as shown in Figure 4.18. At the first cycle, the stress 
distribution is linear and the normal stress is zero in the middle of the cross-section. 
When damage is initiating, the tensile stresses in the outermost layers are relaxed 
and load is transferred towards the inner layers. Because the damage law assumes 
that there is no damage growth at the compressive side (see Equation (4.2)), the peak 
tensile stresses are moving towards the compression side and as a consequence the 
neutral fibre is moving down. 
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Figure 4.18 Stress distribution in the clamped cross-section. 
 
Finally Figure 4.19 shows the damage growth in the integration points at the 
clamped cross-section. The value of the damage variable D is lying between zero 
(no damage) and one (final failure of that integration point). 
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Figure 4.19 Damage distribution in the clamped cross-section. 
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This damage distribution qualitatively corresponds with the experimental 
observations, where the outermost layers at the tension side are damaged, while the 
compression side shows no observable damage. However, in quantitative terms, the 
damage values at the tensile side are too high. These values would indicate an 
almost complete failure of the whole tensile area, but such severe damage could not 
be observed experimentally for the [#45°]8 specimens. 
 
The simulations so far were concerned with [#45°]8 specimens. If the fatigue 
damage model is to be applied to the [#0°]8 specimens, the longitudinal stiffness Exx 
and the longitudinal static strength σTS must be replaced by the respective values 
24.57 GPa and 390.7 MPa (see Chapter 2 for the experimental determination). Of 
course, the value of the material constants A, b and c must be retained. 
Figure 4.20 shows the experimental and simulated force-cycle history for the [#0°]8 
specimen Pr05_2 with umax = 30.4 mm. As can be seen on the graph, the simulation 
does not correspond at all with the experimentally measured force-cycle history. 
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Figure 4.20 Force-cycle history for [#0°]8 specimen Pr05_2 with umax = 30.4 mm. 
 
This could in fact be expected, because the governing fatigue damage mechanisms 
are quite different in both stacking sequences. These differences are completely 
neglected by the one-dimensional fatigue damage model, because the two stacking 
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sequences are only considered as homogenized beams with a different longitudinal 
stiffness Exx and strength σTS. 
 
 
4.4. LIMITATIONS 
The main purpose of this chapter was to develop a workable numerical approach to 
treat the fatigue analysis problem. The cycle jump concept has been introduced, 
together with the definitions of the local cycle jump NJUMP1 and the global cycle 
jump NJUMP. 
The generic fatigue damage model has been applied to the bending fatigue 
experiments of [#45°]8 and [#0°]8 specimens. The numerically simulated stress-, 
strain- and damage curves were shown to make the reader familiar with the kind of 
results that are obtained. Further, it is important to mention that the plotted stress-, 
strain- and damage-curves do not correspond with the actual stress state in the 
[#45°]8 specimens. Due to the assumption of one-dimensional loading, the [#45°]8 
specimen with its fibres under an angle of 45° with the loading direction is treated as 
a homogenized material with longitudinal stiffness Exx, while it is really an 
orthotropic material with in-plane stiffness properties E11, E22, ν12 and G12. Also, the 
representative fatigue damage model is not capable of simulating the fatigue 
behaviour of both [#45°]8 and [#0°]8 specimens with the same material constants A, 
b and c. This means that the model does not satisfy the demands of a true intrinsic 
material model, because the material constants of a true intrinsic material model 
could depend on the material type, but should certainly not depend on the loading 
state of the material. As the stacking sequences [#45°]8 and [#0°]8 are two different 
lamination schemes of one and the same material, the same material constants 
should be used to predict the fatigue behaviour of both stacking sequences. Of 
course, it is evident that a one-dimensional model fails to do so, but it is important to 
draw the reader’s attention to this crucial difference between intrinsic material 
models and non-intrinsic material models. And only true intrinsic material models 
can be applied successfully to full-scale composite structures, because, although the 
ply orientation and hence the stress state of each layer might be different, a true 
intrinsic material model can predict the fatigue behaviour of each material layer, 
using the same material constants. 
 
Next, the semi-analytical implementation of the generic fatigue model in MathcadTM 
has several drawbacks: 
• although nonlinear material behaviour is accounted for through the introduction 
of a damage variable D, geometrical nonlinearities are not taken into account. 
However, they should be, because sometimes the deformations are so large that 
geometrical nonlinearity does affect the results, 
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• a more complicated geometry of the component is difficult to handle, because 
only few closed-form solutions do exist to calculate stresses and strains in 
constructions with a complicated cross-section, 
• when the construction is subjected to fatigue loadings in multi-axial conditions, 
the classical beam theory does not suffice to solve the problem, 
• pre-processing and post-processing facilities are very limited. 
As a consequence it seems obvious to make use of finite elements to counteract 
these restrictions. Therefore, the cycle jump concept will be transposed to finite 
elements in the following chapter. 
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Chapter 5 
 
 
 
Finite Element 
Implementation of the 
Generic 1-D Fatigue Damage 
Model 
 
 
In this chapter, the generic 1-D fatigue damage model, 
discussed in the previous chapter, will be implemented in 
the commercial finite element code SAMCEFTM. The cycle 
jump concept will be refined and advanced numerical 
techniques for integration of the fatigue damage law will be 
integrated. 
 
 
 
5.1. OBJECTIVES 
The MathcadTM implementation discussed in the previous chapter, has proved that 
the representative residual stiffness model can be used as a benchmark model to 
develop the finite element implementation. This finite element implementation must 
provide a framework which is general enough to allow the integration of various 
kinds of residual stiffness models. Further, the implementation is indispensable for 
developing the new fatigue damage model and for simulating the fatigue behaviour 
of full-scale composite components. 
 
 
5.2. STRUCTURAL ANALYSIS THEORIES FOR COMPOSITE 
LAMINATES 
Since the stress amplitude σxx governs the damage growth law dD/dN, it is very 
important to calculate the stress state as accurately as possible. This paragraph 
discusses various structural analysis theories for composite laminates. Attention has 
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been paid to the correct modelling of through-the-thickness effects and the related 
correct representation of transverse normal stresses σzz and transverse shear stresses 
σxz and σyz. 
 
When the use of composite materials is restricted to secondary, noncritical structural 
components, the main purpose of an analysis is to determine the global response of 
the laminated component, for example, gross deflections, critical buckling loads, 
fundamental vibration frequencies and associated mode shapes. Such global 
behaviour can often be accurately determined using relatively simple laminate 
theories (e.g. the classical laminated plate theory and the first order shear 
deformation theory), especially for very thin laminates. However, if laminated 
composite materials undergo the transition from secondary structural components to 
primary critical structural components, the goals of analysis must be broadened to 
include a highly accurate assessment of localized regions where damage initiation is 
likely. The simple laminate theories that have proven to be adequate for modelling 
secondary structures, are of limited value in modelling primary structures for two 
reasons [1]: 
• most primary structural components are considerably thicker than secondary 
components, thus even the determination of the global response may require a 
refined laminate theory that accounts for thickness effects, which are of two 
types: (i) multi-layer problems which require stringent fidelity in calculation of 
stresses, and (ii) a low span-to-thickness ratio in which case shear deformation 
theories are required to provide accurate prediction of deflections, buckling 
loads, and vibration frequencies. Indeed, due to their low transverse shear 
stiffness, composite laminates often exhibit significant transverse shear 
deformation at lower span-to-thickness ratio than do similar homogeneous 
isotropic plates and shells. As a consequence, the transverse shear deformation 
plays a much more important role in reducing the effective flexural stiffness of 
laminated plates made of these composites than in the corresponding metallic 
plates. Also, the transverse shear deformation was found to be important in 
predicting the delamination type of failure in multi-layered composite structures 
[2], 
• the assessment of localized regions of potential damage initiation requires 
determination of the 3-D state of stress and strain at the ply level. The simple 
laminate theories are most often incapable of determining the 3-D stress field at 
the ply level. Thus the analysis of primary composite structural components may 
require the use of a layerwise laminate theory or of 3-D elasticity theory. 
The need for more accurate computational models for multi-layered laminated plates 
has led to the development of a variety of 2-D shear deformation theories. Together 
with the conventional 3-D elasticity theory, these theories can be grouped into three 
general categories [2]: 
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• theories based on replacing the laminated plate by an equivalent single-layer 
anisotropic plate and introducing global displacement, strain and/or stress 
approximations in the thickness direction, 
• discrete layer theories based on piece-wise approximations in the thickness 
direction, 
• the full 3-D elasticity theory which is of course the most general theory for 
assessing the stress state of the laminate. 
 
5.2.1. Equivalent single layer theories 
The equivalent single layer theories are those in which a heterogeneous laminated 
plate or shell is treated as a statically equivalent single layer, having (possibly) 
complex constitutive behaviour, thus reducing the 3-D continuum problem to a 2-D 
one. The equivalent single layer theories are developed by assuming that the 
displacement field is at least C1-continuous (i.e. the function and its derivative are 
continuous) through the thickness of the laminate [1]. This category includes the 
classical laminated plate theory (CLPT), the Reissner-Bollé-Mindlin type first-order 
shear deformation theories and higher-order theories. 
 
The simplest equivalent single layer laminate theory is the classical laminated plate 
theory, which is an extension of the Kirchhoff (classical) plate theory to laminated 
composite plates. It is based on the displacement field: 
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where (u0, v0, w0) are the displacement components of the reference plane of the 
plate (z=0). The displacement field (Equation (5.1)) implies that straight lines 
normal to the x-y plane before deformation remain straight and normal to the 
midsurface after deformation (i.e. the Kirchhoff assumption). The Kirchhoff 
assumption amounts to neglecting both transverse shear and transverse normal 
effects; deformation is entirely due to bending and in-plane stretching. 
 
The first order shear deformation theory is based on a linear distribution of the in-
plane displacements in the thickness direction: 
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where, as before, (u0, v0, w0) denote the displacements of a point in the mid-plane 
(z=0), and φx and φy are the rotations of a transverse normal to the midsurface about 
the y and x axes, respectively: 
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Figure 5.1 illustrates the assumptions of the first-order shear deformation theory. 
 
 
 
Figure 5.1 Undeformed and deformed geometries of an edge of a plate under the 
assumptions of the first-order shear deformation theory [3]. 
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Since the transverse shear strains or stresses are assumed to be constant within each 
layer, correction factors have to be used in order to adjust the transverse shear 
stiffness and match the response predicted by the two-dimensional theory with that 
of the three-dimensional elasticity theory. However these shear correction factors are 
not known for arbitrarily laminated composite plate and shell structures. All the 
factors in use to date are calculated ‘a priori’ and are, therefore, functions of the 
lamination parameters only. They do not account for the differences in the 
distribution of the transverse shear strains in the thickness direction resulting from 
different loading conditions. Noor and Burton [2] have shown that the range of 
validity of the first-order theory is strongly dependent on the values of the composite 
shear correction factors used. 
 
Both the classical laminated plate theory and first order shear deformation theory 
yield finite element models that are economical in terms of the number of degrees of 
freedom used. However both finite element models have certain drawbacks [1]. For 
example, finite element models of the classical laminated plate theory require C1-
continuity of the transverse displacement, which complicates the development of 
conforming elements and inhibits their use with other commonly used finite 
elements. In contrast, finite elements based on the first order shear deformation 
theory have the advantage of requiring only C0-continuity of all primary variables, 
because, unlike in the classical laminated plate theory, the shear rotations φx and φy 
of the transverse normal are independent of the transverse displacement w0 [4]. 
However, they can exhibit spurious transverse shear stiffness (or locking) as the 
laminate becomes thin. The effect of spurious shear stiffnesses can be alleviated by 
using a reduced quadrature to compute certain terms in the element stiffness matrix 
(i.e. a selective integration scheme), or by using higher order elements [5,6]. 
 
Higher order equivalent single layer laminated plate theories use higher order 
polynomials (quadratic or cubic) in the expansion of the displacement components 
through the thickness of the laminate. The additional unknowns introduced in 
second-order and third-order theories are difficult to interpret in physical terms. The 
general third-order theory is based on the displacement field [1]: 
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where u0, v0, w0, φx, φy, φz, ψx, ψy, ψz, θx and θy are unknown functions of (x,y,t). It 
is clear that (u0, v0, w0) and (φx, φy) have the same physical meaning as in the first-
order theory. The function φz has the meaning of extension of a transverse normal, 
and the remaining functions can be interpreted as higher-order rotations that specify 
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the deformed shape of a straight line perpendicular to the reference plane in the 
undeformed plate. 
 
The third-order theories provide a slight increase in accuracy relative to the first 
order shear deformation theory solution, at the expense of a significant increase in 
computational effort. Further, finite element models of third order theories that 
satisfy the vanishing of transverse shear stresses on the boundary planes have the 
disadvantage of requiring C1-continuity of the transverse displacement component 
[1]. 
 
In general, despite their inherent simplicity and low computational cost, the 
equivalent single layer models often provide a sufficiently accurate description of 
the global response of thin to moderately thick laminates. Of the equivalent single 
layer models, finite element models based on the first order shear deformation 
theory appear to provide the best compromise of solution accuracy, solution 
economy, model simplicity, and compatibility with other finite element 
displacement models. However, the equivalent single layer models have several 
serious limitations that prevent them from being used to solve the whole spectrum of 
composite laminate problems. First, the accuracy of the global response predicted by 
the equivalent single layer models deteriorates as the laminate becomes thicker. 
Secondly, the equivalent single layer models are often incapable of accurately 
describing the state of stress and strain at the ply level near geometric and material 
discontinuities or near regions of intense loading – the areas where accurate stresses 
are most needed. Finally, the equivalent single layer models cannot model the 
kinematics of delamination [1]. 
 
5.2.2. Layerwise theories 
When the emphasis of the analysis shifts from global response to the study of 
initiation of damage or delamination between layers, accurate determination of 
interlaminar stresses and strains gain more importance. For damage such as matrix 
cracks, intra-lamina stresses are important, and for delamination and adhesive joint 
separation, interlaminar stresses are important. Hence, in studying laminates with 
delamination, it is necessary to model the laminate using a refined theory both in 
terms of 3-D kinematics and constitutive relations compared to equivalent single 
layer theories [7]. 
From the equilibrium of interlaminar forces, it follows that the following continuity 
conditions hold between the stress fields of adjacent layers at their interface: 
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Figure 5.2 illustrates the continuity condition. 
 
 
 
Figure 5.2 Equilibrium of interlaminar stresses [3]. 
 
In all equivalent single-layer laminate theories, it is assumed that the displacements 
are continuous functions of the thickness coordinate. This in turn results in 
continuous transverse strains and hence, discontinuous transverse stresses at the 
interface of two layers [3]. For thin laminates the error introduced due to 
discontinuous interlaminar stresses can be negligible. However, for thick laminates, 
the equivalent single-layer theories can give erroneous results for all stresses, 
requiring use of layerwise theories. 
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In contrast to the equivalent single layer theories, the layerwise theories are 
developed by assuming that the displacement field is only C0-continuous through the 
laminate thickness [1] (see Figure 5.3). 
 
 
 
Figure 5.3 Displacement representation used in the layerwise theory [3]. 
 
Thus the displacement components are continuous through the laminate thickness, 
but the transverse derivatives of the displacements may be discontinuous at various 
points through the thickness, thereby allowing for the possibility of continuous 
transverse stresses at interfaces separating dissimilar materials. Layerwise 
displacement fields provide a much more kinematically correct representation of 
moderate to severe cross-sectional warping associated with the deformation of 
moderately thick to very thick laminates. 
Layerwise theories can be divided into two categories: partial layerwise and full 
layerwise theories. 
Partial layerwise theories are based on piece-wise linear variation of the in-plane 
displacement components and a constant transverse displacement through the 
thickness (i.e. the transverse shear strain is piece-wise constant, while the transverse 
normal strain is zero through the thickness). Such layerwise theories are referred to 
as partial layerwise theories since the transverse normal displacement does not have 
a layerwise representation. 
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Despite the success of the partial layerwise laminate models, these models are not 
capable of accurately determining interlaminar stresses near discontinuities such as 
holes or cut-outs, traction free edges, and delamination fronts. In modelling these 
localized effects, inclusion of the transverse normal strain is important for two 
reasons. First of all, the transverse normal stress is usually a significant, if not 
dominant, stress component in these regions. Secondly, layerwise models that 
neglect transverse normal strain do not satisfy traction free boundary conditions for 
transverse shear stresses at the laminate edge. 
In contrast to the partial layerwise theories, full layerwise theories use layerwise 
expansions for all three displacement components, and thus include both discrete 
layer transverse shear effects and transverse normal effects. 
The generalized laminate plate theory of Reddy [8] is the most valuable theory in 
this domain. This theory is based on the idea that the displacements can be 
represented as a linear combination of products of functions of the in-plane 
coordinates and functions of the thickness coordinate. The basic equations for the 
displacement field are [8]: 
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where (u0, v0, w0) are the displacements of a point (x, y, 0) on the reference plane of 
the laminate, and U, V and W are functions which vanish on the reference plane: 
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In order to reduce the three-dimensional theory to a two-dimensional theory, it is 
necessary to make an assumption concerning the variation of U, V and W with 
respect to the thickness coordinate z. To keep the flexibility of the degree of 
variation of the displacements through the thickness, U, V and W are approximated 
as [5,8]: 
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where Uj, Vj and Wj are undetermined coefficients and Φj(z) and Ψj(z) are known 
functions of the thickness coordinate z, that satisfy the condition [8]: 
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The approximation in Equation (5.8) can also be interpreted as the global semi-
discrete finite element approximations of U, V and W through the thickness. In that 
case, Φj(z) and Ψj(z) denote the global interpolation functions, and Uj, Vj and Wj are 
the nodal values of U, V and W (and possibly their derivatives) at the nodes through 
the thickness [8]. 
Finite element models of the generalized laminate plate theory of Reddy were 
developed by Reddy et al. [9] for the case in which the transverse displacement is 
assumed to be constant through the laminate thickness (i.e. transverse inextensibility 
is assumed) and by Robbins and Reddy [6] for the case in which the transverse 
deflection is also expanded through the thickness. The transverse shear stresses, as 
computed from the constitutive relations in [6], represent the average transverse 
shear stresses within a particular thickness subdivision; however, continuous 
transverse shear stress variation through the thickness can be computed via the 3-D 
equilibrium equations after having obtained the in-plane stresses accurately [10,11]. 
Yet the success of this so-called “Equilibrium Method”, which was reported by 
Chaudhuri [12], appears to be at best uncertain for asymmetrically laminated plates. 
Chaudhuri and Seide [13] have corrected the “Equilibrium Method” to satisfy the 
simultaneous vanishing of the transverse shear stresses on both the exposed surfaces 
of the asymmetrically laminated plate. Moreover Robbins and Reddy [6] reported 
that layerwise models that neglect transverse normal strain, satisfy the traction-free 
boundary conditions for transverse shear stresses at the laminate edge only in the 
integral sense and not in the local sense, despite the level of refinement through the 
thickness. 
The finite element models of full layerwise theories are capable of achieving the 
same level of solution accuracy and require the same number of degrees of freedom 
as a conventional 3-D finite element model. Thus, it is most often impractical to 
model an entire laminate with full layerwise elements. However the use of full 
layerwise models has two advantages over conventional 3-D finite element models. 
First, the element stiffness matrices can be computed much faster for layerwise 
elements by performing the in-plane and out-of-plane integration separately. Indeed, 
the layerwise model assumes that the displacements, material properties and element 
geometry can be approximated by a sum of conveniently separable interpolation 
functions (i.e. each individual 3-D interpolation function can be written as the 
product of a 2-D interpolation function and a 1-D interpolation function). This 
restriction allows the layerwise model to use separated numerical integration to 
compute all element volume integrals. The results from a single integration through 
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the thickness can then be used at each Gauss-point in the subsequent in-plane 
integration. This separated integration allows the element stiffness matrix to be 
computed using only a fraction of the operations required to form the stiffness 
matrix for a conventional 3-D finite element [6]. 
Secondly, the 2-D data structure of the full layerwise models permits a much easier 
coupling with conventional equivalent single layer laminate models and partial 
layerwise laminate models [6]. Indeed, to capture the localized 3-D stress fields in a 
tractable manner, it is usually necessary to resort to a simultaneous multiple model 
(SMM) approach in which different subregions of the structure are described with 
different types of mathematical models. This approach allows to model the global 
response of the laminate using a conventional 2-D plate or shell model, while 
localized regions of intense loading can be modelled with a layerwise 2-D plate or 
shell model or a 3-D finite element model. While such simultaneous multiple model 
methods are simple in concept, the actual implementation of the techniques is 
complicated and cumbersome, mainly due to the need for maintaining displacement 
continuity across subregion boundaries separating incompatible subdomains [14]. 
The 2-D data structure of the full layerwise models simplifies the integration of the 
subdomains in the laminate structure. 
 
5.2.3. Three-dimensional elasticity theory 
A finite element model based on the 3-D elasticity theory requires, ideally, at least 
one element through the thickness of each layer. To keep the element aspect ratios 
within reasonable limits to avoid numerical problems of ‘locking’, a large number of 
3-D elements is required to model a laminate, and the thickness of the individual 
lamina dictates the aspect ratio of an element. The cost of analysis precludes the sole 
use of 3-D elements in practical problems. To reduce the computational effort 
involved with the 3-D elements, one can use the ‘sublaminate’ concept, in which 
several layers are modelled using one finite element through the thickness. The 
material properties of the sublaminate are obtained by integrating the laminae 
properties through the thickness of the sublaminate in the same way as is done in the 
single-layer continuum theories [5]. 
On the other hand the 3-D elasticity theory still provides the most accurate means to 
calculate the complex stress fields at free edges, cut-outs, bolted joints,.. 
 
5.2.4. Conclusion 
From the literature survey about structural analysis theories for composite laminates, 
it appears that the Generalized Laminated Plate Theory (GLPT) of Reddy has a 
widespread use and is considered as a reliable theory for accurate calculation of the 
interlaminar stresses. 
Due to the attractive features of the Generalized Laminated Plate Theory (GLPT) of 
Reddy [8], this theory has been selected as a first candidate to calculate the resulting 
stresses in each simulated fatigue loading cycle. 
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5.3. COMMERCIAL FINITE ELEMENT CODES 
When the flowchart of the MathcadTM-implementation in Chapter 4 (Figure 4.15) is 
used as a guideline, the finite element code should allow to: 
• loop over all Gauss-points and determine the local cycle jump NJUMP1 for each 
of them, 
• derive a suitable value for the global cycle jump NJUMP from the known values 
of all local cycle jumps NJUMP1, 
• update the damage and time characteristics for each Gauss-point, 
• restart the finite element analysis for the next cycle N+NJUMP and save the 
results from the previous analyses. 
At the start of the research project, there was, to the author’s knowledge, no 
commercial finite element code available which satisfied all the above-mentioned 
requirements. Even up till now there are no examples in the open literature of the 
implementation of such residual stiffness models into a commercial finite element 
code. Shokrieh and Lessard [15] published their work on progressive fatigue damage 
modelling in the year 2000 (see paragraph 3.2.3.b for a detailed discussion) and they 
still used their in-house finite element code. 
Since the source of the commercial finite element code should be modified to 
include the required features, SAMCEFTM – the finite element product of the 
SAMTECH company (Liege, Belgium) – seemed the best eligible choice, because 
Ghent University maintains good relations with the company and the department has 
used the SAMCEF code for many years now. As Dr. Albert-Paul Gonze at the 
SAMTECH company was prepared to make the necessary modifications to the user 
interface, the SAMCEFTM finite element code was used for all subsequent work. 
 
 
5.4. SAMCEFTM STRUCTURAL ANALYSIS OF THE 
FATIGUE LOADING CYCLE 
Before implementing the cycle jump concept in the SAMCEFTM finite element code, 
it must be investigated how the structural analysis of each simulated fatigue loading 
cycle can be done most accurately. 
In paragraph 5.2, the structural analysis theories for composite laminates have been 
discussed and the Generalized Laminated Plate Theory developed by Reddy [8] was 
considered as a valuable candidate for the structural analysis. However, this theory 
is not included in the current releases of SAMCEFTM [16]. In the user manual of 
SAMCEFTM V8.1, it is recommended as an alternative to “… superimpose several 
elements through the thickness, including a reduced number of layers, or even one 
single layer in extreme cases, for accurate evaluation of interlaminar stresses, or 
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free edge effects analysis” [16]. Since the development of the fatigue damage model 
requires an accurate evaluation of the stress state in the composite material, the 
laminae were indeed each modelled by one single element through the thickness. 
The finite elements used were isoparametric pure-displacement type composite 
elements of second degree [17]. 
Nevertheless, the Generalized Laminated Plate Theory (GLPT) of Reddy [8] and 
other structural analysis theories were discussed in paragraph 5.2, because it is 
obvious that for larger composite structures, the three-dimensional finite elements 
should be replaced by shell or plate elements, in order to reduce the number of finite 
elements. Then the Generalized Laminated Plate Theory (GLPT) of Reddy [8] can 
be a valuable alternative. 
Now, the adequate modelling of the experimental fatigue loading conditions will be 
studied. Two important aspects to be considered, are: (i) the modelling of the fixed 
clamp, and (ii) the effect of dynamic vs. quasi-static analysis of the fatigue loading 
cycle. 
 
5.4.1. Modelling of the fixed clamp 
The first aspect is the realistic modelling of the fixed clamp. In most cases, the fixed 
clamp is modelled in finite elements by fixing the displacement and rotational 
degrees of freedom of the nodes in the clamped cross-section. This way of 
modelling will be referred to as “complete fixation”. However in real testing 
conditions, the specimen is clamped between two plates and a pre-stressing force is 
applied by nuts and bolts. This allows for some rotation of the specimen cross-
section even inside the fixed clamp. The pre-tension force can be calculated from the 
expression for the tightening moment of the bolts [18]: 
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with: MA = tightening moment [Nm] 
 FVM = pre-tension force [N] 
 d2 = flank angle of the screw thread [mm] 
 dh = diameter bolt hole [mm] 
 dw = external diameter of the bearing area of the screw thread [mm] 
 µ = coefficient of friction for untreated, oiled screws [-] 
 β = apex angle for metrical ISO screw thread [°] 
 φ = lead angle of the screw thread [°] 
 
For the M8 bolts, the values are [19]: 
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 d2 = 7.188 mm 
 dh = 8.4 mm 
 dw = 13 mm 
 µ = 0.12 
 β = 60° 
 φ = 3.17° 
 
The tightening moment MA was 4.905 Nm. The resulting pre-tension force for the 
M8 bolt is then: 3663 N. 
The modelling of the fixed clamp as two clamping surfaces with a pre-tension force 
applied, will be referred to as “clamping surfaces”. Before comparing this 
“clamping surfaces” assumption with the “complete fixation” assumption, the 
second aspect of modelling will be discussed. 
 
5.4.2. Quasi-static vs. dynamic analysis 
The second aspect to be considered, is the question to which extent the finite 
element analysis can be reduced to a quasi-static analysis of the fatigue loading 
cycle. Indeed, as the fatigue damage law is expressed as a growth rate dD/dN per 
cycle, the required input from the finite element analysis is limited to the value of 
the load amplitude σxx(N) for that particular loading cycle. Nevertheless, even if the 
damage law is expressed for dD/dN, the value of the load amplitude σxx(N) could be 
affected by inertia forces and frequency effects. Therefore a dynamic analysis of the 
complete loading cycle could still be necessary. 
For the fatigue frequency f being 2.23 Hz, the period T of one loading cycle equals 
1/f or 0.448 seconds. The varying amplitude with time of the prescribed bending 
displacement has been approximated by a sinusoidal displacement. 
Now, finite element simulations with different assumptions regarding the fatigue 
loading conditions are compared. The check value for validating the finite element 
modelling of the experimental loading conditions, was the difference between the 
experimentally measured and theoretically calculated value of the bending force. To 
be sure that the elastic properties used in the finite element simulations were in close 
agreement with the real ones, the bending force has been evaluated for the [#0°]8 
glass/epoxy laminates, because the in-plane elastic properties of the [#0°]8 
composite laminates were determined using the dynamic modulus identification 
method described by Sol et al. [20,21], and as a consequence, are very well known. 
They are repeated in Table 5.1. 
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Table 5.1 Measured in-plane elastic properties of the [#0°]8 composite laminates. 
 
E11 [GPa] 24.57 
E22 [GPa] 23.94 
ν12 [-] 0.153 
ν21 [-] 0.149 
G12 [GPa] 4.83 
 
The calculations were done for the [#0°]8 specimen Pr10_4 on a 300 MHz Sun 
UltraSparc Workstation with 256 MB RAM. The prescribed displacement umax (= 
34.4 mm) was chosen rather large in order to assess the effect of geometrical 
nonlinearities. The corresponding maximum bending force for the [#0°]8 specimen 
Pr10_4, measured by a strain gauge bridge, was 117.5 Newton at the first loading 
cycle. Table 5.2 illustrates the influence of several modelling assumptions. 2-D and 
3-D meshes have been used with “complete fixation” (fixing all nodes in the 
clamped cross-section) and “clamping surfaces” (modelling of the clamping plates 
with pre-stressing force). Due to symmetry conditions, the 3-D simulations were 
performed for the half width of the specimen and they were indicated in the table as 
“3-D symmetry models”. All simulations are quasi-static analyses, except the fourth 
simulation, which takes into account the inertia forces during fatigue loading. 
 
Table 5.2 Comparison of the different finite element models for the fatigue setup. 
 
 FE model type No. of
elements
Bending
force [N]
CPU time 
1- 2D plane strain, complete fixation 445 155.1 0’17’’ 
2- 2D plane strain, clamping 
surfaces 
517 141.2 0’46’’ 
3- 3D symmetry model, complete 
fixation 
1461 139.2 32’45’’ 
4- 3D symmetry model, complete 
fixation, inertia forces 
1461 138.9 4 h 35’57’’ 
5- 3D symmetry model, clamping 
surfaces, no geometrical 
nonlinearities 
1765 146.7 21’53’’ 
6- 3D symmetry model, clamping 
surfaces 
1765 120.8 40’44’’ 
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From the third and fourth simulation it is confirmed that a quasi-static analysis is 
sufficient to evaluate dD/dN. Indeed, since the fatigue experiments are performed at 
a frequency of 2.23 Hz and the mass of the reciprocating parts is very small due to 
the limited forces in bending, the inertia forces are negligible. Figure 5.4 shows the 
negligible difference between the maximum force in the quasi-static and dynamic 
analysis for the single fatigue loading cycle. 
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Figure 5.4 Quasi-static and dynamic analysis of one fatigue loading cycle. 
 
The third and sixth simulation in Table 5.2 clearly illustrate the importance of how 
the clamping is exactly modelled. The sixth simulation is the more realistic and is 
indeed in close agreement with the experimentally measured force of 117.5 N. The 
small difference can be due to small deviations in the actual value of the elastic 
properties, as the laminates are produced by resin transfer moulding. 
Close agreement is also obtained for the out-of-plane displacements. In Figure 5.5, 
the experimentally measured bending profile for umax = 34.4 mm has been compared 
with finite element results under three different assumptions: (i) 2D plane strain 
modelling with “complete fixation” of the nodes at the clamped cross-section, (ii) 
2D plane strain modelling with modelling of the clamping surfaces, and (iii) the 3D 
symmetry model with modelling of the clamping surfaces. It is observed from 
Figure 5.5 that the experimentally measured bending profile indeed corresponds the 
best with the last finite element model. 
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Figure 5.5 Effect of the contact definitions on the bending profile. 
 
Figure 5.6 shows the finite element mesh for a 3-D analysis with full modelling of 
the clamped surfaces and the prescribed displacement. The diagonal lines in the left 
part of the mesh are used by the SAMCEF pre-processor to indicate the presence of 
clamping conditions. Due to the symmetry conditions with respect to the (x, y)-
plane, only one half of the specimen width has to be modelled. This finite element 
mesh was used for all subsequent work. 
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Figure 5.6 Finite element model of the bending fatigue setup. 
 
5.4.3. Convention on coordinate system 
As all subsequent chapters deal with numerical calculations, it is recommended to 
define the coordinate system to which all results will be referred. In this case, the 
right-handed coordinate system which is commonly used in classical beam theory, is 
proposed as the standard coordinate system. A schematical representation is shown 
in Figure 5.7. 
 
x
y
z
M  (< 0)z
u  (> 0)max  
Figure 5.7 Standard coordinate system. 
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The x-axis is located along the specimen length, its origin situated in the clamped 
cross-section of the specimen, so negative x-values correspond to points inside the 
clamping plates. The y-axis is situated along the specimen thickness; its origin is in 
the midplane of the specimen. The z-axis is directed along the specimen width. 
 
 
5.5. FINITE ELEMENT IMPLEMENTATION OF THE CYCLE 
JUMP CONCEPT 
As mentioned earlier, modifications of the source code of the SAMCEFTM finite 
element program were absolutely necessary to restart the finite element analysis 
after each cycle jump and to update the damage and time characteristics for the 
whole finite element mesh. Dr. Gonze at the SAMTECH company has created a new 
state variable which consecutively switches between three stages: (i) finite element 
analysis of one fatigue loading cycle, (ii) evaluation of the local cycle jump for each 
Gauss-point and calculation of the global cycle jump NJUMP, and (iii) update of the 
damage and time characteristics for each Gauss-point and restart of stage (i). Two 
additional state variables which keep track of the cycle number and the cycle jump 
number have been created in the user interface. 
However the finite element implementation of the fatigue concept has been 
programmed by the author himself. It is worth discussing in detail this programming 
work in the subsequent paragraphs, because several numerical difficulties arise 
when theoretical models are translated into their numerical equivalent. 
The representative residual stiffness model from the previous chapters is retained: 
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with: 
 
 ε−=σ )D1(E0  (5.12) 
 
For the displacement-controlled bending fatigue tests, one of the major outputs of 
the experimental measurements is the cycle-history of the bending force. There are 
two major causes of possible disagreement between the force-cycle history predicted 
by the finite element simulation and the experimentally measured force-cycle 
history: 
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1) the inadequacy of the fatigue damage model (Equation (5.11)), which is 
supposed to describe the intrinsic material behaviour under fatigue loadings, 
2) the numerical integration of the differential equation dD/dN (Equation (5.11)). 
Indeed, the damage growth rate dD/dN in each point is a function of the stress 
amplitude σxx(N) in that particular integration point. At the same time, the value 
of σxx(N) is affected at each moment by the value of the damage variable D 
through Equation (5.12). When the prediction of the damage variable D for the 
next simulated cycle N+NJUMP is incorrect, the corresponding stress values will 
be wrong and the damage growth rate dD/dN as well. 
The first cause of disagreement will not be considered for the moment, since the 
development of a new fatigue damage model will be the subject of the following 
chapters. Hence only the second cause of erroneous results will be investigated here. 
It is clear that the evaluation of the cycle jump size is the possible Achilles heel of 
the concept: when the cycle jump size is determined very conservatively, the 
simulation will be rather accurate, because the differential equation is integrated 
with very small increments of the cycle number N. However, the computational 
effort will be huge, because almost every single cycle would be simulated. On the 
other hand, when the cycle jump NJUMP is too large, the predicted damage values 
for the next loading cycle N+NJUMP will be rather different from the exact solution 
of the differential equation. 
Further it is important to note that there is no communication with the post-
processing module during the complete finite element simulation of the fatigue tests: 
the cycle jumps are performed in the core of the finite element analysis module, and 
control is only returned to the post-processing environment when the full number of 
cycles has been simulated. This implies that there is no feedback-procedure possible 
to compare at any cycle the predicted force-cycle history with the experimentally 
measured force-cycle history, and to make an evaluation of the cycle jump size. Of 
course such a feedback-procedure cannot be intended either, since the ultimate goal 
of an intrinsic material damage model is to simulate the material’s behaviour under 
certain loading conditions without any foreknowledge of the experimental results. 
Even from the numerical point of view such a feedback-procedure is not desirable 
because it would significantly increase the computational effort. Each time that the 
cycle jump would appear to be too large, the calculation should be restored at the 
previous time step and the previous damage state should be reloaded. 
Finally, the fatigue damage model should be intrinsic to the material used and 
should be local in nature, because the SAMCEFTM user interface loops over all 
Gauss-points and there is no information transfer from one Gauss-point to another. 
For each Gauss-point, the stress-, strain- and stiffness-tensor are available, and only 
after that the damage for that particular Gauss-point is evaluated, the procedure 
switches to the following Gauss-point. 
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In agreement with the justification for the MathcadTM implementation, the damage 
value has been chosen to determine the local cycle jumps due to its favourable 
properties compared to the stress values. Now it is matter of defining the criterion 
for calculating these NJUMP1 values, and from these values, the global cycle jump 
NJUMP. 
 
5.5.1. Determination of the local cycle jump NJUMP1 
Following the MathcadTM implementation, one possible and straightforward method 
to tackle the problem of calculating the local cycle jump NJUMP1 is to use the 
simple Euler explicit integration formula for evaluating the local increase of damage 
for each Gauss-point: 
 
 
NN
N1NJUMPN
dN
dD
D
dN
dD
DD1NJUMP ∆=−= +  (5.13) 
 
The major objection against the Euler extrapolation is that the accumulating history 
information during the finite element simulation is completely ignored. The Euler 
explicit integration formula only uses the last known damage value DN. A more 
efficient use of the accumulated damage history information would allow for larger 
cycle jumps once the simulation has proceeded further. Of course, this assumption 
only holds if the external loading conditions are not changed during loading time. 
In the procedure followed here, the damage-cycle curve is extrapolated taking into 
account the full history information of the previous loading cycles. The cycle 
N+NJUMP1 is defined as the cycle number at which the extrapolated value of D has 
increased with ∆D. It is obvious that such an extrapolation of the damage-cycle 
history is rather dangerous. Moreover the scales of abscissa and ordinate axis differ 
in several orders of magnitude. In some Gauss-points the damage can be in the order 
of 10-6, while the number of cycles is in the order of 105. Therefore the curve is 
always rescaled before calculating the extrapolation. 
As the damage value is only known at discrete moments in fatigue life (due to the 
cycle jump approach), the extrapolation procedure must extrapolate the damage 
value based on a set of discrete damage values. The rational extrapolation appeared 
to be the most suitable extrapolation technique, and has been implemented in the 
finite element code using the Thacher-Tukey algorithm [22] and the Bulirsch-Stoer 
algorithm [23], according to the recommendations in the standard work Numerical 
Recipes in FORTRAN 77 [24]. 
However, another possibility to determine the local cycle jump, could be to integrate 
the differential equation dD/dN with a commonly used predictor-corrector procedure 
up to the last simulated cycle, and taking the estimated next time step as the value 
for the local cycle jump. This approach has been tested, but the problem is that the 
estimated time step becomes very small for damage values approaching failure, 
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because the damage growth rate dD/dN is then increasing very fast. Further, the 
direct relation between the damage D and the user-defined maximum increase ∆D is 
lost then. The same justification was used by Lemaitre and Doghri [25]. 
 
Finally, the value of the maximum allowed increase ∆D should be questionned. For 
the MathcadTM implementation, the maximum allowed increase of damage was set 
to be for example 0.1, in absolute terms. However, heavily loaded integration points 
could reach that increase in a few hundred cycles, while it could take integration 
points loaded at a very low stress level, several thousands of cycles to reach that 
absolute increment of 0.1. Therefore it is more appropriate to define the increase in 
relative terms to the present value of the damage for small values of D. The used 
criterion was: 
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5.5.2. Determination of the global cycle jump NJUMP 
Again, as proposed for the MathcadTM calculations, the simplest approach is to 
define NJUMP as the minimum value of all NJUMP1 values, but this is not 
recommended, because normally at each moment in the fatigue life of the composite 
construction, there are Gauss-points with a fast increasing damage variable D. 
Hence the NJUMP1 value will be small. As a consequence, the global cycle jump 
NJUMP will always be small and the calculation will proceed too slowly. 
Therefore it is assumed that the global cycle jump NJUMP can best be taken as a 
small percentile of the cumulative relative frequency distribution of all NJUMP1 
values. A small percentage of the Gauss-points will be imposed a larger cycle jump 
than the NJUMP1 value that was considered to be safe for these Gauss-points. 
However these Gauss-points will just be the ones that are already seriously damaged 
and where extrapolation errors will be rather negligible. 
Figure 5.8 shows an example of the relative frequency distribution for the finite 
element calculation of a standard bending fatigue experiment, whereby it is assumed 
that the maximum allowed value of the local cycle jump NJUMP1 is 100,000 cycles. 
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Figure 5.8 Relative frequency distribution of NJUMP1. 
 
To determine the relative frequency distribution, the range of 100,000 cycles in 
Figure 5.8 is divided into a number of intervals, called ‘classes’ in the statistics 
terminology. Then it is counted how many NJUMP1 values are lying in a particular 
class. This number, divided by the total number of NJUMP1 values, is the relative 
frequency of that particular class. 
In this particular example, there are 838 Gauss-points and the number of classes of 
the frequency distribution is 100. It is worth to notice that there are a small number 
of Gauss-points in the class 92,000 to 93,000; for these Gauss-points a very large 
cycle jump seems safe, although for the vast majority of the Gauss-points the cycle 
jump stays below 20,000 cycles. 
Next Figure 5.9 shows the cumulative relative frequency distribution. When for 
example the 10 % percentile of the cumulative relative frequency distribution is 
considered, the value of the global cycle jump NJUMP would be 4078 cycles. 
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Figure 5.9 Cumulative relative frequency distribution of NJUMP1. 
 
5.5.3. Finite element simulation 
In comparison with the MathcadTM implementation, two modifications have been 
made: (i) the simple Euler explicit extrapolation formula for determination of the 
local cycle jumps NJUMP1 is replaced by a rational extrapolation of the full 
damage-cycle history, and (ii) the global cycle jump NJUMP is no longer defined as 
the minimum of all local cycle jumps, but as a certain percentile of the cumulative 
relative frequency distribution of all local cycle jump values NJUMP1. 
Figure 5.10 shows the first finite element simulation for the [#45°]8 specimen 
Pr04_3 with umax = 32.3 mm (again, the longitudinal stiffness Exx and longitudinal 
strength σTS have been used). 
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Figure 5.10 Finite element simulation for [#45°]8 specimen with rational extrapolation 
procedure. 
 
As can be seen in Figure 5.10, the simulation predicts a sudden decrease of the force 
at about 30,000 cycles. As the generic fatigue model did not show this behaviour in 
the MathcadTM implementation, the phenomenon could be caused by the numerical 
procedure. On closer inspection, the rational extrapolation procedure appeared to be 
responsible. Indeed, for a certain percentage of the Gauss-points (equal to the 
percentile of the cumulative relative frequency distribution), the cycle jump NJUMP 
is larger than the recommended local cycle jump NJUMP1, and these Gauss-points 
are precisely the most damaging ones. As a consequence, the rational extrapolation 
fails to predict a reliable value for a certain set of Gauss-points, because the imposed 
global cycle jump NJUMP is larger than the calculated safe value NJUMP1. This 
results in a poor prediction of the force-cycle history, because after determination of 
the global cycle jump NJUMP, the damage values for each Gauss-point are 
extrapolated over NJUMP cycles, and these extrapolated values are never corrected 
in some way. 
The fact that the resulting force-cycle history is even worse than the semi-analytical 
MathcadTM calculation must not cause surprise, because in the latter case, the global 
cycle jump NJUMP was defined as the minimum of all local cycle jumps NJUMP1, 
so that even for the integration point with the largest damage growth rate dD/dN, the 
integration was performed rather accurately. 
It is therefore recommended and most plausible to complete the above-mentioned 
predictor procedure with a corrector procedure afterwards. 
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5.5.4. Predictor-corrector procedure 
The new predictor-corrector procedure can be outlined as follows: 
Once all local cycle jump values NJUMP1 are determined (by imposing a maximum 
allowed increase in damage), their cumulative relative frequency distribution is 
drawn and the global cycle jump NJUMP is defined as a certain percentile of this 
cumulative relative frequency distribution. Next the damage values of all Gauss-
points are extrapolated over NJUMP cycles through a rational extrapolation of the 
full damage-cycle histories. Then the simulation of the loading cycle N+NJUMP is 
started with altered damage state and material stiffness properties. The quasi-static 
finite element analysis of this fatigue loading cycle N+NJUMP provides new stress 
values σxx(N) for each Gauss-point. After simulation of the full fatigue loading 
cycle, the corrector procedure is now invoked for all Gauss-points. This corrector 
procedure integrates for each Gauss-point the fatigue evolution law dD/dN up to the 
current cycle N+NJUMP with the known stress-cycle history σxx(N), whereby 
NJUMP is not necessarily equal to the local cycle jump NJUMP1 for that Gauss-
point, because the global cycle jump NJUMP can be smaller or greater than the 
considered NJUMP1 value. 
The differential equation dD/dN is numerically integrated with a variable-order 
variable-stepsize Adams method. Such a sophisticated code is needed, because the 
differential equation must be integrated over a long range (thousands of cycles) and 
with high accuracy requirements (damage value in the range [0, 1]). A root-finding 
facility is provided, because when the damage variable D equals one, the Equation 
(5.11) is undetermined. More information about the practical implementation of the 
Adams method can be found in Shampine and Gordon [26]. 
Of course, when using finite elements or any other simulation tool, the stress-cycle 
history σxx(N) is only known for some discrete values of the cycle number N. Here, 
the interval distance corresponds to the global cycle jump value NJUMP and is 
usually not the best choice for the variable-stepsize Adams method. Therefore the 
stress-cycle curve σxx(N) is interpolated with a cubic spline approximation and then 
the integration procedure is called. 
Here again the value of the cycle jump NJUMP can cause numerical problems: when 
the value of the global cycle jump NJUMP is too large, the extrapolation of some 
damage values fails and the corresponding stress-cycle curve can show sharp 
declines, because the stress, calculated with Equation (5.12), is biassed by the error 
on the damage value D. When a differential equation contains rapidly decaying 
transient terms (in this case σxx(N)), it becomes a stiff equation, which is a special 
class of initial value problems. An alternative way of describing this class, is to say 
that certain eigenvalues of the Jacobian matrix have large negative real parts when 
compared to others. These problems require special methods for efficient numerical 
solution, and the methods designed for non-stiff problems when applied to stiff 
problems tend to be very slow, because they need small step lengths to avoid 
numerical instability. A full discussion is given in Hall and Watt [27]. 
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In Figure 5.11, the finite element simulation for the [#45°]8 specimen without 
corrector procedure (see Figure 5.10) is compared to the simulation with corrector 
procedure. 
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Figure 5.11 Finite element simulation with and without predictor-corrector 
procedure. 
 
Although the global cycle jump NJUMP is defined in both cases as the 5 % 
percentile, the simulation with the corrector procedure requires many less cycle 
jumps than the simulation without the corrector procedure. However, the last 
question to answer, is how close the finite element simulation with predictor-
corrector procedure matches the “exact solution”. The latter can be defined as the 
limit case of a finite element calculation where all fatigue loading cycles are 
simulated. 
Thereto, a first comparison is made between the finite element simulation with 
simple Euler explicit extrapolation on the one hand, and the finite element 
simulation with the predictor-corrector procedure on the other hand (which was 
shown in Figure 5.11). A full simulation of 400,000 loading cycles is done. The 
stress-cycle history and damage-cycle history were recorded for the Gauss-point 
1602, which is situated in the clamped cross-section at the tensile surface of the 
composite specimen. This Gauss-point is sustaining a large load amplitude σxx at the 
first fatigue loading cycles and as a consequence, damage growth is very fast (large 
values of dD/dN). 
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In Figure 5.12 the stress-cycle history of the Gauss-point 1602 is shown for both 
methods. The global cycle jump NJUMP was defined as the 5 % percentile for both 
simulations. 
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Figure 5.12 Stress-cycle history for Gauss-point 1602 with two integration methods. 
 
As can be seen from Figure 5.12, the stress-cycle histories are virtually identical for 
both integration methods. The small oscillations on the stress-cycle history for the 
predictor-corrector procedure indicate that the global cycle jump NJUMP1 is rather 
high compared to the allowable local cycle jump NJUMP1 for this particular Gauss-
point. 
Since the complete stress-cycle history σxx(N) is known at the end of the finite 
element simulation, a comparison can be made between the damage-cycle history 
predicted by the finite element code, and the integration of Equation (5.11) with the 
known curve σxx(N). Figure 5.13 shows the damage-cycle history for the Gauss-
point 1602, using both integration methods and comparing them with their 
respective numerical integration check. 
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Figure 5.13 Damage-cycle history for Gauss-point 1602 with two different integration 
techniques. 
 
It is obvious that for the predictor-corrector procedure, the integration check yields 
the same result, because after each cycle jump, the corrector procedure integrates the 
Equation (5.11) with the σxx(N)-curve as input. For the Euler method, the damage-
cycle history predicted by the finite element analysis lies below the predictor-
corrector solution, while the integration of Equation (5.11) with the σxx(N)-curve 
from Figure 5.12 yields a curve which predicts even lower values for D(N). 
Of course, this comparison tells nothing about the accuracy of both solutions. 
Thereto, the finite element simulation with the Euler explicit integration is resumed, 
but the global cycle jump NJUMP is now defined as the 0.5 % percentile, instead of 
as the 5 % percentile. In Figure 5.14, the damage-cycle histories of the Gauss-point 
1602 are plotted in three cases: (i) predictor-corrector procedure with NJUMP = 5 % 
percentile (see also Figure 5.13), (ii) Euler explicit integration with NJUMP = 5 % 
percentile (see also Figure 5.13), and (iii) Euler explicit integration with NJUMP = 
0.5 % percentile. It can be clearly seen that the Euler explicit integration solution 
converges to the predictor-corrector solution, if the cycle jumps for the Euler 
integration are small enough. 
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Figure 5.14 Comparison of the accuracy of Euler integration and predictor-corrector 
technique. 
 
This proves that the predictor-corrector solution provides an accurate integration of 
the fatigue damage law dD/dN, even for larger values of the percentile for NJUMP. 
Especially when the dD/dN gradient varies fast, the error with the Euler integration 
formula increases, unless the global cycle jump NJUMP would be held very small. 
The predictor-corrector procedure performs much better, because the built-up 
damage-cycle history is used in predicting and integrating the damage evolution law. 
It is worth mentioning that in Figure 5.14, the damage-cycle histories are only 
shown for the first 30,000 fatigue loading cycles, as opposed to the 400,000 cycles 
in Figure 5.13. The reason is that the finite element calculation with the 0.5 % 
NJUMP percentile consumes an enormous amount of memory and disk space, due 
to the very small cycle jumps. However the difference between the Euler explicit 
integration with the 5 % NJUMP percentile and the 0.5 % NJUMP percentile can 
already be seen very clearly in this early stage of fatigue life. 
A final flow-chart of the finite element implementation of the cycle jump approach 
with the predictor-corrector procedure is given in Figure 5.15. The whole fatigue 
concept is programmed very efficiently and the CPU-effort is determined almost 
exclusively by the type of analysis for the individual loading cycles 
(linear/nonlinear, quasi-static/kinematic/dynamic,…). For example, it takes about 
one second of CPU-time to calculate through stages 2 and 3 (Figure 5.15) for about 
2000 Gauss-points. 
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Figure 5.15 Flow-chart of the finite element implementation of the fatigue concept. 
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This flow-chart completes the implementation of the cycle jump concept in the 
commercial finite element code SAMCEFTM. The goal of a general finite element 
framework for implementation of residual stiffness-based fatigue models has been 
reached, and the concept guarantees a lot of flexibility: 
• each simulated fatigue loading cycle can be calculated with various options: 
geometrical nonlinearities, contact conditions, inertia forces,..., 
• depending on the reliability and available memory resources, different 
compromises for the predictor-corrector procedure are possible. For example, the 
predictor procedure with rational extrapolation of the full damage-cycle history 
can be replaced by the simple Euler explicit integration formula, but with 
preservation of the corrector procedure. Another possibility to reduce the 
memory storage area, is to confine the integration in the corrector procedure to 
the last few values of the damage-cycle history instead of the full damage-cycle 
history, 
• the cycle jump procedure can be fine-tuned by changing (i) the maximum 
allowed increase in damage ∆D (see Eq. (5.14)), and (ii) the value of the 
percentile for NJUMP. The modification of these parameters will not only affect 
the accuracy, but also the required computational resources. For example, during 
the feasibility study for a composite component, a rough estimate of the fatigue 
behaviour can suffice, while at the design stage, an accurate simulation will be 
required. 
In the following paragraphs, a few remaining topics concerning the finite element 
implementation of the cycle jump concept will be discussed. 
 
5.5.5. Block loading 
To simulate so-called block loading, the finite element calculation is restarted with a 
modified amplitude for the prescribed displacement of the fatigue loading cycle. The 
damage values at each Gauss-point from the previous block loading are restored as 
initial damage values for the next block loading. 
At the first loading cycles of this new block with modified amplitude, the cycle jump 
should be very small, because the behaviour of the composite material can be very 
different when changing the amplitude of the fatigue loading. Moreover, because the 
fatigue tests are displacement-controlled, the stresses will show a discontinuity when 
changing the amplitude of the prescribed displacement. This makes it impossible for 
the corrector procedure (see previous paragraph) to simply integrate across that 
discontinuity. Nevertheless, although the damage gradient dD/dN will show a jump, 
the damage curve D(N) itself will remain continuous. 
Figure 5.16 shows the experimental and finite element results for a block loading 
experiment, where the [#45°]8 specimen Pr11_1 was subjected first to almost 
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800,000 cycles with a prescribed displacement umax = 7.1 mm and next to about 
500,000 cycles with umax = 29.5 mm. 
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Figure 5.16 Block loading with two different values for the prescribed bending 
displacement. 
 
Although there seems to be no damage growth at the small displacement block, 
dD/dN (Equation (5.11)) is never zero. Figure 5.17 shows the detailed experimental 
and finite element results for the first block of cycles. 
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Figure 5.17 Detail of the small displacement block of loading cycles. 
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Of course, when the scale of the ordinate axis is taken into account, the damage 
growth predicted by the fatigue model, is almost negligible. 
 
5.5.6. Parameter optimization 
The last problem to tackle, is the optimization of the constants A, b and c in the 
expression for the fatigue damage law (Equation (5.11)). The general approach is to 
define a series of basic fatigue experiments. The value of the constants is optimized 
for these experiments, and then the fatigue damage law is tested for other fatigue 
loading conditions. Of course, as mentioned earlier, the underlying assumption is 
that the proposed fatigue damage law is able to describe the fatigue behaviour of the 
composite material considered. 
As can be seen from the flow-chart in Figure 5.15, the force-cycle history for the 
whole fatigue life time is only available when the finite element analysis is ended, 
and control is returned to the post-processing environment. Moreover, due to the 
cycle jump approach, the value of the bending force is only known at a discrete set 
of loading cycles, the value of which being not necessarily the same as in the 
experimental data, because the frequency of measuring the force with the strain-
gauge bridge is independent from the size of the cycle jumps in the finite element 
code. 
Therefore the force-cycle history, predicted by the finite element simulation, is fitted 
with a cubic spline approximation, and this latter function is evaluated at the set of 
fatigue loading cycles where an experimental measurement of the force has been 
done. Finally both theoretical and experimental values are compared and their 
difference is minimized with a nonlinear least squares routine. 
Of course, this routine is time-consuming, because for each simulation of the fatigue 
test, about 100 cycle jumps, or equivalently, 100 finite element runs, are necessary, 
and this simulation is called iteratively by the master routine, which optimizes the 
three constants A, b and c with the nonlinear least squares procedure. Therefore it 
can be envisaged to establish the values of the constants through simple 
tension/compression fatigue experiments, because the computation time for each 
simulation will be considerably smaller than for bending fatigue experiments. 
 
5.5.7. Computational resources 
Although the author is convinced that a sound fatigue modelling approach for fibre-
reinforced composites should be based on the simulation of the path of successive 
damage states to account for stress redistribution and reduction of stress 
concentrations, the computational efforts are huge. Indeed, SAMCEFTM saves the 
displacements, stresses and strains of the complete finite element mesh for all 
successive cycle jumps, which results in a very large database file (several hundreds 
of Megabytes up to a few Gigabytes for one fatigue life simulation). Moreover the 
values of the local cycle jumps NJUMP1 and the damage state variable D must be 
stored in memory for each restart of the fatigue loading cycle. 
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Nevertheless these obstructions are not insurmountable, because all calculations 
have been done on a Sun Workstation with a 300 MHz processor and 256 MB 
RAM. The further increase of calculation power and memory storage will certainly 
allow this finite element approach to be used on a large class of workstations. On the 
other hand, the calculation is certainly a lot faster and less expensive than the 
experimental fatigue test. 
 
 
5.6. EXAMPLE OF FINITE ELEMENT SIMULATION 
To make the reader feel acquainted with the nature of the finite element results, the 
finite element simulation of a particular fatigue test will be discussed. 
The starting values for the parameters A, b and c in Equation (5.11) were those 
obtained from the semi-analytical MathcadTM calculation, i.e. 1.32·10-4 [1/cycle], 
0.45 [-] and 8.3 [-], respectively. Since the finite element calculation takes into 
account geometrical nonlinearities as well, the value of the constants were slightly 
changed and the optimized values for the finite element simulation of the standard 
bending fatigue experiment were: 9.8·10-4 [1/cycle], 0.42 [-] and 6.53 [-]. Of course, 
the value of the static tensile strength σTS remains unchanged, being 201.2 [MPa]. 
Figure 5.18 shows the results of the experimental data and the finite element 
simulation for the [#45°]8 specimen Pr04_3, subjected to single-sided bending 
(displacement ratio Rd = 0.0) with umax = 32.3 mm and L (the free length of the 
specimen) = 54.0 mm. 
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Figure 5.18 Experimental results versus finite element simulation for a [#45º]8 
composite specimen. 
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For the calculation shown in Figure 5.18, only 107 cycle jumps (i.e. finite element 
runs) were necessary to simulate the 400,000 loading cycles. 
When the distribution of normal stress in the clamped cross-section of the composite 
specimen is plotted for increasing numbers of loading cycles (Figure 5.19), it is seen 
that damage, and as a consequence stiffness loss, is affecting the stress distribution 
in the cross-section. 
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Figure 5.19 Simulated distribution of the normal stresses in the clamped cross-
section. 
 
Figure 5.20 and Figure 5.21 finally show the damage distribution and growth during 
fatigue life, as calculated by the finite element code. The abscissa coincides with the 
length axis of the specimen (L = 54.0 mm), while the ordinate axis represents the 
thickness of the specimen (t = 2.72 mm), so that the plot area covers the complete 
cross-section of the free specimen length, as schematically indicated by the four 
diagonal lines. The contours are lines of equal damage values, where the value of the 
damage state variable is in the range [0, 1]. 
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Figure 5.20 Damage distribution for N=9,420. 
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Figure 5.21 Damage distribution for N=400,000. 
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From the last Figure, it can be noticed that the fatigue damage is reaching high 
values in a localized region of the composite specimen. This observation inevitably 
leads to the question whether or not these damage predictions are mesh-dependent, 
in other words: should the localization phenomenon be taken into account ? This 
question will be considered in the next paragraph. 
 
 
5.7. LOCALIZATION 
5.7.1. Explanation of the localization phenomenon 
Progressive damage due to distributed cracking results in decreasing material 
stiffness and possibly strain-softening, which is the decrease of stress with 
increasing strain under controlled deformation. Strain-softening is observed in 
various geologic materials, concrete and wood as well as polymer composites. 
Such a description of evolving damage suggests the use of a continuum damage 
model to describe the material behaviour, particularly in the strain-softening regime 
[28]. Application of these models in finite element codes and other methods of 
structural analysis, however, can run into severe difficulties: when the stress-strain 
diagram exhibits a negative slope, and more generally when the matrix of tangential 
moduli ceases to be positive definite, the strain-softening damage can localize in a 
zone of vanishing volume (a line or a surface). This is true not only for statics, but 
also for dynamics. Because the energy dissipation per unit volume is finite, the 
vanishing of the damage zone volume causes the indicated structure to fail at zero 
energy dissipation [29,30]. This is physically unrealistic, although mathematically 
the solutions of at least some structural problems with strain-softening do exist and 
represent the limit of the finite element solution for a vanishing element size. 
The consequence of strain localization due to strain-softening is that finite element 
solutions exhibit strong spurious mesh sensitivity, becoming unobjective with regard 
to the analyst’s choice of the mesh. These features have first been documented by 
numerical examples for simple strain-softening constitutive laws. Later, however, it 
has been demonstrated by numerical examples of beams that the same spurious 
mesh sensitivity due to strain localization can occur with the models of continuum 
damage mechanics [29]. 
 
For fibre-reinforced composites, the strain-softening problem is even more 
important when estimating the fracture strength of notched composite structures 
[31]. Holes, notches, joints, fasteners or in-service impact create regions of high 
stress concentration in fibre-reinforced composite structures. When the structure is 
loaded, damage initiates, and eventually leads to failure. Prior to catastrophic failure 
in a fibre-reinforced material, a region of discontinuous damage, or ‘process zone’ 
evolves at the notch tip once the stress is high enough to initiate damage. Analogous 
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to the plastic zone in metals, the material in the process zone delays catastrophic 
failure by altering the notch tip stress concentration. 
Many traditional approaches have been used to predict notched failure in fibre-
reinforced composites. For example, linear elastic fracture mechanics (LEFM) 
predicts that the notch strength is inversely proportional to the square root of the 
notch size, based only on elastic properties and geometry. However, these 
approaches often underestimate the fracture strength of large notched fibre-
reinforced polymer coupons and structures as they do not properly account for the 
influence of damage at the notch tip [31]. In the last decades, continuum damage 
mechanics models have increasingly been used to properly account for the effect of 
the process zone on the notch tip by incorporating a strain-softening material 
response. 
 
The simplest but crude remedy to avoid strain localization and the associated mesh 
sensitivity is to impose a lower limit on the element size [29]. More advanced 
remedies to overcome the strain localization problem, are called ‘regularization 
techniques’, which can be classified in four major categories according to 
Brinkgreve [32] and Geers [33]: 
• one way of regularization is to include viscosity in the constitutive model. 
Indeed, for dynamic problems, such viscoplastic (rate-dependent) models might 
restore well-posedness (see also Sandler [34]), but for relatively slow processes, 
i.e. near-static problems, the amount of viscosity which is required to retain well-
posedness becomes unrealistically high, 
• another way of regularization is based on the so-called Cosserat continuum 
theory. In addition to the displacement degrees-of-freedom that exist in the 
classical continuum theory, rotational degrees-of-freedom ωj appear in the 
Cosserat theory. The definition of shear strains is modified and involves the 
rotations ωj. In a comparative study by Sluys [35] it was concluded that this 
theory is only effective if shear deformation plays a dominant role, 
• a highly attractive regularization method is the strain-gradient model. In such a 
model, higher-order spatial derivatives of strains are added to a particular part of 
the constitutive relation. However, the numerical implementation of such a 
model requires complex extensions of existing finite element codes, 
• the strain-gradient model can be seen as a particular case of the last class of 
regularization methods: the nonlocal methods. In a fully nonlocal model, a 
relation is established between average stresses and average strains. However, 
instead of considering a fully nonlocal stress-strain relationship, it is often 
convenient to consider only a particular strain measure as nonlocal, whereas 
general stresses and strains remain local. In plasticity theory for example, such a 
model is obtained by formulating the hardening parameter as a nonlocal quantity. 
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This last class of nonlocal methods is now considered in more detail, because they 
can give some better insight into the present fatigue damage modelling approach. An 
in-depth discussion of the other methods and the localization problem in general can 
be found in [28-40]. 
 
In general a fully nonlocal model is based on average stresses σij*, and average 
strains εij*, where: 
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where xn' is a local coordinate with n = 1, 2 or 3. The symbol w denotes a weighting 
function, usually taken as the error function, and: 
 
 ∫∫∫= '3'2'1'n dxdxdx)x(wA  (5.16) 
 
When assuming a block-type function w(xn') with w = 1 in a representative sphere 
Vr and w = 0 outside the representative sphere, Equation (5.15) can be rewritten in a 
more comprehensive form: 
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where Vr is a small sphere around the material point considered. Hence the 
macroscopic stress is an average of the more rapidly varying microscopic stress. The 
distinction between macroscopic and microscopic quantities becomes manifest in 
the case of localized deformation. 
The choice of the weighting function and the weighting volume implies the 
existence of an internal length scale, which models the radius of the nonlocal effect 
in an average sense. This internal length scale is characteristic for all spatially 
nonlocal models. 
 
A very similar analogy can be used for the present finite element model. The 
microscopic stresses σij in the fibre and matrix constituent materials have been 
replaced by a macroscopic stress tensor σij* in the homogenized orthotropic 
composite material. As a consequence, the representative unit cell of the plain weave 
fabric (see Figure 5.22) can be taken as a characteristic length of the finite element 
mesh. 
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Figure 5.22 Representative unit cell for the plain weave fabric lamina [41]. 
 
As such, a lower limit is imposed on the element size, depending on the 
characteristic length of the representative unit cell for the composite material under 
study. And as mentioned earlier, this remedy is still the most simple one to avoid 
strain localization and the associated mesh sensitivity [29]. 
 
5.7.2. Localization and the present fatigue concept 
The localization problem has been checked here by numerical experiments. As 
mentioned earlier, the [#45°]8 glass/epoxy specimens are built up of eight layers 
through the thickness. One element per layer is taken through the thickness. Since 
the total thickness of the laminate is 2.72 mm, the height of the elements is 0.34 mm. 
Along the specimen length and width, the elements are systematically decreased in 
size, the size of the elements being respectively 2 mm, 1 mm, 0.5 mm and 0.25 mm. 
The damage distribution is recorded during finite element analysis for the tensile 
zone which is coloured black in Figure 5.23. 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
204 
t = 2.72 mm
u(t)
Fixed clamp L = 54.0 mm Moving clamp
Composite specimen
 
 
Figure 5.23 Schematic indication of the area of interest for the localization 
calculations. 
 
This area extends from the clamped cross-section to the cross-section at 9 
millimeters distance from the fixed clamp, and the zone comprises the three upper 
layers, up till the tensile surface (y ∈ [+0.34 mm, +1.36 mm]). Figure 5.24 and 
Figure 5.25 show the damage distribution at N = 400,000 cycles for the [#45°]8 
glass/epoxy specimen Pr04_3 from Figure 5.18, with element lengths of 1.0 mm and 
0.25 mm. 
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Figure 5.24 Damage distribution for element length = 1.0 mm. 
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Figure 5.25 Damage distribution for element length = 0.25 mm. 
 
From these figures it might be concluded that damage is localizing in the upper left 
corner of the plot area when the element size is decreased. However, it is important 
to notice that the available grid of damage values to draw the contour plot for Figure 
5.24, is very coarse. Indeed, the element width is 1.0 mm and the element height 
corresponds with the single layer thickness of 0.34 mm. This means that the contour 
for D = 0.9 in Figure 5.24 has been drawn from about four damage values (four 
nodes of the finite element in the upper left corner, as schematically indicated by the 
dashed lines). For Figure 5.25, a finer grid of damage values is provided by the finite 
element simulation and the contouring is smoother. Besides, the contour for D = 0.8 
does not tend to localize. Therefore, it can be concluded that no problems with 
localization are encountered for the element sizes used. As mentioned earlier, 
element sizes smaller than 0.25 mm in the length and width direction, will not be 
used, because of the tremendous increase in calculation time. 
 
 
5.8. CONCLUSIONS 
The general finite element framework for implementing fatigue damage models has 
been elaborated. The numerical features have been investigated in detail, whereby 
the modified Sidoroff and Subagio residual stiffness model has been used as the 
generic residual stiffness model. 
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In the next chapter a new fatigue damage model will be developed, because the 
modified Sidoroff and Subagio model has several shortcomings when applied to the 
plain woven glass/epoxy composites: 
• the model does not distinguish between damage initiation and damage 
propagation, although with all experimental results, there is a very similar trend 
in the force-cycle history of an initial sharp decline and then a gradual decrease 
up to the stage of final failure, 
• in its present form, the model is not immediately suited for extrapolation to 
multi-axial fatigue loading conditions, 
• the damage growth rate has been assumed zero for compressive stresses. This 
assumption is too simplified and needs to be revised, 
• the author’s most fundamental objection against the modified Sidoroff and 
Subagio model is more general in nature. The driving factor of the model is the 
applied stress amplitude σxx, and although this stress is normalized by the 
longitudinal static strength σTS in the equation dD/dN, the model will not be able 
to predict final failure. To understand this, the cycle history of the normal stress 
σxx and the damage D is recalled in Figure 5.26 for the Gauss-point 1602, 
situated in the clamped cross-section at the tensile surface of the [#45°]8 
specimen Pr04_3 (see also Figure 5.12 and Figure 5.13). 
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Figure 5.26 Cycle history of stress σxx and damage D for Gauss-point 1602. 
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 As can be seen from the Figure, the more the damage is increasing, the more the 
stress is decreasing, because σ = E0⋅(1-D)⋅ε. So, although the damage state is 
growing worse, the driving factor of the damage growth rate equation dD/dN is 
diminishing. This results in a saturating value of the damage D at a level which 
is completely unrealistic. Indeed, once the damage value D reaches a damage 
level of 90 %, fibre fracture must occur, because at that level, the fibres would be 
that heavily damaged that they could not sustain the bending loading anymore. 
As a consequence the damage D should explosively increase to its failure value 
being 1.0. This argumentation implies in fact that a reliable fatigue damage 
model should be strain-driven instead of stress-driven. Indeed, for this particular 
bending fatigue experiment, the amplitude of the prescribed displacement is 
constant during fatigue life, so although the stress might decrease, the strain at 
the tensile surface will remain or even increase during fatigue life. 
 It could be argued that the original residual stiffness model, as it was proposed 
by Sidoroff and Subagio themselves, was indeed strain-controlled (see Eq. 
(3.18)), and that the stress dependency was introduced by the author himself. 
This is true, and in the following chapter, it will be shown that a fatigue damage 
model can be strain-controlled, although the driving force of the damage 
evolution law is described in terms of stress. 
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Chapter 6 
 
 
A New Coupled Approach of 
Residual Stiffness and 
Strength for Uni-axial Fatigue 
Loading 
 
 
 
It has been demonstrated in the previous chapters that the 
modified Sidoroff and Subagio model does not provide a 
satisfactory simulation of the experimental fatigue tests. In 
this chapter, a new one-dimensional phenomenological 
residual stiffness model will be developed. It aims at 
simulating the three stages of stiffness degradation (initial 
sharp decline – gradual reduction – final failure) for both 
single-sided and fully-reversed bending. The load sequence 
effect and stress ratio effects will be discussed. As this 
chapter deals with the one-dimensional formulation, the 
simulated results are validated against the experimental 
data for the [#0°]8 specimens only. In chapter 7, the model 
will be extended towards multi-axial fatigue loading 
conditions in order to predict the fatigue behaviour of the 
[#45°]8 specimens too. 
 
 
6.1. INTRODUCTION 
The general finite element framework, which was proposed in the previous chapter, 
allows to implement a wide range of residual stiffness models into the commercial 
finite element code SAMCEFTM. 
Due to the limitations of the modified Sidoroff and Subagio model mentioned in the 
previous chapter, a new phenomenological residual stiffness model will now be 
elaborated. In this chapter, the development of the model is restricted to the one-
dimensional formulation. The immediate development of the multi-dimensional 
model would be very complicated, because it will be shown in Chapter 7 that several 
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damage coupling effects are present for multi-axial loading. On the other hand, the 
bending fatigue tests on the [#0°]8 specimens can be considered as a quasi one-
dimensional loading case, and can be used to develop a one-dimensional formulation 
of the new model. It can then be assumed that the developed model will describe the 
damage growth under σ11 loading. Therefore, the fatigue damage model developed 
in this chapter, will be validated against the experimental results from the [#0°]8 
specimens. 
Of course, the one-dimensional model cannot be applied to the experimental results 
from the [#45°]8 specimens. Indeed, an intrinsic material model should be expressed 
in terms of the principal material stresses σ11, σ22 and σ12 in the [#45°]8 specimen, 
and by no means in terms of the stress σxx along the loading direction. Moreover, the 
stress σxx is introduced through the choice of the applied structural model, but the 
actual load transfer to the fibres in the [#45°]8 specimen will indeed happen through 
the stress components σ11, σ22 and σ12. The modelling of the fatigue behaviour of the 
[#45°]8 specimens will be discussed in Chapter 7. 
 
 
6.2. DIRECTIONS AND DIVAGATIONS 
From the literature survey in Chapter 3 it was already concluded that fatigue life 
models and residual strength models are not suitable for fatigue damage modelling, 
because they do not account for the actual damage mechanisms, and are not able at 
all to simulate the continuous stress redistribution during fatigue life which was 
clearly observed from the bending fatigue experiments. On the other hand stiffness 
is a fatigue parameter which can be assessed nondestructively and allows for an 
efficient finite element implementation. 
Further, it was justified why the phenomenological residual stiffness approach was 
preferred to the progressive damage models, in case of the selected glass 
fabric/epoxy material. Now, a new phenomenological model will be presented 
which uses the residual stiffness as a damage indicator, and is yet being based on a 
sound modelling of the actual damage mechanisms. 
 
6.2.1. Fundamentals of residual stiffness models 
In this paragraph a general background of the phenomenological residual stiffness 
models will be given, in particular the basics of continuum damage mechanics 
theory. 
One of the major causes of stiffness degradation is distributed matrix cracking, and 
such type of progressive damage suggests the use of a continuum damage model to 
describe the material behaviour. Therefore, the vast majority of the 
phenomenological residual stiffness models is based on the continuum damage 
mechanics theory. 
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In 1958, Kachanov [1,2] proposed to describe brittle creep rupture under uni-axial 
tension by a scalar field variable, the continuity ψ. To a completely defect free 
material was ascribed the condition ψ = 1, whereas ψ = 0 was defined to 
characterize a completely destroyed material with no remaining load carrying 
capacity. The continuity ψ may be said to quantify the absence of material 
deterioration. The complementary quantity D = 1 – ψ is therefore a measure of the 
state of deterioration or damage. For a completely undamaged material D = 0, 
whereas D = 1 corresponds to a state of complete loss of integrity of the material 
structure. The symbol ω is also commonly used in literature. 
Later on, Lemaitre [3] introduced the concept of strain equivalence which states that 
a damaged volume of material under the nominal stress σ shows the same strain 
response as a comparable undamaged volume under the effective stress σ~ . 
Applying this principle to the elastic strain, the relation is [4]: 
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where E0 is the modulus of elasticity for undamaged material. Figure 6.1 
schematically shows the strain equivalence concept. 
 
 
 
Figure 6.1 Schematic representation of the strain equivalence concept. 
 
As such, the damage variable D becomes a measure of stiffness degradation: 
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Research was further elaborated, among others, by Lemaitre [4], Chaboche [5,6], 
Krajcinovic [4,7] and Sidoroff [8]. These efforts evolved in the “Continuum 
Damage Mechanics” theory which can generally be defined as “... mechanical and 
phenomenological models of the material degradation leading to failure and aimed 
at durability predictions and including mechanical weakening” [8]. 
 
In the particular case of fibre-reinforced composite materials, this stiffness 
degradation E/E0 can generally be divided into three stages: initial decrease, 
approximately linear propagation and final failure (see Figure 6.2). 
 
N
Nf
E
E0
stage I stage II stage III
0.0 1.0
1.0
0.0
 
 
Figure 6.2 Typical stiffness degradation curve for a wide range of fibre-reinforced 
composite materials. 
 
Early investigations on stiffness degradation were conducted by the research groups 
of Schulte [9-11] and Reifsnider [12-14]. 
Schulte [9-11] thoroughly studied the damage development of carbon/epoxy 
specimens with stacking sequence [0°/90°/0°/90°]2s during tension-tension fatigue 
(R=0.1). Schulte distinguished three distinctive stages in the stiffness reduction 
curve for these specimens: 
• the initial region (stage I) with a rapid stiffness reduction of 2-5 %. The 
development of transverse matrix cracks dominates the stiffness reduction 
ascertained in this first stage, 
• an intermediate region (stage II), in which an additional 1-5 % stiffness reduction 
occurs in an approximately linear fashion with respect to the number of cycles. 
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Predominant damage mechanisms are the development of edge delaminations 
and additional longitudinal cracks along the 0° fibres, 
• and a final region (stage III), in which stiffness reduction occurs in abrupt steps 
ending in specimen fracture. In stage III, a transition to local damage progression 
occurs, when the first initial fibre fractures lead to strand failures. 
As mentioned in Chapter 2, these three stages in the stiffness degradation curve can 
be distinguished for a wide variety of composite materials. It is therefore somewhat 
surprising that – to the author’s knowledge – damage growth rate equations of 
residual stiffness models have rarely if ever been expressed with a clear distinction 
between damage initiation and damage propagation. Moreover research on the 
impact behaviour of composites at the author’s department has shown that damage 
growth rate equations which discriminate between damage initiation and damage 
propagation lead to very good results [15-18]. Therefore, a short survey of the 
impact damage model, which was developed by Dechaene [16], will be given in the 
next paragraph. 
 
6.2.2. Impact damage model by Dechaene [16] 
Dechaene [16] studied the impact behaviour of fibre-reinforced composite materials 
and proposed the following constitutive equations for one-dimensional impact 
loading: 
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where E0 is the undamaged modulus, d is the damage variable, σ(t) and ε(t) are the 
time-dependent stress and strain, and Ci (i = 1,…,6) are material constants. The 
McAuley brackets .  define the function: 
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As can be seen from Equation (6.3), the growth rate equation d&  consists of two 
separate terms separately accounting for damage initiation and damage propagation. 
If d is very small, the second propagation term is negligible and only the first term is 
active. Once the damage d is increasing the term inside the first McAuley brackets is 
becoming negative and its value is set to zero. Concurrently, the term within the 
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second McAuley brackets is becoming increasingly positive and the propagation 
term determines the growth rate. 
 
This framework is now used to establish a fatigue damage growth law of a similar 
form: 
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where σ* is some measure of the applied stress and the damage variable D is a 
measure for the stiffness reduction in the considered material element due to matrix 
cracks, fibre/matrix debonding, fibre pull-out,… The growth rate dD/dN is the 
damage increment per cycle N and fi is a function which describes the first stage of 
damage initiation, while fp is a function which describes the second and third stage 
of damage propagation and final failure. 
However, the McAuley brackets will not be used, because they can show a sort of 
“locking”-effect when optimizing the material constants, as was reported by Leus 
[17]. It will be demonstrated in the discussion below that the McAuley brackets can 
be replaced by a proper combination of exponential functions which allow for a 
more stable optimization of the material constants. 
 
 
6.3. DEVELOPMENT OF THE NEW FATIGUE DAMAGE 
MODEL 
At first instance, the development of the model will be subject to the following 
restrictions: 
• in each fatigue loading cycle, the uni-axial nominal stress is varying between 
zero and a maximum tensile or compressive stress represented by the symbol σ. 
As the stresses σmin and σmax are evaluated with their algebraic sign, the 
corresponding stress ratio R (= σmin/σmax) is zero for the tensile regime and -∞ 
for the compressive regime (see also Figure 2.11). Equivalently, the model 
applies only to single-sided bending with the displacement ratio Rd = umin/umax = 
0.0. Later in this chapter, other values of the stress ratio R will be considered, 
• permanent strain is not included in the model. The [#0°]8 specimens show 
negligible permanent deformation, even for large prescribed displacements umax. 
In Chapter 7, permanent strain will be introduced in the multi-axial fatigue 
model for the [#45°]8 specimens. 
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6.3.1. Investigation into existing models 
In this paragraph a general form for the one-dimensional fatigue damage model with 
a scalar damage variable D will be developed. For the general layout of the damage 
initiation and propagation functions (see Equation (6.5)), the models of other 
researchers will be used as a guideline. 
 
6.3.1.a. Damage initiation phase 
As mentioned earlier, the first stage of stiffness reduction is mainly due to the 
development of transverse matrix cracks, which should be modelled by the damage 
initiation function fi(σ*, D,…). Therefore, this function is based on existing models 
which correlate the extent of matrix cracks with the resulting stiffness reduction. 
The work of Ogin et al. [19] and Beaumont [20,21] is particularly useful in this 
context. They investigated matrix cracking and stiffness reduction during fatigue of 
a [0°/90°]s glass fibre-reinforced laminate. It was observed that the experimental 
measurements of stiffness degradation due to matrix cracking could be 
approximated over a wide range by the relation: 
 
 )c1(EE 0 δ−=  (6.6) 
 
where E is the modulus of the cracked composite, E0 is the modulus of the 
uncracked composite, c is a constant and δ is the average crack density, defined as: 
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where 2s is the average crack spacing. Ogin et al. then calculated that the growth 
rate of the average crack density δ could be written as: 
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Bearing in mind our considerations about a separate damage initiation function, 
Equation (6.8) is modified into: 
 
 ( ) Dcm*1*i 2ec,...)D,(f −σ=σ  (6.9) 
 
where D is now again the scalar damage variable lying between zero (virgin 
material) and one (final failure) as explained in Equation (6.2), σ* is some measure 
of the stress which will be defined below, m is the power of the stress, and c1 and c2 
are two constants. Because the factor 1/δ in Equation (6.8) is infinite when δ equals 
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zero (virgin material: crack spacing 2s is infinite), the factor has been replaced by 
the expression exp(-c2D). 
The expression (6.9) assumes that the damage initiation rate increases with applied 
stress level, and decreases for higher damage values. Further, there is no threshold 
below which no damage initiation occurs. 
 
6.3.1.b. Damage propagation phase 
The damage propagation function fp is based on the work of Brøndsted et al. [22,23] 
who studied the fatigue damage accumulation and lifetime prediction of glass fibre-
reinforced composites under block loading and stochastic loading. They observed 
that stage II of the stiffness degradation curve could be approximated by a linear 
relation between stiffness and number of cycles: 
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where E is the cyclic modulus (measured during fatigue cycling) after N cycles, E1 is 
the initial cyclic modulus, and A and B are constants. It was found that the constant 
A was a function of the maximum fatigue stress σ, normalized by the static modulus 
E0. The rate of change in stiffness then becomes: 
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where K and n are constants. 
For our purpose, Equation (6.11) is modified into the equation: 
 
 ( )n*3*p Dc,...)D,(f σ⋅⋅=σ  (6.12) 
 
This damage propagation function represents the gradual decrease of stiffness in 
stage II. The propagation function should be proportional with the damage D itself, 
because damage will propagate more easily if damage is more severe. 
So far, a general layout of the model has been established (Equation (6.9) and 
(6.12)). Now, the author’s contribution will consist in defining the stress measure σ* 
and next, refining the damage initiation and propagation functions into their final 
form. 
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6.3.2. Definition of the stress measure σ* 
The stress measure σ* should represent, in each material point, the actually applied 
stress which can vary during fatigue life (for example, due to stress redistributions). 
Its relative importance depends on the value of the related strength as well. To 
include the notion of strength into the fatigue damage model, the well known Tsai-
Wu failure criterion is used in a modified way. Consider the one-dimensional case of 
the Tsai-Wu quadratic failure criterion [24,25]: 
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where XT and XC are the ultimate tensile and compressive static strength, 
respectively. 
In its original form the Tsai-Wu criterion is not usable, because it only indicates 
whether or not the laminate fails, but gives no continuous evaluation of the margin 
to final failure. A more attractive interpretation of the Tsai-Wu criterion was given 
by Liu and Tsai [26]. They calculated the so-called strength ratio R from: 
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where the strength ratio R defines the reserve factor to failure. If R = 1, failure 
occurs, while if R = 2, the factor of safety is 2. The failure index Σ was then defined 
as Σ = 1/R. A simple numerical example in Figure 6.3 shows that the failure index Σ 
= 1/R increases proportionally with the applied stress. Moreover, for one-
dimensional loading, the failure index for applied tensile stresses (Σ = σ/XT) is 
independent of the value of the compressive strength XC, and vice versa (Σ = 
CX/σ− ). 
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Figure 6.3 Graph of the failure index Σ = 1/R. 
 
However, it is clear that the static Tsai-Wu criterion cannot be used 
straightforwardly as a criterion in the fatigue damage model. To that purpose, the 
stress σ is replaced by the effective stress σ~  (= σ/(1-D), see Equation (6.1)) in the 
Tsai-Wu criterion and the corresponding fatigue failure index Σ(σ, D) is calculated 
from: 
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It can be easily calculated that the roots of Equation (6.15) are: Σ = σ/[XT(1-D)] and 
Σ = [ ])D1(X/ C −⋅σ− . Depending on the sign of the nominal stress σ, the fatigue 
failure index Σ(σ, D) can be written as: 
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In fact, for one-dimensional loading, the fatigue failure index could be simply 
defined as the ratio of the effective stress to the static strength, without making any 
mention of the Tsai-Wu failure criterion. However, in Chapter 7, the Tsai-Wu 
criterion will be used to extend the definition of the fatigue failure index to multi-
axial loading. 
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The equation (6.16) can be interpreted in two different ways: 
• Σ(σ, D) is the ratio of the effective stress σ/(1-D) to the static strength X, and 
fatigue failure occurs when the effective stress σ/(1-D) equals the initial static 
strength X, 
• Σ(σ, D) is the ratio of the nominal stress σ to the residual strength X⋅(1-D). 
According to the general idea of the residual strength models [27-31], XT and XC 
should be decreasing functions of the number of cycles as well. It is rather 
obvious to introduce the damage variable D into the Tsai-Wu criterion instead of 
the number of cycles to express the influence of fatigue damage. Since the 
degradation curve of the strength is very similar in shape with the stiffness 
degradation curve for most common materials (see for example Shokrieh and 
Lessard [32-37] and Lee and Jen [38,39]), the function X⋅(1-D) is a suitable 
expression for the residual strength. 
Figure 6.4 schematically illustrates the difference and similarity between the two 
interpretations for the case of tensile fatigue loading with a constant strain 
amplitude. 
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Figure 6.4 Illustration of the two different interpretations: residual strength and 
effective stress. 
 
Further, although the fatigue failure index Σ(σ, D) has been derived from a stress-
based failure criterion, it is basically a measure for the applied strain (see Eq. 
(6.16)). Hence, this stress measure solves the stress-strain ambiguity, which was 
criticized at the end of the previous chapter, and can be accepted as a suitable stress 
measure σ*. The main characteristics of the fatigue failure index Σ(σ, D) are: 
• it is proportional with the effective stress σ~ , or equivalently, with the applied 
strain ε, 
• its value is dimensionless, and lying between zero (σ = 0) and one ( σ~  = XT or σ~  
= CX− ), 
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• final failure under fatigue loading can be predicted by introducing the fatigue 
failure index into the equation dD/dN, 
• by using a static failure criterion, the extension of the fatigue failure index 
definition to multi-axial loading conditions is possible, 
• the definition of the fatigue failure index does not require any new relations to be 
established between the residual tensile/compressive strength and the fatigue 
damage. 
 
6.3.3. Development of the final fatigue damage model 
Now that the fatigue failure index Σ(σ, D) has been defined as a suitable 
representation for the stress measure σ*, the last step comprises the final refinement 
of the expressions for damage initiation and propagation. The preliminary layout of 
the damage initiation and propagation functions was (see Equations (6.9) and 
(6.12)): 
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Since the fatigue failure index Σ(σ, D) is a measure for the applied strain, the 
damage growth rate equation dD/dN becomes strain-driven for a given material and 
thus for given material properties. This is very important, because when simulating 
load-controlled fatigue tests (nominal stress σ is constant), strain and effective stress 
are increasing and as a consequence the failure index Σ(σ, D), calculated from 
Equation (6.16), will increase up to its failure value of one. 
The model will now be modified into its final form. Based on theoretical 
considerations and a sound modelling of the observed fatigue damage mechanisms, 
the damage initiation and damage propagation function will be refined. 
Not all details of the model’s behaviour will be explored for the moment. Once the 
value of the model constants has been determined, and the finite element simulation 
of a first bending fatigue test has been discussed, additional comments will be 
included (see paragraph 6.4.3). 
 
6.3.3.a. Damage initiation function 
First the damage initiation function is addressed. This function should simulate the 
sharp decline of the stiffness in the first stage of fatigue life. The following 
observations can be made: 
• it is well known that matrix cracking is the predominant mechanism in this stage 
and that after a sufficient number of loading cycles, the number of cracks 
saturates into a “Characteristic Damage State” [11,13,40] (see also Chapter 2). It 
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has been shown by Boniface et al. [41] that this saturation of matrix cracks is 
reached as well for woven glass fabric reinforcements, 
• Schulte et al. [9] have shown that even if the maximum cyclic strain in each 
consecutive load cycle is below the threshold for transverse cracking under 
monotonic tension, cracks do develop after a number of loading cycles. 
Therefore, it is assumed here that there does not exist any threshold for damage 
initiation, 
• Boniface et al. [41] measured the crack density for one-ply (), two-ply (▲) 
and four-ply () woven glass/epoxy laminates under quasi-static tensile loading 
(see Figure 6.5). The crack density is increasing with increasing stress; as a 
consequence, the saturating crack density under fatigue should depend on the 
applied stress/strain level. 
 
 
 
Figure 6.5 Crack density vs. applied quasi-static tensile stress [41]. 
 
• Varna et al. [42] and Joffe and Varna [43] have studied ply cracking in 
glass/epoxy laminates under quasi-static tension. It was experimentally observed 
that the crack density (mm-1) was directly proportional with the applied strain. 
The same observation was made by Sandford et al. [44] for glass fabric/epoxy 
composites under quasi-static tensile loading. Applied to damage initiation under 
fatigue loading, the damage increase dD during the first applied loading cycle (D 
= 0) should be directly proportional with the applied strain, and hence with the 
fatigue failure index Σ(σ, D). 
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Bearing in mind these considerations, the damage initiation function has finally been 
defined as: 
 
 



σΣ
−⋅σΣ⋅=σ
)D,(
Dcexp)D,(c)D,(f 21i  (6.18) 
 
where c1 and c2 are material constants. The constant c1 determines the amplitude of 
the damage initiation rate, while the exponential function is a decreasing function of 
damage D; so once a certain damage value has been reached, the contribution of the 
damage initiation function becomes negligible. However, the saturating damage 
level depends on the amplitude of the applied strain through the factor )D,(σΣ . 
Further, it was observed from the single-sided bending fatigue experiments that the 
compressive side of the specimen was hardly damaged, even for very large bending 
moments. This confirms with the general meaning that damage growth rate in 
compression is smaller, when two restrictions are made: (i) there are no 
delaminations, (ii) the stress ratio R is not negative. For example, Figure 6.6 shows 
the S-N curve (log σ/log N scale) for quasi-isotropic graphite/epoxy laminates under 
tension-tension and compression-compression fatigue. It shows that the fatigue life 
under compression-compression fatigue is indeed better than that under tension-
tension fatigue for the same applied maximum stress [45]. 
 
 
 
Figure 6.6 Comparison of tension-tension and compression-compression fatigue 
lives [45]. 
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On the other hand, it is well known that the stress ratio R = -1 is very detrimental for 
stacking sequences which can develop delaminations. However, with the material 
under study, delaminations are not present due to the choice of the stacking 
sequence and the stress does not change sign within one loading cycle (displacement 
ratio Rd = 0.0). 
When the same damage initiation function (6.18) would then be used for tensile and 
compressive stresses, damage would increase much faster at the compressive side of 
the specimen. Indeed, the compressive strength XC is most often smaller than the 
tensile strength XT. Since the applied maximum compressive and tensile stresses are 
equal at the first cycle of bending, the fatigue failure index will be larger for the 
compressive stress than for the tensile stress. As a consequence damage will 
propagate fast up to failure. However, such behaviour was not at all observed when 
microscopic inspection of the specimens was done. Indeed, for small to moderate 
bending moments, no damage could be observed at the compression side of the 
specimen. Only for very large bending moments, the matrix was shattered at the 
surface subjected to compressive stresses. 
Thus a distinct approach for damage in compression/tension regime is necessary. In 
the author’s opinion, it seems appropriate to incorporate the effect of different 
damage development in tension vs. compression regime into the damage initiation 
function itself. When implementing the damage law into numerical applications, it is 
easier to make a distinction on the level of the damage growth rate equation dD/dN, 
because the damage increment is calculated after each cycle and this damage 
increment is extrapolated to the next simulated cycle. 
Taking into account the above mentioned considerations, the damage initiation 
function finally becomes: 
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It is true that the presence of the third power in the damage initiation function for 
compressive stresses (Equation (6.19)) cannot be rigorously derived from theoretical 
considerations, but a similar distinction between tensile and compressive stresses 
has been applied by, amongst others, Sidoroff and Subagio [46] who used the same 
definition for the damage variable D (= 1 – E/E0) and defined the damage increment 
per cycle as: 
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where ∆ε is the strain amplitude and A, b and c are three constants. However, 
Sidoroff and Subagio [46] did not distinguish between damage initiation and 
propagation. 
Further it has appeared from a large set of numerical simulations that the equation 
(6.19) in its present form is very well capable of predicting the damage initiation 
regime (see also paragraph 6.4.3). 
 
6.3.3.b. Damage propagation function 
The damage propagation term, as defined in Equation (6.17), is valid to model stage 
II of the stiffness reduction. The third stage of stiffness degradation is characterized 
by fibre fracture which leads to final failure of the composite component. This stage 
is not properly modelled, since there is no significant change in the growth rate 
dD/dN when the failure index Σ(σ, D) approaches the value 1.0. Therefore a damage 
acceleration factor is added to the damage propagation function: 
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The propagation function is in fact a product of two functions, separately accounting 
for the stage II and stage III of the stiffness reduction curve: 
• it is assumed that the function c3⋅D⋅Σ(σ,D)2 accounts for the gradual growth of 
matrix cracks and fibre/matrix interface debonding during the propagation phase. 
The growth rate is proportional with the square of Σ(σ, D). This assumption is 
based on the calculations by Dechaene [47] who proved that the damage 
propagation rate is proportional with the square of the effective stress. This 
expression was also used in the impact damage model developed by Dechaene 
[16], 
• the damage acceleration factor [1 + exp(…)] is supposed to account for the stage 
III of fibre fracture and hence final failure. Figure 6.7 shows the behaviour of the 
damage acceleration factor [1 + exp(…)] for c4 = 0.85 and c5 = 93.0. 
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Figure 6.7 Evolution of the damage acceleration factor accounting for final failure. 
 
 As long as Σ(σ, D) remains below the threshold c4, no fibre fracture occurs, and 
the factor [1 + exp(…)] equals 1.0, due to the large value of c5 and the negative 
term (Σ(σ, D) – c4). Once the threshold c4 has been crossed (and initial fibre 
fracture occurs), the power of the exponential function turns positive. As a 
consequence the exponential function increases very rapidly and forces final 
failure of that particular material point. Similar to the initiation function, a factor 
3 has been introduced in the damage acceleration factor for the compressive 
regime, because it was again observed that failure occurs less catastrophically 
than at the tensile side. 
As mentioned earlier, further justification of this approach will be given in 
paragraph 6.4.3, after that the value of the model constants ci (i = 1,…,5) has been 
given and the finite element simulation of the first bending fatigue test has been 
discussed. 
 
6.3.3.c. Final layout of the fatigue damage model 
The definitive form of the damage initiation and propagation functions then 
becomes: 
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When the stress is zero, the fatigue failure index Σ(σ, D) is zero and the damage 
growth rate is zero. 
Although the model is based on the residual stiffness approach, it could provide 
predictions about the residual strength as well. Indeed, if for example the model 
predicts a damage value D = 0.3 after that the specimen has been subjected to a uni-
axial tensile fatigue test, then the specimen should fail in a subsequent static tensile 
test when: 
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This is equivalent with the statement in the classical residual strength approach, that 
the static strength has decreased with 30 % due to the applied tensile fatigue testing. 
Of course, these predictions can only be valid if the underlying assumption is true 
that the residual strength decreases proportionally with (1-D). 
Further it is worthwhile to mention that this fatigue damage model obeys the 
generally accepted “Strength-Life Equal Rank Assumption (SLERA)”. This 
assumption was first formulated by Hahn and Kim [48] in 1975 as follows: “A 
specimen of a certain rank in the fatigue life distribution is assumed to be equivalent 
in strength to the specimen of the same rank in the static strength distribution”. A 
few years later, Chou and Croman [49] called this assumption the “Strength-Life 
Equal Rank Assumption”, which implies that for a given specimen its rank in static 
strength is equal to its rank in fatigue life. 
This assumption applies well to the presented fatigue damage model, for if XT for a 
certain specimen is smaller, the failure index Σ(σ, D) will be larger (smaller reserve 
to failure) and the damage growth rate will be larger. Hence, the fatigue life will be 
reduced. 
 
6.3.4. Illustrative numerical simulation 
It is important to note that the application of the fatigue damage model (Eq. (6.22)) 
is not limited to the simulation of bending fatigue experiments, although the fatigue 
damage model was developed and validated for bending fatigue tests. As the fatigue 
model pretends to be a true material model, i.e. intrinsic to the material used, it is 
able to predict the stiffness degradation in each material point for any applied uni-
axial nominal stress σ which can change during fatigue life and which might be 
different in each material point. However bending fatigue experiments were 
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preferred because each material point through the thickness sustains a different 
stress amplitude σ (due to the bending moment), so that the fatigue damage model 
can simultaneously be tested for a wide range of tensile and compressive stress 
amplitudes. Moreover, due to the stress redistribution, the stress amplitude in the 
material points changes during fatigue life, and a sort of variable amplitude loading 
is simulated. These advantages support the choice of bending fatigue experiments as 
a powerful validation experiment for the model developed. 
To prove that the model can indeed be used for all types of uni-axial loading 
conditions and to make the reader feel acquainted with the behaviour of the 
proposed fatigue damage model, a simple numerical example is given first for a uni-
axial tension fatigue test. 
 
The model has been applied to the simulation of a load- and strain-controlled tension 
fatigue test to show the influence of the fatigue failure index and its major role as a 
driving force in damage growth. For both types of tests, the minimum stress level is 
zero (stress ratio R = 0) and the applied maximum stress σ in the first cycle is 60 % 
of the static tensile strength XT (XT = 390.7 MPa, see Chapter 2) and equals 234.4 
MPa. This means that for the load-controlled fatigue test, the nominal maximum 
stress σ remains equal to 234.4 MPa during fatigue, while the strain for the strain-
controlled fatigue test is fixed at a value of 0.954 %. Calculations have been done 
for 200,000 cycles. The model constants ci (i=1,…,5) have been assigned their 
values as they were optimized from the bending fatigue tests, but their exact value is 
of no concern for this illustrative example. The intention is to demonstrate the 
representative behaviour of the fatigue failure index Σ(σ, D) and the damage growth 
rate equation dD/dN. 
Figure 6.8 shows the stiffness degradation curve for the simulated load- and strain-
controlled tensile fatigue test. For the load-controlled fatigue test, the three 
distinctive stages in fatigue life are simulated and final failure is predicted at about 
110,000 cycles. For the strain-controlled fatigue test, the stiffness degradation 
remains more gradual and since the applied strain is well below the static failure 
strain, final failure does not occur yet. 
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Figure 6.8 Stiffness degradation curve for load- and strain-controlled tension fatigue 
tests (R=0). 
 
Although the damage curves can be easily derived from the stiffness degradation 
curves in Figure 6.8 (D = 1 – E/E0), they have been explicitly plotted in Figure 6.9 to 
prove that these damage values are realistic values. 
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Figure 6.9 Damage curve for load- and strain-controlled tension fatigue tests (R=0). 
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Indeed, at the end of Chapter 5, it was mentioned that the predicted damage values 
of 0.9 for the [#45°]8 specimen were not realistic, since fibre fracture should have 
been occurred by then. Here it is seen that once the damage reaches about 30 % in 
the load-controlled fatigue test, the effective stress σ~  is reaching the static strength 
(or equivalently: Σ(σ, D) = 1.0) and fibre fracture occurs. The exponential function 
in the damage propagation term (see Equation (6.22)) forces the damage to increase 
almost immediately up to its failure value 1.0. 
Figure 6.10 shows the behaviour of the fatigue failure index Σ(σ, D) during fatigue 
life. As the applied stress in the first loading cycle was equal to 60 % of the static 
tensile strength XT, the failure index equals 0.60 in the first loading cycle for each 
type of fatigue test (fatigue damage D = 0). However, when damage is 
accumulating, the effective stress σ~  (= σ/(1-D)) is increasing for the load-controlled 
fatigue tests. When the fatigue failure index reaches its failure value 1.0, final failure 
occurs and the stiffness falls down to zero. For the strain-controlled fatigue test, the 
effective stress σ~  (= E0⋅ε, see Equation (6.1)) is constant and once the initiation 
term has diminished, the damage growth rate dD/dN is roughly proportional to the 
factor c3⋅D⋅Σ2 (see Eq. (6.22)). In this case, failure will occur when the damage D 
reaches its failure value 1.0. Due to the small propagation rate of dD/dN, fatigue life 
will be considerably larger than for the load-controlled fatigue test. 
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Figure 6.10 Fatigue failure index Σ for the load- and strain-controlled fatigue tests. 
 
Figure 6.11 shows the contributions of the damage initiation and damage 
propagation term (see Equation (6.22)) for the load-controlled fatigue test. It clearly 
appears that damage initiation and damage propagation are indeed properly 
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described by the two separate terms in Equation (6.22). As both terms are expressed 
as damage growth rates per cycle, the values are of course very small. 
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Figure 6.11 Contributions of damage initiation and propagation function for load-
controlled testing. 
 
It can be concluded from Figure 6.12 that the damage propagation term is a lot 
smaller for the strain-controlled fatigue test. Therefore a different scale has been 
used for the damage propagation term. 
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Figure 6.12 Contributions of damage initiation and propagation for strain-controlled 
testing. 
 
It is obvious that in the last stage of the stiffness degradation curve, a transition to 
localized damage progression occurs, leading to a simple or multiple strand failure 
which results in a sudden drop of the characteristic stiffness reduction curve and 
which initiates final failure. This is a reason for the large scatter in fatigue life, 
making that the sudden final drop in stiffness can hardly be predicted [11]. However 
it is not that important that the exact moment of final failure can be predicted, 
because this depends on small variations in mechanical properties. Yet it is very 
important that the damage growth law is capable of simulating this catastrophic 
failure behaviour. Indeed, then it can be assessed whether this localized failure will 
lead to a complete collapse of the structural component, or stress redistribution will 
be able to prevent the localized failure event from leading to final failure of the 
whole composite structure. 
In the next paragraph simulations of bending fatigue experiments will be discussed 
and there again, it will be shown that it is very important that the damage growth 
law is capable of simulating the stage of final failure. 
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6.4. FINITE ELEMENT SIMULATIONS AND VALIDATION 
6.4.1. Finite element implementation 
Since the finite element framework which was presented in Chapter 5, was 
developed to implement a broad class of residual stiffness models, the incorporation 
of the new fatigue damage model was not a problem at all. The major difficulty 
however were the convergence problems. 
Indeed, when the load-carrying fibres at the tensile surface are breaking and the 
fatigue failure index Σ(σ, D) reaches 1.0, the damage growth rate is accelerating and 
damage becomes 1.0. Then, a new cycle jump is taken and the nonlinear quasi-static 
analysis is restarted. At that moment the change in the stiffness matrix for the failed 
Gauss-points is very large compared to the previously simulated loading cycle. 
Two additional causes of bad convergence could be detected: 
• a first additional cause of convergence difficulties is the numerical value of the 
damage variable D at failure. Theoretically, complete failure corresponds with D 
= 1.0, but if the value of D is set to 1.0 in the finite element code, the stresses are 
zero and there is no convergence at all. Therefore, the damage value at failure 
was first set to 0.99. However, when localized fibre fracture occurs at the fixed 
clamp and D equals 0.99 in the corresponding Gauss-point, the calculated strain 
can reach values of 10 % and even more, so that, in particular cases, the tensile 
stress still reaches values of 25 to 50 MPa (σ = E0⋅(1-D)⋅ε = 24.57 × 103 × (1 – 
0.99) × 0.1 = 24.57 MPa) ! These stress values are not realistic, as they should 
correspond with a completely failed Gauss-point. Therefore, the damage value at 
failure has been set to 0.99999. 
• secondly, it was mentioned in Chapter 5 that the finite element analysis of each 
simulated fatigue loading cycle could be restricted to a nonlinear quasi-static 
analysis, because (i) the inertia forces are negligible, (ii) the damage state is 
fixed during the analysis of the considered loading cycle, and (iii) only the stress 
amplitude is required for evaluation of the fatigue damage law. Hence, the finite 
element implementation is reduced to a quasi-static analysis where the 
prescribed displacement is increased from zero to its maximum value umax. A 
schematical representation is given in Figure 6.13. 
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Figure 6.13 Quasi-static analysis of each of the simulated fatigue loading cycles. 
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 In practice, the SAMCEFTM finite element code only saves the results of the 
quasi-static analyses that are indicated in continuous line in Figure 6.13. So, just 
after the cycle jump, the last known stress/strain state corresponds to the 
maximum deformed bending state (u = umax) of the loading cycle that was 
simulated before the cycle jump. It appears that SAMCEFTM uses the last known 
strain tensor in each Gauss-point as a first approximation for the next Newton-
Raphson iteration. Thus, after a cycle jump, the calculation restarts and as the 
analysis is nonlinear, the convergence for a small increment of the prescribed 
displacement (for example u = umax/10) is calculated. However, the first estimate 
for this Newton-Raphson algorithm is the strain tensor from the maximum 
deformed bending state of the loading cycle that was simulated before the cycle 
jump. When the stiffness matrix has been considerably changed, convergence 
does not succeed anymore. Therefore the strain tensor of the first increment of 
the loading cycle that was simulated before the cycle jump, is saved in the user-
developed code and restored during the first increment of the simulated loading 
cycle after the cycle jump (see {ε}saved and {ε}restored in Figure 6.13). 
 And not surprisingly, the side effect of this intervention was a considerable 
reduction of the computation time, due to the much better guess values for the 
strain tensor. 
 
6.4.2. Optimization of the model constants ci (i=1,…,5) 
The fatigue damage model (Equation (6.22)) contains five material constants ci 
(i=1,...,5), which are independent of the stress level and are intrinsic to the material 
used. The determination of these five constants is considerably facilitated, due to the 
distinctive meaning of each of the five constants: 
• c1 regulates the growth rate of the damage initiation regime (and thus the sharp 
initial decline of the modulus degradation curve), 
• c2 is sufficiently large, so that the first term is disappearing as damage increases. 
Then, the “Characteristic Damage State” of matrix cracking [11,13,40] has been 
reached, 
• c3 represents the growth rate in the propagation phase of modulus degradation, 
where additional damage mechanisms (fibre/matrix interface failure, fibre pull-
out) lead to a gradual decline of the stiffness, 
• c4 and c5 express the explosive damage growth once that the fatigue failure index 
Σ(σ, D) approaches its failure value 1.0, and the effective stress σ~  reaches the 
static strength in tension or compression. 
The parameters ci (i=1,…,5) in Equation (6.22) were determined for the “standard” 
experiment Pr05_2. Since the fatigue damage model is not at all a curve-fitting 
model, the value of the constants ci (i=1,…,5) were of course retained when 
simulating other loading conditions. Figure 6.14 shows the experimental and the 
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simulated force-cycle history for this “standard” fatigue test Pr05_2. The prescribed 
displacement varied between zero and umax = 30.4 mm, and the frequency was 2.2 
Hz. 
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Figure 6.14 Experimental and simulated force-cycle history for [#0°]8 specimen 
Pr05_2 (umax = 30.4 mm). 
 
Since the fatigue damage law is nonlinear in terms of the material constants ci (i = 
1,…,5), a nonlinear least squares procedure has been used to optimize these 
constants. The target function was the sum of the square of the differences between 
the predicted and measured bending forces. The ODRPACK routines for nonlinear 
optimization were used [50]. These routines compared the experimental and 
simulated force-cycle history for a predetermined number of loading cycles. A 
master program was written to call the SAMCEFTM finite element code 
successively, until a minimum of the target function was found. 
The final values of all constants in the model are listed in Table 6.1. The in-plane 
elastic and strength properties of the [#0°]8 composite laminates are recalled here for 
completeness (see also Chapter 2). 
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Table 6.1 Material and model constants. 
 
Material parameters  Model parameters 
E11 [GPa] 24.57  c1 [1/cycle] 0.002 
E22 [GPa] 23.94  c2 [-] 30.0 
ν12 [-] 0.153  c3 [1/cycle] 4.0⋅10-6 
G12 [GPa] 4.83  c4 [-] 0.85 
XT [MPa] 390.7  c5 [-] 93.0 
XC [MPa] 345.1    
 
The determination of the parameters ci (i=1,…,5) can be split up in two parts in 
order to reduce the optimization time. Indeed, since the damage initiation function 
should be able to account for the stage I decrease of the stiffness, the first sharp 
decline of the force-cycle history can be used to determine the parameters c1 and c2. 
Then the parameters c3, c4 and c5 can be determined for the full force-cycle history. 
 
6.4.3. Further discussion of the fatigue model’s behaviour 
6.4.3.a. Damage initiation function 
The effect of the material constants c1 and c2 on the behaviour of the damage 
initiation function has been illustrated by Figure 6.15. Only the initiation phase of 
the force-cycle history in Figure 6.14 has been recalled. The first simulation (c1 = 
0.002; c2 = 30.0) is the reference simulation. For the second simulation, the value of 
c1 has been doubled, resulting in a larger damage initiation. For the third simulation, 
the value of c2 has been divided by two. Then the saturation value for damage 
initiation is increased and the force-cycle history drops down far lower. 
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Figure 6.15 Effect of the material constants c1 and c2. 
 
Figure 6.16 illustrates why the distinction between damage growth under tensile and 
compressive stresses was necessary. The initiation phase of the force-cycle history 
in Figure 6.14 has been recalled again, together with three numerical simulations. 
For all simulations, the constants c1 and c2 have been set to 0.002 and 30.0 
respectively, and the power of the damage initiation function for compressive 
stresses has been set to 3, 2 and 1. 
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Figure 6.16 Different equations for damage initiation under compressive loading. 
 
It can be seen that the third power of the damage initiation function provides the best 
simulation. 
Finally, although there is no threshold below which no damage initiation occurs, the 
practical damage for small applied stresses is very low. For example, if Σ = 0.05 and 
D = 0.05, the damage growth rate dD/dN = 1.23 × 10-7. 
 
6.4.3.b. Damage propagation function 
Once the material constants c1 and c2 have been determined, the constant c3 can be 
optimized for the damage propagation phase, which is characterized by a gradual 
decrease of the stiffness, and hence of the measured bending force. 
Figure 6.17 shows the full experimental and simulated force-cycle history for c3 = 
4.0 × 10-6 and c3 = 8.0 × 10-6. Clearly, final failure occurs much earlier if the damage 
propagation rate is increased. 
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Figure 6.17 Effect of material constant c3. 
 
The material constants c4 and c5 are used in the damage acceleration factor. This 
factor accounts for explosive damage growth once the fatigue failure index crosses 
the threshold c4. Several formulations without an explicit damage acceleration factor 
have been tested, for example with a propagation function which is proportional 
with [Σ/(1-Σ)]2. None of these formulations succeeded in predicting both the force 
degradation and moment of final failure successfully. Either, the force degradation 
rate was correct, but final failure was predicted too early, or the moment of final 
failure was predicted well, but the force degradation rate was too small. In the 
author’s opinion, this is due to the totally different kind of the damage phenomena in 
stage II and III, being respectively (i) propagating matrix cracks and (ii) fibre 
fracture. The former damage is growing gradually, while the latter is an explosive, 
immediate failure. 
Besides, it is not a coincidence that the threshold c4 has been applied to the fatigue 
failure index Σ, and not to the nominal stress σ. Indeed, as it is a displacement-
controlled bending fatigue test, the nominal stress σ is decreasing if damage is 
increasing (σ = E0⋅(1-D)⋅ε). So, the threshold c4 would never be crossed and final 
failure would not be predicted. 
Finally, the model behaves very well for very low-cycle fatigue. If the limit case of a 
static tensile fracture test is considered, the imposed nominal stress σ equals the 
static strength XT, and failure should be predicted in one cycle. Applied to the 
fatigue model, final failure is predicted after only 4 cycles. 
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6.4.3.c. Simulation of stress redistribution 
Figure 6.18 shows the simulated stress distribution at the clamped cross-section 
during fatigue life for the fatigue experiment Pr05_2 which was shown in Figure 
6.14. The abscissa contains the normal stress (tensile stresses are positive, 
compressive stresses are negative), while the ordinate axis represents the full 
thickness of the specimen (y ∈ [-1.36 mm, +1.36 mm]). With this simulation it is 
clearly proven that the stiffness degradation leads indeed to a continuous stress 
redistribution and to a reduction of the stress concentrations in the composite 
specimen during fatigue life. 
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Figure 6.18 Simulated stress redistribution at the clamped cross-section of the [#0°]8 
specimen Pr05_2 during fatigue life. 
 
6.4.4. Finite element results and validations 
The fatigue damage model is now applied to another experiment Pr10_4 where the 
prescribed displacement umax is much larger: umax = 34.4 mm. The material and 
model parameters are retained (see Table 6.1). In Figure 6.19, the experimental and 
simulated results for the Pr10_4 experiment are presented. The meaning of the 
arrows will be explained later. 
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Figure 6.19 Experimental and simulated force-cycle history of [#0°]8 specimen Pr10_4 
for umax = 34.4 mm. 
 
It is worth to mention that the developed cycle jump approach works very well. At 
the first few cycles, when there is a sharp decline of the bending force due to matrix 
cracking, the cycle jumps are very small, but once the stiffness is gradually 
decreasing in stage II, the cycle jumps are larger. At the end of stage II, the damage 
growth rate increases again and the cycle jumps are smaller again, in order to 
accurately evaluate the differential equation for damage growth dD/dN. 
Figure 6.20 shows again the finite element simulation for the Pr10_4 specimen, but 
now with only the damage initiation function present in the Equation (6.22) for the 
damage growth rate dD/dN. It clearly proves that the damage initiation function 
indeed accounts for the stage I decline of the stiffness, without any contribution of 
the damage propagation function. The scale of the ordinate axis has been adjusted to 
clearly show the sharp initial decline of the bending stiffness. 
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Figure 6.20 Finite element simulation without the damage propagation function. 
 
A final validation for this fatigue experiment is done by comparing the out-of-plane 
displacement profiles of the fatigue experiment and finite element simulation. The 
digital phase-shift shadow Moiré method has been used to record the experimental 
out-of-plane displacement profiles. Here, these out-of-plane displacement profiles 
are compared with the simulated out-of-plane displacements for several cycle 
numbers which are indicated in Figure 6.19. The arrows below in Figure 6.19 
indicate the cycle numbers at which a recording of the out-of-plane displacement 
profile was made. The arrows above indicate the cycle numbers at which the 
simulated out-of-plane displacement profile was taken. Of course, due to the discrete 
cycle jumps, the results of the finite element simulation are only known at discrete 
loading cycles which are not necessarily the same as the ones at which the out-of-
plane displacement profile was experimentally recorded. However the evaluation 
has been done at the best corresponding loading states and the results are shown in 
Figure 6.21. 
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Figure 6.21 Experimental and simulated out-of-plane displacement profiles for [#0°]8 
specimen Pr10_4. 
 
This Figure clearly shows that at the end of fatigue life, a sort of “hinge” is formed 
at the clamped cross-section and that the parts remote from the fixed clamp are 
completely unloaded. It is worthwhile to note that although it is a common belief 
that continuum damage mechanics are not suited to model localized phenomena, the 
introduction of the damage acceleration factor simulates very well the localized fibre 
fracture at the clamped cross-section. The formation of such a “hinge” leads of 
course to an enormous increase in strain, which is confirmed by Figure 6.22 
showing the strain distribution during fatigue life at the clamped cross-section. 
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Figure 6.22 Strain distribution at the clamped cross-section. 
 
This phenomenon again proves the adequacy of the proposed fatigue damage model. 
Indeed, the damage is very severe at the clamped cross-section and as a 
consequence, the nominal stress decreases very fast (σ = E0(1-D)ε). But the effective 
stress σ/(1-D), which equals E0⋅ε, keeps increasing, because the prescribed 
displacement umax remains the same and due to the severely deteriorated bending 
stiffness of the clamped cross-section, the strains are increasing very fast. 
 
The fatigue damage model is now applied to three other fatigue bending tests, 
whereby all finite element simulations are done with the material and model 
constants listed in Table 6.1. 
The first simulation is done for the fatigue test Pr05_3 with umax = 29.5 mm. The 
experimental and simulated results are shown in Figure 6.23. 
As the prescribed displacement umax is slightly smaller than the maximum 
displacement amplitude umax = 30.4 mm for the standard experiment Pr05_2, fatigue 
failure is predicted about 80,000 cycles later. It was observed from the fatigue 
experiment that final failure occurred at the tensile side, and that the compressive 
side was not visibly damaged at all. To check this observation, the damage value in 
two Gauss-points of interest will now be investigated. The Gauss-point 1602 is 
situated at the tensile surface, while the Gauss-point 1693 is situated at the 
compressive surface, both in the clamped cross-section. Their position is 
schematically indicated in Figure 6.24. 
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Figure 6.23 Experimental and simulated force-cycle history of [#0°]8 specimen Pr05_3 
for umax = 29.5 mm. 
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Figure 6.24 Position of the Gauss-points of interest in the clamped cross-section. 
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The cycle history of the damage variable D and the fatigue failure index Σ(σ, D) are 
shown in Figure 6.25 for Gauss-point 1602. It appears that the damage variable D 
reaches its failure value 1.0 at about 650,000 cycles. 
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Figure 6.25 Cycle history of damage D and fatigue failure index Σ for the Gauss-point 
1602. 
 
Figure 6.26 shows the corresponding histories for Gauss-point 1693. Indeed, in 
agreement with the experimental observations, the damage at the compressive 
surface is still very small at the moment that the Gauss-point at the tensile side has 
failed (N ≈ 650,000 cycles). 
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Figure 6.26 Cycle history of damage D and fatigue failure index Σ for the Gauss-point 
1693. 
 
From Figure 6.23, Figure 6.25 and Figure 6.26, it can be observed that final failure 
occurs only 200,000 cycles after the first Gauss-point has failed, and that just before 
final failure, at about 850,000 cycles, the fatigue failure index Σ(σ, D) for the Gauss-
point 1693 suddenly jumps to its failure value 1.0, although the fatigue damage is 
very small in that Gauss-point. These observations can be explained by an 
investigation of the stress (re)distribution at the clamped cross-section (see Figure 
6.27). The abscissa contains the normal stress (tensile stresses are positive, 
compressive stresses are negative), while the ordinate axis represents the full 
thickness of the specimen (y ∈ [-1.36 mm, +1.36 mm]). 
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Figure 6.27 Stress redistribution at the clamped cross-section. 
 
At cycle N = 1, the stress distribution is symmetric with respect to the midplane. Of 
course, due to the fact that more than one element is used through the thickness and 
the Bernoulli assumption is no longer imposed, the stress distribution at cycle N = 1 
is not linear, although no damage is present at that time. Also, the presence of the 
clamping plates disturbs the stress state at the surface near the fixed clamp. When 
damage is initiating, the tensile stresses in the outermost layers are relaxed and load 
is transferred towards the inner layers. It can be seen that the failure of the first 
Gauss-point 1602 is compensated by a stress redistribution at the clamped cross-
section. This is confirmed by the increase of the fatigue failure index for Gauss-
point 1693 after 650,000 cycles (see Figure 6.26). Next, final failure is initiated by 
the collapse of the Gauss-point situated at the tensile side and just below the Gauss-
point 1602. Indeed, near the tensile surface, the stress is reduced to zero due to the 
complete stiffness loss. Due to the failure of these Gauss-points and the stress 
redistribution, the stress at the compressive surface approaches the compressive 
strength XC = -345.1 MPa (see Table 6.1) and the associated fatigue failure index 
jumps to its failure value 1.0 (see Figure 6.26). 
From this detailed discussion, the merit of the fatigue failure index Σ(σ, D) is proved 
again: at the tensile side, failure is initiated through an increasing value of the 
damage D, and hence of the effective stress σ~  (=σ/(1-D)) and the fatigue failure 
index. At the compressive surface, the damage D is very small, but due to stress 
redistribution, the applied nominal stress σ increases almost up to the compressive 
static strength XC, and again, the fatigue failure index indicates failure. 
The next simulation is done for the fatigue test Pr05_1 with umax = 27.7 mm. The 
results are shown in Figure 6.28. 
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Figure 6.28 Experimental and simulated force-cycle history of [#0°]8 specimen Pr05_1 
for umax = 27.7 mm. 
 
Again the cycle jump approach works very well. At the first stage of sharp decline, 
the cycle jumps are very small, while during the phase of gradual degradation, the 
cycle jumps are increased up to 100,000 cycles, which results in a fast and efficient 
finite element simulation. 
 
Finally the fatigue damage model is applied to the fatigue experiment Pr08_2 with 
umax = 38.9 mm. The experimental fatigue life is drastically reduced to about 25,000 
cycles. The experimental and simulated force-cycle history are shown in Figure 
6.29. 
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Figure 6.29 Experimental and simulated force-cycle history of [#0°]8 specimen Pr08_2 
for umax = 38.9 mm. 
 
Although the parameters of the fatigue damage model have been determined for a 
bending fatigue test with a fatigue life of about 700,000 cycles, the model gives a 
good indication of the moment of failure. 
As the fatigue damage model is applied to quite different loading conditions from 
the standard experiment Pr05_2 (umax = 38.9 mm vs. umax = 30.4 mm) and the fatigue 
lives are drastically different (Nf ≈ 25,000 cycles vs. Nf ≈ 700,000 cycles), the finite 
element results of this fatigue test will be compared in more detail with the 
experimental results, thus aiming at a final validation of the proposed fatigue 
damage model. 
 
6.4.5. Further discussion and final validation 
A first indication of the correctness of the finite element results concerns the 
prediction of the first location of failure. For the fatigue test Pr08_2, it was observed 
that although the compressive strength was smaller, failure first occurred at the 
tensile side. This is confirmed by the damage-cycle history of the Gauss-points 1602 
and 1693 (see Figure 6.24 for their respective positions). 
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Figure 6.30 Damage-cycle history for the Gauss-points 1602 and 1693 in experiment 
Pr08_2. 
 
The tensile damage is growing fast due to the high level of applied stress, while the 
third power of the damage initiation term for compressive stresses (see Eq. (6.22)) 
prevents the damage at the compressive side from initiating fast. The very fast 
increase of the damage at Gauss-point 1602 is caused by the damage propagation 
term in Equation (6.22): due to the large value of umax (= 38.9 mm), the initial 
stresses at the clamped cross-section are very high and the fatigue failure index Σ(σ, 
D) crosses the threshold c4 (= 0.85) very soon. Then the contribution of the damage 
propagation term is increasing exponentially and forces failure of the Gauss-point 
1602. Due to the stress redistribution, the localized failure at the tensile side causes 
the compressive stress in the Gauss-point 1693 to increase suddenly and complete 
failure of the composite specimen is following soon. 
A strong validation can be made by comparing the experimentally observed damage 
distribution along a lateral cross-section of the specimen, with the predicted damage 
distribution. Figure 6.31 and Figure 6.32 show these predicted damage distributions 
at N = 1,092 cycles and N = 15,681 cycles respectively. The abscissa coincides with 
the length axis of the specimen: the negative x-values correspond to coordinates 
inside the clamping plates (x ∈ [-30.0 mm, 0.0 mm]), while the positive x-values 
correspond to the free specimen length (x ∈ [0.0 mm, +54.0 mm]). The ordinate axis 
represents the full thickness of the specimen (y ∈ [-1.36 mm, +1.36 mm]), so that 
the plot area covers the complete lateral cross-section of the specimen length, as 
schematically indicated by the diagonally dashed lateral cross-section in Figure 6.24. 
Of course, in order to present the data comprehensively, the ratio between the 
specimen length on the abscissa and the specimen thickness on the ordinate axis has 
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been distorted. The contours are lines of equal damage, where the value of the 
damage is lying between zero (no damage) and one (complete failure). 
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Figure 6.31 Damage distribution in a lateral cross-section of the [#0°]8 specimen 
Pr08_2 at N = 1,092 cycles. 
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Figure 6.32 Damage distribution in a lateral cross-section of the [#0°]8 specimen 
Pr08_2 at N = 15,681 cycles. 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
254 
As the damage distribution in Figure 6.32 corresponds with final failure of the 
composite component, this damage distribution is compared with the experimental 
micrographs which were recorded at the end of the fatigue test. 
Figure 6.33 shows the optical micrograph of the specimen at the clamped cross-
section. The position of the clamping fixtures and the direction of the bending 
moment M(x) have been schematically indicated. 
 
 
 
Figure 6.33 Optical micrograph of the [#0°]8 specimen Pr08_2 at the clamped cross-
section. 
 
There appears to be a very good agreement between the damage distributions of 
Figure 6.32 and Figure 6.33. The predicted damage distribution at the compressive 
side is very narrow, only about 2 millimeters in width. This is confirmed by the 
micrograph, where the matrix is completely shattered over a small length at the 
compressive side. However this damage does not propagate into the inner area of the 
composite specimen. The length scale is indicated and can be compared with the full 
thickness of the specimen, being 2.72 mm. 
At the tensile side, the predicted damage distribution is smeared out over a large 
width and the zone of moderate to severe damage can be estimated to be about 10 
millimeters in width (see Figure 6.32). This compares very well with the 
experimental observations, as can be seen on a more global view of the lateral cross-
section of the composite specimen in Figure 6.34. 
 
 
Chapter 6 A New Coupled Approach of Residual Stiffness and Strength for Uni-axial Fatigue Loading 
255 
1 mm
 
 
Figure 6.34 Global view of the lateral cross-section of the [#0°]8 specimen Pr08_2 near 
the fixed clamp. 
 
Away from the fixed clamp, the finite element simulation still predicts damage 
values of 5 % to 9 % at the tensile surface of the specimen (see Figure 6.32). This 
damage can be clearly seen on the following picture giving a top view of the tensile 
side of the specimen after the fatigue test Pr08_2 has been ended. 
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Figure 6.35 Top view of damage distribution at the tensile side of the [#0°]8 specimen 
Pr08_2. 
 
Several fibres of the [#0°]8 specimen are broken at the clamped end of the specimen 
and a sort of ‘hinge’ is formed. Further away from the fixed clamp a regular and 
gradually decreasing pattern of transverse cracking in the weft tows at the fabric 
cross-over points is shown in the specimen. This “characteristic damage state” is 
very similar to the steady state matrix cracks in tension fatigue of plain woven 
composites [51,52] and corresponds to the predicted damage values of 5 % to 9 %. 
 
6.4.6. Discussion on the fatigue life prediction 
In Figure 6.19 and Figure 6.29, the fatigue damage model has been applied to the 
bending fatigue tests Pr10_4 (umax = 34.4 mm, Nf ≈ 50,000) and Pr08_2 (umax = 38.9 
mm, Nf ≈ 25,000), respectively. The fatigue life of the Pr08_2 specimen was 
predicted to be about 17,000 cycles, while the experimentally measured force fell 
down at about 25,000 cycles (see Figure 6.29). Furthermore, the experimentally 
observed decline of the bending force was more gradual than the simulated sudden 
failure. It could be argued therefore that the final failure of the composite specimen 
is not simulated quite accurately. 
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To refute this objection, the experimental and simulated results of the Pr10_4 and 
Pr08_2 specimens are shown in Figure 6.36, together with the experimental and 
simulated results of the “standard” experiment Pr05_2. It is clearly shown that the 
fatigue damage model can predict stiffness degradation and final failure very well, 
despite a difference in scale of a factor 40 with the “standard” experiment for which 
the model parameters ci were determined. 
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Figure 6.36 Experimental and simulated force-cycle histories for umax = 30.4 mm, 34,4 
mm and 38.9 mm. 
 
Besides, it is important to evaluate these fatigue life predictions in view of the 
experimental scatter on fatigue life experiments. The fatigue life data of individual 
test samples are rarely reported in open literature, and simulated and experimental 
results are often compared on a log-scale for the number of cycles, in order to cover 
up the lack of agreement between prediction and experiment. 
Ryder and Walker [53] published experimental data on the fatigue life of 
[0°/45°/90°/ 
-45°2/90°/45°/0°]2 graphite/epoxy laminates under load-controlled zero-tension 
fatigue. For σ = 344 MPa, the fatigue lives ranged from 11,491 cycles to 87,373 
cycles for 17 of the 20 samples. The remaining 3 samples had respective fatigue 
lives of 116,667 cycles, 367,644 cycles and 512,600 cycles ! For σ = 400 MPa, 
fatigue lives ranged from 61 cycles to 9590 cycles (20 samples). Halpin et al. [54] 
used the same material and stacking sequence, but performed load-controlled 
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tension-compression fatigue tests. For σmin = -110 MPa and σmax = 290 MPa, fatigue 
lives ranged from 7,980 cycles to 72,935 cycles (20 samples). 
Further, it may be noticed that the predicted final failure occurs more suddenly than 
the experimentally observed final failure phase, but this is due to the modelling 
assumptions. Each element of the finite element mesh has the same homogenized 
elastic and strength properties. If one element at the tensile surface near the clamped 
cross-section fails, all its neighbours in the width direction of the specimen fail as 
well. On the other hand, the experimental material is a plain woven glass/epoxy 
composite, and the experimentally observed failure does not occur at the same time 
for all material points in the width direction, because the undulating reinforcement 
pattern causes a more gradual failure. Also, some statistical scatter on the strength 
properties of fibres and matrix can lead to a more gradual decline. This is confirmed 
by Figure 6.35, where the path of broken fibres at the fixed clamp is not a straight 
line, but a zigzag line of broken fibres, some of them situated just inside the fixed 
clamp, others just outside the fixed clamp. 
 
6.4.7. Conclusion 
The proposed fatigue damage model has been validated against the measured force-
cycle history, experimentally observed locus of first failure, recorded out-of-plane 
displacement profiles and damage distribution for several bending fatigue 
experiments on the [#0°]8 specimens. The agreement between the experimental 
measurements and the finite element predictions was satisfying, and hence, the 
fatigue damage model can be used as a basis for further application and 
development in the next paragraphs. 
 
 
6.5. VARIABLE AMPLITUDE LOADING 
In studying the fatigue behaviour of fibre-reinforced composites, it is of course best 
to simulate the in-service fatigue loading conditions as nearly as possible. In the 
mechanical load-time history acting on a component in service, loading is virtually 
always of variable amplitude and only rarely of constant amplitude. Nevertheless, 
fatigue testing is still being carried out under constant amplitude, this choice being 
dictated largely by the expensive and time-consuming nature of the variable 
amplitude experiments, the limitations of standard fatigue testing facilities and the 
uncertainties about the in-service loading spectrum [55]. 
When the results of constant amplitude fatigue tests are to be extrapolated towards 
variable amplitude fatigue loading, “damage accumulation rules” or “cumulative 
damage laws” must be used. The simplest of which is the well known Palmgren-
Miner rule [56]: 
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 ∑
=
=
k
1i fi
i
N
nD  (6.24) 
 
where D denotes the fatigue damage, k is the total number of different constant 
amplitude loading levels, and ni and Nfi are the number of actually applied cycles 
and the total number of cycles to failure for the i-th constant amplitude loading 
level, respectively. At failure, D = 1 and n = Nf. This rule is a linear damage 
accumulation rule which was originally proposed for the life prediction of metallic 
components undergoing fatigue, and, despite its widespread use, the rule has always 
been viewed with great suspicion by designers because it is often found to give non-
conservative results: that is, to predict lives greater than those observed 
experimentally [57]. Its main deficiencies are: (i) load level independence, (ii) load 
sequence independence, and (iii) lack of load interaction accountability [58]. 
The simplest step forward from the linear damage rule is to look for nonlinear 
functions that still employ the damage parameter D, as defined by Eq. (6.24). In the 
Marco-Starkey model, for example, a simple nonlinear presentation suggests an 
equation of the form: 
 
 ∑
=
α




=
k
1i fi
i
N
nD  (6.25) 
 
where the power α is a load-dependent variable. Life calculations based on the 
Marco-Starkey theory result in a Miner’s sum ( ) 1N/n fii >∑  for low-high load 
sequences, and in a Miner’s sum ( ) 1N/n fii <∑  for high-low load sequences [58], 
as shown in Figure 6.37. The first stress level is applied until n1/Nf1 = 0.5, and then, 
the second stress level is applied until failure. For the sequence σ1-σ3, Miner’s sum 
is smaller than 1.0, while for the sequence σ3-σ1, Miner’s sum is larger than 1.0. 
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Figure 6.37 Application of the nonlinear Marco-Starkey cumulative damage rule [58]. 
 
The different life predictions for low-high and high-low load sequences correspond 
to the experimentally observed “load sequence effect”: a different fatigue life of 
metallic or composite components under low-high and high-low load sequences. 
The load sequence effect is often investigated by performing block loading fatigue 
experiments. This effect will now be discussed in detail for fibre-reinforced 
composite materials. First a literature survey will show that there is no agreement at 
all in open literature which sequence (low-high or high-low) is the most damaging 
for composites. Next the effect of block loading on the fatigue response of 
composites will be investigated by experimental results and numerical simulations 
with the newly developed fatigue damage model. Finally numerical simulations will 
show that, in the author’s opinion, the most damaging effect of a certain load 
sequence is in the (frequent) transition from low to high stress levels. The proposed 
fatigue damage model will lead to new insights into how cumulative damage should 
be treated. 
 
6.5.1. Literature survey on load sequence effects and block loading 
To investigate the load sequence effect, block loading experiments are the most 
commonly used experiments. Cycle blocks with constant load amplitude level are 
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imposed and the effect of their sequence on the fatigue life of the composite 
component is investigated. 
The cumulative damage under subsequent block loadings is usually evaluated using 
residual life theory or residual strength theory [59]. In the residual life theory, the 
damage D is a function of the elapsed number of cycles ni and the number of cycles 
to failure Nfi for a given constant maximum amplitude σi : D(ni, Nfi). The simplest 
example of such a damage function is the Palmgren-Miner rule (see Eq. (6.24)). The 
“damage equivalence” principle is then used to determine the number of cycles n2, 
which produce at stress amplitude σ2 the same damage as n1 cycles at stress 
amplitude σ1 [59]: 
 
 )N,n(D)N,n(D 2f21f1 =  (6.26) 
 
In the residual strength theory on the other hand, the damage function D can be 
written as D(σi, σr), where σi is the applied constant amplitude stress level and σr is 
the residual strength. The variables σi and σr are related to the elapsed number of 
cycles ni and the number of cycles to failure Nfi by the S-N curve and the residual 
strength model. Again, the principle of damage equivalence is applied for two-stage 
loading: 
 
 ),(D),(D 2r21r1 σσ=σσ  (6.27) 
 
Hashin [59] has shown that the residual life and residual strength cumulative 
damage theories are completely equivalent since an assumed functional form of 
residual strength curves determines a damage function and thus the residual life. 
Such cumulative damage theories are then used to assess the fatigue life under block 
loading and spectrum loading. When studying the literature about this subject, there 
is only one general conclusion to be drawn: there is no agreement at all which load 
sequences have the worst effect on fatigue life. For example, in 1998, Bartley-Cho et 
al. [60] wrote: “For composites, these tests reveal a load sequence effect where a 
low-high loading sequence results in a shorter fatigue life than a high-low loading 
sequence”. In 2000, Gamstedt and Sjögren [61] claimed: “In an experimental 
investigation, the interaction of these mechanisms has shown why a sequence of 
high-low amplitude level results in shorter life-times than a low-high order”. Of 
course, both opinions are always based on experimental observations, but with 
different materials, different loading conditions and different applied stress levels, so 
that a decision in favour of one of the both opinions is difficult to make. Here, the 
classification of the representative publications of each opinion has been based on 
the outcome of the experimental results against which the cumulative damage 
models have been validated. 
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6.5.1.a. Fatigue life L-H < Fatigue life H-L 
Almost all evaluations of cumulative damage models in this category use the data of 
Broutman and Sahu [62], who performed block loading fatigue tests on cross-ply E-
glass/epoxy specimens. All of these fatigue tests were performed at 10 Hz with a 
stress ratio R of 0.05. The average value of the ultimate static strength was given as 
448 MPa. They observed that in general, a low-high sequence was more damaging 
than a high-low sequence. 
Yang and Jones [28] developed a residual strength model where the static ultimate 
strength is assumed to follow a two-parameter Weibull distribution. As a 
consequence, the predicted fatigue life is a statistical variable as well, presented by a 
three-parameter Weibull-distribution. Based on these statistical distributions, it was 
derived that the Miner’s sum D is always greater than unity under the high-low 
loading sequence and always smaller than unity under the low-high loading 
sequence [28]. Of course, the validity of this statement depends on the correctness of 
the residual strength model proposed. 
Further, Yang and Jones [28] proposed to replace the Miner’s sum by the residual 
strength concept, where it is assumed that the residual strength R(n1) after n1 cycles 
(stress σ1) can be considered as the initial strength for subsequent cycling at stress 
amplitude σ2. The theory was applied to block loading experiments of cross-ply E-
glass/epoxy specimens, performed earlier by Broutman and Sahu [62]. Hashin [59] 
compared the residual strength approach of Yang and Jones, amongst others, with 
the Palmgren-Miner rule, and concluded that none of the residual strength models 
gives a better fatigue life prediction than the simple Palmgren-Miner rule. 
Schaff and Davidson [29,30] adopted the same principle of residual strength 
equivalence to extend their residual strength model to multi-stress level loadings. 
However, they additionally introduced a so-called “cycle-mix factor”. This factor 
should account for the damaging effect of frequent transitions from low to high 
mean stress. This “cycle-mix effect” was described in detail by Farrow [63] and 
means that the residual strength and the fatigue life of composite laminates had been 
observed to decrease more rapidly when the loading sequence is repeatedly changed 
after only a few loading cycles (see Figure 6.38). 
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Figure 6.38 Schematic representation of the “cycle-mix effect”. 
 
Again the data provided by Broutman and Sahu [62] were used to validate their 
cumulative damage model. 
Whitworth [64] derived a nonlinear cumulative damage law which is in fact a 
modified form of the Palmgren-Miner sum, by introducing a stress-dependent factor 
into the expression. He applied the rule to experimental data of tension fatigue tests 
(R = 0.1) on graphite/epoxy laminates. Again, the low-high load sequence resulted 
in shorter fatigue lives than the high-low load sequence in correspondence with the 
experimental results. 
Bartley-Cho et al. [60] performed two-block loading fatigue tests on quasi-isotropic 
graphite/epoxy laminates. They observed that a low-high sequence resulted in higher 
crack densities than a high-low sequence. However their cumulative damage model 
was load-history independent and did not manage to simulate these experimentally 
observed results. 
Lee and Jen [38,39] recently proposed a nonlinear damage accumulation rule which 
is based on the Marco-Starkey cumulative damage law (see Eq. (6.25)) and validated 
their model against the results reported by Broutman and Sahu [62]. 
 
6.5.1.b. Fatigue life L-H > Fatigue life H-L 
Hwang and Han [65] mentioned in their review about cumulative damage models 
that “… it is a generally known fact that the Palmgren-Miner’s damage sum to 
failure is greater than unity for low-high tests and less than unity for high-low 
tests”. Their statement was based on the experimental results by Han and Hamdi 
[66], who performed tension fatigue tests on glass fibre cloth epoxy composites. 
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These results indeed showed that low-high tests were more beneficial than high-low 
tests. 
Adam et al. [57,67] proposed a residual life cumulative damage theory, where the 
power α in the Marco-Starkey model (see Eq. (6.25)) is a stress-dependent function, 
but this function is now different for tension and compression loading. The model 
was applied to four-unit block loading sequences for carbon/epoxy laminates. It was 
concluded that a lower initial stress appears to be more beneficial than a higher 
initial stress. 
Gamstedt and Sjögren [61] observed that for cross-ply carbon/epoxy laminates, a 
sequence of high-low amplitude levels resulted in shorter lifetimes than a low-high 
order. They state that initiatory mechanisms are active at high stress levels, and that 
progressive mechanisms predominate at lower amplitudes. As a high-low sequence 
gives rise to damage from which the progressive mechanisms can start, it is more 
damaging than the low-high sequence. 
 
It can be concluded from the literature review that the opinions are strongly divided. 
Moreover it is very difficult to assess the generality of these experimental 
observations, because different materials, lay-ups and block loading conditions have 
been used in each experimental workplan. 
In the next paragraphs, the behaviour of the present fatigue damage model under 
block loading will be investigated, aiming at drawing more general conclusions 
about the cumulative fatigue damage modelling of fibre-reinforced composite 
materials. 
 
6.5.2. Block loading in bending fatigue 
The proposed fatigue damage model (see Equation (6.22)) is applied to the block 
loading bending fatigue experiment Pr10_1. First a block of 766,443 cycles with a 
small displacement umax = 7.1 mm is applied, next a second block with a larger 
displacement umax = 29.5 mm is applied until final failure. All model constants 
(Table 6.1) are retained. The experimental and simulated results are shown in Figure 
6.39. 
 
Chapter 6 A New Coupled Approach of Residual Stiffness and Strength for Uni-axial Fatigue Loading 
265 
0 200000 400000 600000 800000 1000000 1200000
No. of cycles [-]
0
10
20
30
40
50
60
70
80
90
100
Fo
rc
e 
[N
]
Degradation of [#0°]8 specimen with small and large displacement
umax = 7.1 mm umax = 29.5 mm
Experimental results
Finite element simulation
 
 
Figure 6.39 Block loading experiment with small and large displacement block. 
 
The initial force for the small displacement is somewhat higher than the 
experimentally measured force. This is due to the slightly nonlinear behaviour of the 
stress-strain response. 
At approximately one million cycles, the bending stiffness of the composite 
specimen reduces to nearly zero and a sort of “hinge” is formed at the clamped 
cross-section. This means that the remaining life under the second block was about 
200,000 cycles, while it was shown in the experiment and the simulation of the 
[#0°]8 specimen Pr05_2 (Figure 6.14) that the fatigue life without “pre-loading” was 
more than 700,000 cycles for an even larger prescribed displacement umax = 30.4 
mm. It appears that the fatigue damage model can simulate the observed 
experimental behaviour very well, including the moment of failure, due to the use of 
the fatigue failure index Σ(σ, D) (Eq. (6.16)). 
In Figure 6.40, corresponding with the force-cycle history of Figure 6.39, the 
simulated stress redistribution during fatigue life is shown at the clamped cross-
section. The abscissa contains the stress values, with tensile stresses being positive 
and compressive stresses being negative. The ordinate axis represents the full 
specimen thickness (y ∈ [-1.36 mm, +1.36 mm]). 
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Figure 6.40 Stress redistribution during fatigue life at the clamped cross-section. 
 
The first two curves show the stress distribution at the first loading cycle and at the 
last loading cycle before the second loading block was applied. The three last curves 
show the stress distribution (i) at the first cycle of the second loading block, (ii) 
about 60,000 cycles later, and (iii) just before final failure. It is seen from the last 
curve that the tensile stress at the upper surface has exceeded the tensile strength XT, 
hence the damage variable D equals 1.0 and the stiffness of that Gauss-point drops 
to zero. 
 
6.5.3. Load sequence effect: numerical simulations 
It will now be qualitatively demonstrated by numerical simulations that the 
damaging effect under block loading is due to transitions from low to high stress 
levels, and to the number of such transitions. Schaff and Davidson [29,30] already 
expressed the same opinion, but to model this damaging effect, they had to introduce 
a so-called “cycle-mix factor” which was applied at each transition where the mean 
stress increased. Here, it will be shown that the fatigue damage model (Eq. (6.22)) 
can simulate these effects without any modification. Moreover, cumulative damage 
rules are needless, because the damage growth rate equation dD/dN is simply 
integrated over the various loading blocks. 
Although a lot of researchers used the experimental data of Broutman and Sahu [62] 
to benchmark their model, these data could not be used here, because the published 
results in their paper [62] are not adequate to determine the five material constants ci 
(i=1,…5) in Equation (6.22). Indeed, the present fatigue damage model is basically a 
residual stiffness model, and the cycle history of the stiffness should be available to 
estimate the material constants. Therefore the present model will be applied to the 
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plain woven glass/epoxy material which was used in the author’s experiments. 
Naturally, the following results are intrinsic to the material used, due to the 
introduction of the five material constants ci (i=1,…5) in Equation (6.22). 
Nevertheless, the trend of the results is valuable for a broad range of fibre-reinforced 
composites, because the general layout of the damage growth rate equation dD/dN is 
characteristic of a lot of fibre-reinforced composite materials: a damage initiation 
phase (matrix cracks), followed by a stage of gradual propagation and finally 
ultimate failure. 
 
Before simulating the block loading experiments, the fatigue life Nfi for certain 
constant amplitude stress levels σi (0.3, 0.4, 0.6 and 0.7 × XT) is calculated. In Table 
6.2, the applied stress levels σi and the corresponding number of cycles to failure Nfi 
are listed. 
 
Table 6.2 Fatigue life for different constant amplitude stress levels in zero-tension 
fatigue. 
 
)MPa7.390X(
X TT
i
=
σ
Number of cycles to failure Nfi 
0.3 1,533,400 
0.4 695,220 
0.6 107,326 
0.7 22,220 
 
 
Next a high-low and a low-high load sequence is simulated, where the second block 
is applied when the Palmgren-Miner’s sum of the first block equals 0.5. Thus, for 
the high-low load sequence, 53,663 cycles at stress level 0.6 × XT are followed by a 
run-out at stress level 0.4 × XT, while for the low-high load sequence, 347,610 
cycles at stress level 0.4 × XT are followed by a run-out at stress level 0.6 × XT. The 
damage evolution for both load sequences is shown in Figure 6.41. 
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Figure 6.41 Damage-cycle history for high-low and low-high load sequences. 
 
Failure is predicted at 376,660 cycles for the low-high load sequence and at 541,253 
cycles for the high-low load sequence. The corresponding Miner’s sum equals 0.77 
and 1.162, respectively. In Figure 6.42 the cycle history of the fatigue failure index 
Σ(σ, D) is shown for both load sequences. 
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Figure 6.42 Fatigue failure index-cycle history for high-low and low-high load 
sequences. 
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The transition from a low stress level to a high stress level is here more damaging 
than from high to low, because when damage is already present, the effective stress 
σ~  (= σ/(1-D)) increases more than the applied nominal stress σ. For instance, after 
the low level block, the damage D equals 0.25, so when the nominal stress σ is 
raised from 0.4 × XT to 0.6 × XT, the failure index is not increased with 0.2, but with 
0.266. 
To simulate the “cycle-mix effect”, Schaff and Davidson [29,30] introduced a so-
called “cycle-mix factor”, but as mentioned earlier, this is not necessary with the 
present fatigue damage model. Each time that the mean stress is increased, the 
effective stress and hence the fatigue failure index increases more than 
proportionally, due to the division by the factor (1 – D). As a consequence, the 
initiation term in Eq. (6.22) contributes each time that the mean stress is raised. 
In Figure 6.43, the effect of “cycle-mix loading” with small and large cycle blocks is 
shown. In the large cycle block loading, the low blocks (0.4 × XT) are 140,000 
cycles in length, while the high blocks (0.6 × XT) are 20,000 cycles in length. In the 
small cycle block loading, the low blocks (0.4 × XT) are 35,000 cycles in length, 
while the high blocks (0.6 × XT) are 5,000 cycles in length. 
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Figure 6.43 Cycle-mix effect on the damage-cycle history. 
 
For the large cycle block loading, failure is predicted at 460,002 cycles, while for 
the small cycle block loading, failure occurs at 356,576 cycles, just at the moment 
when a new high cycle block has started. This can be explained by Figure 6.44, 
which shows the fatigue failure index-cycle history for the small cycle block 
loading. At the last transition from low to high stress level, the damage D equals 
0.41 and the applied nominal stress raises from 0.4 × XT to 0.6 × XT, but the fatigue 
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failure index reaches its failure value 1.0, due to the much larger increase in 
effective stress. 
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Figure 6.44 Fatigue failure index-cycle history for the small cycle blocks of Figure 
6.43. 
 
Figure 6.45 shows the fatigue failure index-cycle history for the large cycle block 
loading. Again, failure occurs at the last transition from low to high stress level. 
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Figure 6.45 Fatigue failure index-cycle history for the large cycle blocks of Figure 
6.43. 
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The load sequence effect and the cycle-mix effect have been simulated separately so 
far. From Figure 6.41, it could be concluded that a low-high sequence is more 
damaging than a high-low sequence. On the other hand, Adam et al. [57,67] 
concluded from their four-unit block loading experiments that a low initial stress 
appears more beneficial than a high initial stress. It will be qualitatively 
demonstrated by the numerical simulations that the conclusion of Figure 6.41 and 
the conclusion of Adam et al. [57] are not necessarily in contradiction with each 
other, because both the load sequence effect and the cycle-mix effect are present in 
the four-unit block loading experiments. To that purpose, these experiments by 
Adam et al. [57,67] will be numerically simulated for the glass/epoxy material under 
study with the present fatigue damage law (Eq. (6.22)). The approach is almost 
exactly the same as followed by Adam et al.: four-unit blocks with respective stress 
levels of 0.3, 0.4, 0.6 and 0.7 × XT are once applied in ascending order and once in 
descending order. The fractional life of each separate unit is 5 % ( = ni / Nfi ), so that 
the Palmgren-Miner’s sum of a complete four-unit block is 0.20. The data are 
summarized in Table 6.3. 
 
Table 6.3 Four-unit block loading simulations. 
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Figure 6.46 and Figure 6.47 show the simulated cycle history of damage and fatigue 
failure index for the low-high and high-low order of the four-unit block load 
sequence, respectively. Indeed, as observed by Adam et al. [57], the fatigue life for 
the high-low order (Nf = 354,651 cycles) is predicted considerably shorter than for 
the low-high order (Nf = 470,522 cycles), and in agreement with the observations by 
Adam et al., failure occurs for both cases at the start of a new block with the highest 
stress level. It may be noticed that the Palmgren-Miner’s sum is smaller than 1.0 for 
both load order sequences, which was not the case for the four-unit block loading 
experiments by Adam et al. However, here the applied stress levels vary between 0.3 
× XT and 0.7 × XT, while the applied stress levels for the experiments by Adams et 
al. were only between 0.60 × XT and 0.78 × XT. This stress range [0.60 × XT, 0.78 × 
XT] was broadened for the plain woven glass/epoxy composite, in order to cover the 
same wide range of fatigue lives. Indeed, the carbon/epoxy laminates in the tensile 
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fatigue experiments of Adams et al. [57] had mean fatigue lives of 4,623 cycles for 
σ = 0.78 × XT, and 3,251,476 cycles for σ = 0.60 × XT. 
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Figure 6.46 Cycle history of damage and fatigue failure index for low-high order of 
the four-unit block load sequence. 
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Figure 6.47 Cycle history of damage and fatigue failure index for high-low order of 
the four-unit block load sequence. 
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Adam et al. [57] concluded from their experiments that a low initial stress appears 
more beneficial than a high initial stress. However, in the author’s opinion, the 
major difference in both loading sequences lies in the fact that the largest transition 
from a low to a high stress level is more damaging for the high-low descending 
order than for the low-high ascending order (see schematic drawing in Table 6.3). 
For the high-low descending order, there is a brutal change of the stress level from 
0.3 × XT to 0.7 × XT, while this difference is accumulated more gradually for the 
low-high ascending order. 
In the author’s opinion, it may therefore be concluded that there is no general 
statement that low-high load sequences are more or less damaging than high-low 
load sequences. It strongly depends on the transitions from low to high stress level, 
and their number of appearance (“cycle-mix effect”). Moreover, the time during 
fatigue life at which these transitions occur, is important as well, because the 
increase of the effective stress σ~  (and hence the fatigue failure index Σ(σ, D)) is 
dependent on the present damage D. Hence the present simulations provide strong 
evidence that due to the stiffness degradation during fatigue life, the loading history 
should be fully simulated to correctly take into account all load sequence effects. 
Besides, once the fatigue damage model has been elaborated, no experimental 
damage accumulation rules or “cycle-mix factors” should be applied, since the 
damage evolution under each stress level is predicted by the damage growth rate 
equation dD/dN. 
 
6.5.4. Conclusion 
Numerical simulations on block loading, the “cycle-mix effect” and four-unit block 
loading sequences have been performed for tensile fatigue loading. These 
simulations have qualitatively shown that there is no general statement possible on 
the damaging effect of low-high and high-low load sequences. The most damaging 
effect is the (frequent) transition from a low to a high stress level, and it strongly 
depends on the number of these transitions and the present damage whether a low-
high or a high-low load sequence is the most damaging one. The present work only 
deals with one specific material combination and lay-up, while any fatigue damage 
theory should be validated for several substantially different fibre/matrix 
combinations and several different layups. Nevertheless, it has been shown that the 
fatigue failure index is particularly useful as a measure of the actually applied stress 
in the presence of fatigue damage. Further the combined approach of residual 
stiffness and strength allows to simulate the damage evolution as such, making 
superfluous any cumulative damage rule. 
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6.6. STRESS RATIO EFFECTS: FULLY-REVERSED BENDING 
For fully-reversed bending, the displacement ratio Rd = -1.0 and as a consequence, 
the applied stress amplitude changes sign during one fatigue loading cycle. It has 
been often reported in literature that this sign reversal of the applied stress has a 
detrimental effect on fatigue life [57,60,67-69]. Indeed, in Figure 6.48, the effect of 
tension-compression loading (R = -0.6 and R = -1.2) along with tension-tension 
loading (R = +0.1) on the fatigue strength of a standard graphite/epoxy 
unidirectional laminate is shown. The introduction of a compression component of 
load decreases the fatigue strength and increases the slope of the S-N curve. 
 
 
 
Figure 6.48 Effect of stress ratio on the fatigue strength of a unidirectional composite, 
XAS/914 [45]. 
 
The same effect is shown in Figure 6.49 in the case of a multidirectional 
graphite/epoxy laminate, [±45°/0°2]s, for R = 0.0 and R = -1.0. 
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Figure 6.49 Comparison of tension-tension and tension-compression fatigue lives [45]. 
 
This is because the plies, with and without fibres in the loading direction, develop 
intraply damage, and this causes local delamination at relatively short lifetimes. In 
tensile loading this is less serious, as the plies containing fibres aligned with the 
loading direction, continue to support the majority of the applied load. In 
compression, however, tensile-induced damage can lead to local instability and 
buckling, perhaps before resin and interfacial damage within the plies initiate fibre 
microbuckling. Thus fatigue lives in reversed tension-compression loading are 
usually shorter than for tension-tension loading. 
 
In the particular case of fully-reversed bending fatigue tests, the sign reversal of the 
stress leads also to a drastic reduction in fatigue life. Indeed, in Figure 6.50 the 
experimental force-cycle history of the single-sided bending fatigue test Pr05_2 (see 
also Figure 6.14) is compared with the experimental force-cycle history of the fully-
reversed bending fatigue test Pr08_6. For the single-sided bending fatigue test (umax 
= 30.4 mm), the fatigue life was about 800,000 cycles. When fully-reversed bending 
was applied with even a lower displacement amplitude (umax = 25.5 mm), the fatigue 
life was drastically reduced with more than a factor 10 to about 70,000 cycles. 
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Figure 6.50 Comparison of experimental data from single-sided and fully-reversed 
bending tests. 
 
When the fatigue damage model for single-sided bending (Eq. (6.22)) is applied to 
this fully-reversed bending fatigue experiment Pr08_6, the fatigue life is 
considerably overestimated, because the interacting effects of tensile and 
compressive damage have not been included in the growth rate equations so far. 
Figure 6.51 illustrates the experimental and simulated results. 
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Figure 6.51 Simulation of the fully-reversed bending fatigue experiment with the 
fatigue damage model for single-sided bending. 
 
The overestimation can be easily explained by the fact that in the model for single-
sided bending, the compressive part of the loading cycle causes negligible damage, 
due to the third power of the damage initiation function for compressive stresses 
(Eq. (6.22)). So only the tensile part of the loading cycle causes damage, and as umax 
(= 25.5 mm) for the fully-reversed bending fatigue test is smaller than umax (= 30.4 
mm) for the experiment in Figure 6.14, the fatigue life must be longer than the 
fatigue life of 800,000 cycles which was predicted and experimentally observed for 
the fatigue test in Figure 6.14. 
Therefore the fatigue damage model must be extended to include the interacting 
effect of tensile and compressive damage. First the general modelling framework for 
reversed fatigue loadings will be explained, based on the continuum damage 
mechanics theory. Secondly, the modified growth rate equations will be investigated 
in detail. 
 
6.6.1. General modelling framework 
The common fatigue modelling approach makes use of the stress ratio R = σmin/σmax 
to characterize the nature of the fatigue test (tension-tension, tension-compression, 
compression-compression,…). In the author’s opinion, this approach is not generally 
suited, for several reasons: 
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• the stress ratio is only valid as a characterizing parameter of the fatigue test when 
uni-axial tensile or compressive tests are performed. In more complicated uni-
axial loading conditions (e.g. bending), the stress ratio can be different for each 
material point and due to stress redistribution, the stress ratio for one particular 
material point can even change during fatigue life. For multi-axial loading 
conditions, the use of one single stress ratio does lose its sense completely, 
because the definition of a minimum and maximum stress level makes no sense, 
• the stress ratio does not take into account the underlying damage mechanisms. A 
fatigue damage model should be based on a sound modelling of the actual 
damage kinetics in order to correctly model the detrimental interaction between 
tensile and compressive damage. 
Therefore it is proposed here that the tension-compression fatigue loading cycle for 
each material point should be treated as two separate loading cycles, one in the 
tensile regime and one in the compressive regime, whereby the mutual interaction 
between these two loading cycles will be determined by the nature of the damage 
that is already present. In Figure 6.52 the principle is illustrated for a particular 
material point that is subjected to a tension-compression loading cycle. 
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Figure 6.52 Interpretation of the tension-compression fatigue loading cycle. 
 
For each material point, the uni-axial damage variable D (further designated as D11) 
is split up into t11d  (damage caused by tensile stresses) and 
c
11d  (damage caused by 
compressive stresses). The sum of both contributions t11d  and 
c
11d  still equals the 
total damage D11. In Figure 6.52 the first half of the loading cycle is in the tensile 
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regime and the maximum tensile stress is σ11(+) (t = T/4) where T is the period of the 
full tension-compression loading cycle; the corresponding growth rate is 
dN/)d(d t11 . In the second half of the loading cycle the maximum compressive stress 
is σ11(-) (t = 3T/4) and the corresponding growth rate is dN/)d(d c11 . The exact 
expression for these growth rate equations will be discussed further. Next, a new 
fatigue loading cycle must be evaluated with altered damage state and stiffness 
distribution. The cycle jump approach still remains valid. The maximum allowed 
increase of D11 (= c11
t
11 dd + ) is set forward and the local cycle jump is estimated for 
each Gauss-point of the finite element mesh. The global cycle jump is then 
determined for the whole finite element mesh as a certain percentile of the 
cumulative relative frequency distribution of all local cycle jump values. Figure 6.53 
illustrates the cycle jump principle for tension-compression loading. 
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Figure 6.53 The cycle jump approach for tension-compression loading. 
 
The last problem in the postulated modelling approach for tension-compression 
loading is the “crack closure” problem. This phenomenon was already encountered 
by Lemaitre when he defined the effective stress concept [3]. He observed that the 
effective stress σ~  should be different in tension and compression tests on concrete 
specimens for two important reasons [4]: 
• static rupture was different in tension and compression, 
• the elasticity modulus was different in tension and compression. 
These effects are associated with crack closure. Due to the closure of micro-cracks 
and micro-cavities in compression, the ability of the cross-section to carry loads 
depends upon the sign of the applied stress. Lemaitre suggested to define the 
effective stress in the one-dimensional case as follows [4]: 
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 (6.28) 
 
where h is a closure coefficient which characterizes the closure of the micro-cracks 
and micro-cavaties. 
This closure coefficient h can be calculated from the measurement on the damaged 
material of the elasticity modulus in tension Et = E⋅(1-D) and the elasticity modulus 
in compression Ec = E⋅(1-hD). Figure 6.54 shows an example of the determination of 
the crack closure coefficient for low-cycle fatigue of the A316L stainless steel [4]. 
 
 
 
Figure 6.54 Example of determination of the crack closure coefficient h [4]. 
 
Lemaitre concluded from experimental results that h = 0.2 is an acceptable value for 
several materials. Later on Lemaitre translated the concept to the three-dimensional 
case for quasi-static loading of metals [70]. 
It is important to note that the damage variable D in the definition by Lemaitre is the 
damage caused by tensile stresses in concrete. For concrete, it was assumed that the 
damage caused by compressive stresses was negligible. Here the effective stress 
should be transformed into: 
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The value of 0.2 for the crack closure coefficient h has been retained for all 
subsequent calculations. It is important to note that through this definition, the 
fatigue failure index Σ becomes a function of σ, t11d  and 
c
11d . 
The global damage variable D11 should also be redefined as: 
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Now that the global framework for the modelling approach of the tension-
compression fatigue loading conditions has been explained, the modified growth 
rate equations will be discussed. 
 
6.6.2. Growth rate equations for tension-compression fatigue loading 
From Figure 6.50 and Figure 6.51, it is clear that the additional damage mechanisms 
due to fully-reversed bending, are much more damage-driven than stress-driven, 
even though no delaminations are present. The prescribed displacement umax is so 
small that the induced stresses and strains are very small compared to the static 
strengths in tension and compression. The damage growth rate equations of the 
originally proposed model are governed by the fatigue failure index Σ(σ, D), but 
when applied to the fully-reversed bending experiment, the degradation is very small 
and seriously underestimates the real damage growth. 
Moreover there is much evidence in open literature that tension-compression fatigue 
is more detrimental than tension-tension fatigue, even without delaminations. Two 
major reasons can be distinguished: (i) increased debond growth and (ii) crack 
closure phenomena. 
Very recently Gamstedt and Sjögren [69] have published a sound theory to explain 
the increased debond growth under tension-compression fatigue. They observed 
that, when a debond is subjected to compressive loading, an opening zone appears at 
the tips of the interfacial crack (see Figure 6.55). 
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Figure 6.55 Crack opening and contact zone for a transversely loaded fibre in tension 
and compression [69]. 
 
Since debond propagation is more susceptible to mode I loading, the debond growth 
rate will be larger in compression. Indeed, for global tension, crack propagation 
would be in pure shear mode because the crack tip is closed. They further showed 
that debonding is the initiating mechanism to transverse cracking. 
Once the transverse cracks have been initiated, crack closure phenomena play an 
important role as well. Wevers et al. [71,72] proved that during the growth of 90° 
cracks in [02/902]s carbon/epoxy composites, material debris is formed between the 
crack faces. When the crack is closing down, this excess of material causes (i) 
compressive forces in the 90° plies, for perpendicular cracks, or (ii) sliding forces, 
for inclined matrix cracks. Thus, due to crack closure, additional damage is 
introduced. 
The fatigue damage model which was proposed for single-sided bending, will now 
be extended to include the damaging effect of tension-compression fatigue loading. 
Thereto the differential equations for the growth rate of tensile damage t11d  and 
compressive damage c11d  will be coupled. 
 
6.6.2.a. Damage initiation function 
As reported by Gamstedt and Sjögren [69], there is an accelerated initiation of 
transverse cracks under tension-compression loading. They observed that the total 
length of transverse cracks grew to be more than twice as large for tension-
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compression compared to tension-tension. This is confirmed by the present bending 
fatigue experiments. 
Figure 6.56 illustrates the conventions that are used for fully-reversed bending. 
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Figure 6.56 Conventions for representation of bending force F and decrease ∆F. 
 
The prescribed displacement umin has the same magnitude as umax, but has the 
opposite sign. The force F is still defined as the force that is measured by the strain 
gauge bridge at the time that u = umax or u = umin. As it concerns fully-reversed 
bending (displacement ratio Rd = -1.0), the measured force F for u = umax (t = T/4) 
has the same magnitude as for u = umin (t = 3T/4), but again has the opposite sign. 
So, a fully-reversed bending fatigue test (Rd = -1.0) with umax = 25.5 mm and F = 
80.0 N, means that the prescribed displacement varies between –25.5 mm and +25.5 
mm, and that the measured force varies between –80.0 N and +80.0 N. The symbol 
∆F here represents the decrease of the measured force F after 2,200 loading cycles. 
So, if ∆F is defined as a positive quantity and F0 is the measured force at the first 
loading cycle, then the measured force varies between –(F0 – ∆F) and +(F0 – ∆F) 
after 2,200 loading cycles. 
When this decrease of the bending force ∆F after the first 2,200 cycles is 
experimentally measured for several bending fatigue experiments, it appears that it 
is considerably larger for fully-reversed bending than for single-sided bending. In 
Table 6.4, some values are presented, and although there is some scatter on the ∆F 
value, it clearly shows that the damage initiation phase is more damaging for fully-
reversed bending. 
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Table 6.4 Degradation of bending force during first 2,200 loading cycles. 
 
Single-sided bending Fully-reversed bending 
Specimen umax F0 ∆F Specimen umax F0 ∆F 
Pr08_2 38.9 mm 130.4 N 7.3 N  
Pr10_4 34.4 mm 117.5 N 5.7 N  
Pr05_3 29.5 mm 102.5 N 5.2 N  
Pr05_1 27.7 mm 98.1 N 3.3 N  
   Pr08_6 25.5 mm 77.6 N 6.2 N 
   Pr09_5 21.8 mm 60.3 N 3.3 N 
   Pr08_4 19.5 mm 56.4 N 4.5 N 
 
Hence the model constants c1 and c2 in Eq. (6.22) should be affected by the 
transition to tension-compression loading. However, as a sound modelling requires a 
constant value of the parameters c1 and c2 for both single-sided and fully-reversed 
loading, the constants c1 and c2 are not modified themselves, but are multiplied with 
or divided by a function which, for dN/)d(d t11 , depends on the damage 
c
11d , and 
vice versa. As such, the differential equations for dN/)d(d t11  and dN/)d(d
c
11  are 
coupled. 
The first function should increase the parameter c1, because the initiation rate for 
reversed loading is higher, while the second function should decrease the parameter 
c2, because the saturation state is reached at a higher matrix crack density. 
Nevertheless, the introduction of these functions alone did not suffice to simulate the 
accelerated initiation phase satisfactorily. From a detailed inspection of the model 
equations, it was proved that the third power of the damage initiation function for 
compressive stresses (Eq. (6.22)) should decrease, in order to simulate the 
accelerated damage initiation phenomenon adequately. Indeed, when the third power 
for compressive damage initiation is maintained for fully-reversed bending, the 
compressive damage remains very small, and the resulting bending force 
degradation remains limited, because the decreasing load-bearing capacity at the 
tensile side is compensated by higher stresses at the compressive side. However, 
when the third power is lowered, the damage initiation phase can be simulated very 
well. The new equations for the damage initiation phase with tension-compression 
fatigue loading are: 
 
Chapter 6 A New Coupled Approach of Residual Stiffness and Strength for Uni-axial Fatigue Loading 
285 
( ) ( )
( )
( )










<σ




















 +⋅Σ
−
⋅Σ⋅

 +⋅
=
≥σ










 +⋅Σ
−⋅Σ⋅

 +⋅=
⋅−⋅+
0if
d1
dcexp
d1c
dN
)d(d
0if
d1
dcexpd1c
dN
)d(d
)dcexp(21
2t
11
c
11
2
2t
111
initiation
c
11
2c
11
t
11
2
2c
111
initiation
t
11
t
116  (6.31) 
 
Only one new constant c6 has been introduced, which regulates the decrease of the 
third power and the accelerated initiation of compressive damage. It is worthwhile to 
note that if there is only one type of damage (compressive or tensile) in each 
material point, the equations reduce to the ones for single-sided bending (Eq. 
(6.22)). 
Figure 6.57 shows the force-cycle history of the Pr08_4 specimen for the first 
150,000 loading cycles under fully-reversed bending, together with two finite 
element simulations. The displacement ratio Rd was –1.0 and umax was 19.5 mm for 
both simulations. The first simulation used the coupled equations for damage 
initiation in Eq. (6.31), while the second simulation used the uncoupled terms for 
damage initiation under single-sided bending in Eq. (6.22). For the latter simulation, 
the tensile damage and compressive damage were calculated with the corresponding 
equation dD/dN for σ ≥ 0 and σ < 0, and both damage values were added. The 
constant c6 was chosen to be 13.0, while the other constants c1 and c2 were retained 
(see Table 6.1). 
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Figure 6.57 Damage initiation for fully-reversed bending with uncoupled and coupled 
growth rate equations. 
 
6.6.2.b. Damage propagation function 
It appears from Figure 6.50 that the slope of the second stage of the force-cycle 
history is increased for fully-reversed bending. This has also been observed with 
other fatigue experiments: the downhill slope of the force-cycle history for the fully-
reversed bending experiments is steeper than for the single-sided bending 
experiments. Therefore it seems evident that also the second term in the growth rate 
equations which accounts for damage propagation, should be increased. 
For single-sided bending, damage propagation was accelerated fast as soon as the 
threshold c4 was crossed (initiation of fibre fracture leading to final failure). From 
various simulations, it appeared that for fully-reversed bending, the damage 
propagation is also accelerated by the presence of the other type of damage ( t11d  or 
c
11d ), but only if a certain threshold for the fatigue failure index Σ(σ, 
t
11d , 
c
11d ) has 
been crossed. Hence the damage propagation term in Eq. (6.22) is replaced by: 
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Although this new damage acceleration factor may seem complicated, it simply 
expresses that due to the mutual interaction of both damage types, the damage 
propagation term is multiplied with the factor [1+ c11d exp(c8
c
11d )] or 
[1+ t11d exp(c8
t
11d )], once the fatigue failure index Σ(σ, 
t
11d , 
c
11d ) has crossed 
the threshold c7. The presence of this threshold c7 is modelled by the sigmoidal 
function 1/[1+exp(-c5(Σ-c7))]. This function is widely used in neural networking 
algorithms, where it behaves as an activation function in each node of the neural 
network topology. Here it acts in the same way: once that the fatigue failure index 
Σ(σ, t11d , 
c
11d ) has crossed the threshold c7, damage propagation will be accelerated 
due to the presence of the other damage type ( t11d  or 
c
11d ). Figure 6.58 shows the 
behaviour of the sigmoidal function, the constants c5 and c7 being 93.0 (see Table 
6.1) and 0.5, respectively. 
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Figure 6.58 Sigmoidal function used to model the threshold existence. 
 
Although it seems from Eq. (6.32) that, once the threshold c7 has been crossed, the 
damage acceleration factor depends no longer on the actual value of the fatigue 
failure index Σ, this is not the case. If the fatigue failure index Σ further increases 
beyond the threshold c7, the increased growth rates dN/)d(d t11  and dN/)d(d
c
11  will 
contribute to a higher value of t11d  and 
c
11d , and hence to a larger value of the 
coupled damage acceleration factors. 
Again the system of equations (6.32) reduces to the original model for single-sided 
bending, when only one type of damage is present in each material point. Further it 
is important to note that even if the fatigue failure index Σ is below the damage 
acceleration threshold c7, there is still a coupling between the two expressions 
dN/)d(d t11  and dN/)d(d
c
11  for damage propagation, because the fatigue failure 
index is function of the effective stress σ~  and this effective stress σ~  accounts for 
both tensile and compressive damage (Eq. (6.29)). 
 
6.6.3. Final layout of the fatigue damage model 
The final system of damage growth rate equations can be written as: 
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 (6.33) 
 
As compared to the fatigue damage model for single-sided bending, three additional 
constants c6, c7 and c8 have been introduced. Each of these constants has again a 
very close relation with the underlying damage mechanisms. The constant c6 
expresses the experimental observation that damage initiation in the compressive 
regime is accelerated by the presence of tensile damage, as reported by Gamstedt 
and Sjögren [69]. The constants c7 and c8 are introduced in the damage acceleration 
factor, which simulates that once the fatigue failure index Σ has crossed the 
threshold c7, the damage propagation is accelerated because of the presence of the 
other damage type ( t11d  or 
c
11d ). Of course, the constants ci (i=1,…,5) keep their 
values listed in Table 6.1. 
 
6.6.4. Finite element simulations 
The three constants c6, c7 and c8 have been determined for the “standard” experiment 
Pr08_4. The prescribed displacement amplitude umax was 19.5 mm and the 
displacement ratio Rd was equal to –1.0 (fully-reversed bending). In Figure 6.59, the 
experimental and simulated results are shown. The dimensionless constants c6, c7 
and c8 were determined to be respectively: 13.0 [-], 0.5 [-] and 9.7 [-]. 
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Figure 6.59 Experimental and simulated results for [#0°]8 specimen Pr08_4 (umax = 
19.5 mm, Rd = -1.0). 
 
It is worthwhile to note that there is indeed a threshold for damage propagation, 
because the fatigue life now exceeds 1,200,000 cycles for umax = 19.5 mm, while it 
was reduced to about 70,000 cycles for umax = 25.5 mm (see Figure 6.50). The 
constants ci (i = 1,…,8) were of course retained for all subsequent simulations. 
 
The fatigue damage model is now applied to the fully-reversed bending fatigue 
experiment Pr08_6 which was shown in Figure 6.50. The prescribed displacement 
amplitude umax was increased up to 25.5 mm and the fatigue life was drastically 
reduced to about 70,000 cycles. Figure 6.60 shows the experimental and simulated 
force-cycle history for the Pr08_6 specimen. The fatigue damage model simulates 
very well the observed experimental behaviour, although the three new constants c6, 
c7 and c8 have been optimized for a fully-reversed bending fatigue experiment with a 
fatigue life of more than 1,200,000 cycles. 
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Figure 6.60 Experimental and simulated results for [#0°]8 specimen Pr08_6 (umax = 
25.5 mm, Rd = -1.0). 
 
It was stated earlier that the stress ratio R (= σmin/σmax) is not a suitable parameter to 
describe the general fatigue loading conditions in the tension-compression regime. 
This can be clearly demonstrated by the simulated results of this last fatigue test. 
The Gauss-point 1602 was chosen as the point of interest as it is situated at the 
specimen surface in the clamped cross-section (see Figure 6.24). 
In Figure 6.61 the time-history of the normal stress σ11 for this particular Gauss-
point is shown at several stages of fatigue life. The fatigue test frequency was 
mentioned to be 2.2 Hz, so one fatigue cycle corresponds to 0.45 seconds. At the 
first loading cycle, the Gauss-point is loaded with a tensile stress during the first half 
of the period, and with an equal compressive stress during the second half of the 
period. The stress ratio R is indeed –1.0. However when damage is initiating, the 
stress magnitudes diverge for tension and compression, because the damage growth 
rate expressions are different and the compression-loaded specimen side is behaving 
stiffer due to the crack closure phenomenon (see Equation (6.29)). So the stress ratio 
R is continuously changing during fatigue life, as it is the general case in real 
structures. At cycle 33,918, the stress ratio R for this particular Gauss-point has 
become –1.7 (= -134.8/79.2), while the stress ratio R was –1.0 for the first loading 
cycle. 
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Figure 6.61 Stress-time history during one single fatigue loading cycle for a particular 
Gauss-point. 
 
Finally, Figure 6.62 shows for the same Gauss-point 1602 the evolution of the total 
damage D11, the tensile damage t11d  and the compressive damage 
c
11d . 
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Figure 6.62 Evolution of total, tensile and compressive damage in a particular Gauss-
point. 
Chapter 6 A New Coupled Approach of Residual Stiffness and Strength for Uni-axial Fatigue Loading 
293 
It is worthwhile to note that although the Gauss-point 1602 is predicted to fail at 
cycle 38,918 (and thus also the Gauss-point at the reverse surface of the specimen), 
the bending force is maintained for 17,000 cycles more at a relatively high level. 
This is of course due to the stress redistribution in the cross-sections near the 
clamped end of the composite specimen, as illustrated by Figure 6.63. 
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Figure 6.63 Stress redistribution at the clamped cross-section during fatigue life. 
 
The last simulation is for the specimen Pr09_5. This specimen was subjected to a 
slightly larger displacement amplitude umax = 21.8 mm than the “standard” 
experiment Pr08_4 (see Figure 6.59). In Figure 6.64, the experimental and simulated 
results are shown. 
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Figure 6.64 Experimental and simulated results for [#0°]8 specimen Pr09_5 (umax = 
21.8 mm, Rd = -1.0). 
 
It appears that the degradation is overpredicted by the fatigue damage model. This is 
not surprising, because it could already be seen from Table 6.4 that the Pr09_5 
specimen shows a smaller initial decline of the bending force than the other 
specimens. After the initial decline, the experimental force-cycle history remains 
almost horizontal, while there was a significant slope in the force-cycle history of 
the Pr08_4 specimen (see Figure 6.59) although the latter was subjected to a smaller 
displacement amplitude umax. This proves that the value of the threshold for damage 
propagation is subject to some experimental scatter, but this is an intrinsic property 
of fatigue experiments. 
 
6.6.5. Discussion of the damage acceleration factor 
The damage acceleration factor for mutual interaction of compressive and tensile 
damage growth has been defined as: 
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The formulation (6.34) for the damage acceleration factor is quite different from the 
expressions used so far. Therefore it was investigated if this damage acceleration 
factor could have a similar form as the damage acceleration factor for fibre fracture 
1 + exp[c5(Σ - c4)], being for example: 
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It appeared that the constant c8 should have a far larger value (c8 = 121.1), because 
the factor (Σ - c7) reduces the power of the exponential function, which was not the 
case for Equation (6.34). However, once that the difference (Σ - c7) becomes 
increasingly positive, the large value of c8 forces the damage to increase very fast. 
As a consequence, the damage acceleration factor defined in Equation (6.35) 
simulates a fibre fracture alike phenomenon once that the fatigue failure index Σ 
increases. Figure 6.65 illustrates this with the simulation of the fully-reversed 
bending fatigue experiment Pr08_6 for the two definitions of the damage 
acceleration factor. 
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Figure 6.65 Finite element simulation with different damage acceleration factors. 
 
For about 45,000 cycles, both definitions yield a good simulation, but once that the 
difference (Σ - c7) becomes larger for certain Gauss-points, a sudden failure is 
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predicted, while the other definition can simulate a more gradual failure of the 
composite component. 
 
 
6.7. EFFECT OF STRICTLY POSITIVE STRESS RATIOS (R > 0) 
In the previous paragraph, it has been shown that the coupled differential equations 
for tensile damage t11d  and compressive damage 
c
11d  provide a much more general 
formulation for fully-reversed loading. However, the effect of mean stress is present 
as well when strictly positive stress ratios (R > 0) are considered. 
This mean stress effect could not be quantitatively described for the present fatigue 
damage model, because the bending fatigue setup is not adequate for that purpose. If 
for example a displacement ratio Rd (Rd = umin/umax) of 0.3 in single-sided bending 
would be prescribed, the loading range of each integration point could be different. 
Indeed, due to the effect of damage, stress redistribution would occur, and the 
integration points would not only have a different maximum stress σmax, but also a 
different stress ratio R. If only the measured force-cycle history can be used as a 
benchmark for validation, the mean stress effect cannot be reliably modelled. 
Nevertheless, an attempt is made to propose a consistent integration of the mean 
stress effect into the differential growth rate equations for tension and compression, 
as they have been derived in the previous paragraph. The formulation is based on 
existing results in open literature. 
 
From Figure 6.66, which shows the σ/log Nf curves for a [(±45°,0°2)2]s 
graphite/epoxy laminate at various stress ratios, it can be seen that the fatigue life 
increases if the stress ratio R increases from +0.1 to +0.5. 
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Figure 6.66 σ/log Nf curves for a [(±45°,0°2)2]s graphite/epoxy laminate at various 
stress ratios [73]. 
 
Many authors have shown that if the maximum stress is kept constant, the damage 
growth is reduced for increasing mean stress. Wevers et al. [71,72] studied the 
fatigue damage development in carbon/epoxy laminates. They reported that the 
number of matrix cracks in the cross-ply laminates was considerably smaller if the 
stress ratio for tension-tension fatigue was increased from R = 0.03 to R = 0.5. 
According to Wevers et al. [71,72], this phenomenon could be due to crack closure. 
During the growth of 90° cracks, material debris is formed between the crack faces. 
When the crack is closing down, this excess material causes (i) compressive forces 
in the 90° plies, for perpendicular cracks, or (ii) sliding forces, for inclined matrix 
cracks. For the fatigue tests with increased stress ratio, the cracks will stay open and 
no additional cracks can be formed at the low stress level. 
Several authors have reported similar results. Mallick [45] presented representative 
fatigue data, in the form of a Goodman diagram, for several unidirectional 
composites at 107 cycles. Figure 6.67 shows the results; the straight lines of equal 
maximum stress have been added by the author (σmax = σm + ∆σ/2 = cte). This graph 
confirms again that if the stress ratio R is increased, the maximum stress can be 
larger for the same fatigue life. 
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Figure 6.67 Effect of mean stress on fatigue life at 107 cycles of different 
unidirectional composites [45]. 
 
Beaumont [21] studied the damage behaviour of quasi-isotropic carbon/epoxy 
laminates. He calculated the damage growth rate as a function of the stress 
amplitude ∆σ: 
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where R is the stress ratio, σ∆  is the applied stress range and σTS is the tensile 
strength (see also Eq. (3.67)). He proposed the following equation to express the 
effect of increasing mean stress on the damage growth rate: 
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where dD/dN is the damage growth rate, σm is the mean stress and the power p is a 
constant (p = 1.6). Beaumont has performed his basic experiments at a stress ratio R 
= 0.1, and has chosen this stress ratio as a reference level. 
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At first sight, this expression seems in contradiction with the experimental results 
reported by other authors, because if the mean stress increases, the damage growth 
rate accelerates. However, Beaumont did not compare the damage growth rates for 
constant maximum stress σmax, but for constant stress amplitude ∆σ. Indeed, 
Beaumont preferred to characterize the fatigue loading by the stress ratio R and the 
stress amplitude ∆σ, rather than by the stress ratio and the maximum stress σmax. If 
the damage growth rate is plotted as a function of ∆σ for a range of values of R 
(Figure 6.68), Beaumont observed that for ∆σ = 220 MPa, increasing the stress ratio 
R from R = 0.1 to R = 0.53 accelerated the damage rate by a factor of 4 or more. 
 
 
 
Figure 6.68 Damage rate dD/dN as a function of applied stress range for various 
stress ratios R [21]. 
 
This is obvious, because it can be easily calculated that at the same time, the 
maximum stress σmax (= ∆σ/(1-R)) increases from 244.5 MPa (R = 0.1) to 468 MPa 
(R = 0.53). It is not surprising that the damage growth rate is much higher then, if 
the damage initiation function of the present fatigue damage model is recalled. If the 
maximum stress σmax is almost twice as high, the fatigue failure index Σ(σ, D) 
doubles as well and the damage initiation rate is increased considerably. 
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Beaumont further has plotted the experimental results in the form dD/dN versus 
mean stress. The results are shown in Figure 6.69. 
 
 
 
Figure 6.69 Effect of mean stress on the damage growth rate [21]. 
 
The author has added three arrows on the graph. These points indicate three loading 
conditions where the maximum stress σmax is kept constant at 330 MPa and the 
stress ratio R equals 0.0, 0.3 and 0.5. The respective mean stresses σm 
(=σmax⋅(1+R)/2) are 165 MPa, 214.5 MPa and 247.5 MPa. It can be clearly seen that 
when the stress ratio R is increasing for constant maximum stress, the damage 
growth rate dD/dN is decreasing, in agreement with the reported results by other 
researchers. 
 
Summarized, it makes sense to multiply the damage growth rates for tensile and 
compressive damage with a factor that is decreasing for increasing stress ratio, when 
the maximum stress is kept constant. In the case of the expression that Beaumont 
proposed, it can be easily calculated that, if the stress amplitude ∆σ is constant, the 
ratio of mean stresses in Equation (6.37) can be written as: 
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It is clear that this equation is only valid if and only if the stress amplitude ∆σ is 
constant. However, in the present fatigue damage model, the fatigue loading of each 
material point has been characterized by the maximum stress σmax and the stress 
ratio R, instead of by the stress amplitude ∆σ and the stress ratio R. Further, the 
stress ratio R = 0 has been chosen as a reference. As a consequence, a similar 
expression to Equation (6.38) can be derived, but now, the ratio of mean stresses is 
expressed for constant maximum stress σmax. Therefore, the multiplying factor can 
be written as: 
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As the damage growth rate dD/dN should be decreasing when the stress ratio R is 
increasing for constant maximum stress σmax, the power p should in fact be replaced 
by minus p. Further, Equation (6.39) is not normalized for the boundary condition 
that, if the mean stress σm equals the maximum stress σmax, the multiplying factor 
should be zero, because there is no fatigue loading anymore. If these two 
modifications are made to Equation (6.39), a very similar expression to Equation 
(6.37) is established: 
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The multiplying factor in Equation (6.40) is plotted in Figure 6.70 for p = 1.6 (the 
value that was determined by Beaumont [21]). 
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Figure 6.70 Stress ratio function for tensile damage (power p = 1.6). 
 
It is important to note that the stress ratio range for tension-tension fatigue and 
compression-compression fatigue is totally different. Due to the fact that the 
algebraic sign of the minimum and maximum stresses is included in the definition of 
the stress ratio R, a stress ratio R = +0.1 for tension-tension loading is equivalent 
with R = +10.0 for compression-compression loading. So for tension-tension 
fatigue, the stress ratio R is in the range 0 < R < 1, while for compression-
compression fatigue, the stress ratio R is in the range 1 < R < +∞. For zero-
compression loading, the stress ratio R is -∞. Hence the system of damage growth 
rate equations can be written as: 
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The multiplying factor for compressive damage growth rate has been plotted in 
Figure 6.71 for p = 1.6. The abscissa scale is a log scale, due to the semi-infinite 
range of the stress ratio R for compression-compression loading. 
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Figure 6.71 Stress ratio function for compressive damage (power p = 1.6). 
 
Although the expressions in Equation (6.41) have not been experimentally validated, 
it is demonstrated that the effect of negative and positive stress ratios can both be 
included in the general framework of the present fatigue damage model. 
 
 
6.8. LOCALIZATION 
As the localization phenomenon (see Chapter 5) is not related to the cycle jump 
approach as such, but to the implemented model, it should be investigated whether 
or not the present fatigue damage model poses any problems as regards localization. 
Thereto, the same experiments, which were applied to the modified Sidoroff and 
Subagio residual stiffness model (see Chapter 5) have been repeated for the present 
fatigue damage model. The finite element size in width and length was again 
reduced in four steps from 2 millimeters to 0.5 millimeters, and again no localization 
problems could be observed. 
In the author’s opinion, the localization phenomenon is not a problem, as long as the 
damage growth is rather gradual during fatigue life, and stresses are redistributing 
across the structure, lowering the stress concentrations and preventing the damage 
zone from being mesh sensitive. 
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6.9. LIMITATIONS OF THE GENERAL CLASS OF 1-D MODELS 
In this chapter, a new fatigue damage model has been presented. There are some 
major improvements compared to the existing fatigue models: 
• although the model is based on the residual stiffness approach, there is a 
coupling with residual strength through the modified use of the Tsai-Wu static 
failure criterion and the fatigue failure index Σ(σ, D). As such, the final failure of 
the composite component can be predicted, and the experimental input for the 
model is limited to the static strength properties. This is an additional advantage, 
because residual strength tests are destructive and the scatter is large, compared 
to the scatter on the residual stiffness, 
• it has been shown that load sequence and cycle-mix effects can be simulated 
with the present model, because the actual damage-cycle history is fully 
simulated, 
• a system of coupled differential equations has been proposed to take into account 
the adverse effect of fully-reversed fatigue testing. This approach is far more 
general than the use of the stress ratio R = -1, because due to the stress 
redistribution, the value of the stress ratio is changing during fatigue life. 
Nevertheless, as the fatigue damage model is one-dimensional in nature, there are 
some limitations. As discussed in Chapter 2, the stacking sequence [#45°]8 shows a 
quite different damage pattern from the [#0°]8 stacking sequence. This is not 
surprising as the stress state is also different. Indeed, in the [#0°]8 stacking sequence, 
the only important orthotropic stress is σ11. In the [#45°]8 stacking sequence, the 
orthotropic stresses σ11, σ22 and σ12 all have comparable values (when normalized to 
their respective strengths) and are certainly not negligble one to another. If the one-
dimensional fatigue damage model is applied to the [#45°]8 stacking sequence, the 
normal stress σxx (in the direction of bending) is used in the constitutive equations, 
and no shear stresses are taken into account. Figure 6.72 shows the one-dimensional 
finite element simulation for the [#45°]8 specimen Pr06_1 (umax = 35.6 mm) with the 
applied fatigue damage model (6.22). 
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Figure 6.72 One-dimensional finite element simulation for [#45°]8 specimen Pr06_1 
with umax = 35.6 mm. 
 
It is clearly shown that the proposed one-dimensional fatigue damage law largely 
underestimates the force degradation under fatigue for the [#45°]8 specimens. As a 
consequence, the extension of the present model to a multi-axial fatigue damage 
model that properly accounts for the different damage mechanisms in [#0°]8 and 
[#45°]8 composite specimens, seems inevitable. 
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Chapter 7 
 
 
 
Extension to a Multi-axial 
Fatigue Damage Model 
 
 
 
In this chapter, the one-dimensional fatigue damage model, 
discussed in the previous chapter, will be extended for 
multi-axial in-plane stress states. The Tsai-Wu quadratic 
failure criterion is used again to account for the multi-axial 
stress state, and a new set of directional damage variables is 
defined. Also, the accumulation of permanent strain has 
been included in the constitutive equations. 
 
 
7.1. INTRODUCTION 
At the end of Chapter 6, it has been shown that the one-dimensional fatigue damage 
model can by no means simulate the fatigue behaviour of both [#0°]8 and [#45°]8 
specimens, due to the quite different actual damage mechanisms in the underlying 
material. Therefore, the one-dimensional fatigue model will be extended for multi-
axial fatigue loading conditions. In this chapter, the [#45°]8 specimen will thus be 
treated as a group of eight orthotropic layers with elastic properties E11, E22, G12 and 
ν12, which are stacked under 45° with the loading direction. As such, the real stress 
state in the material will be simulated far more accurately, although it must be kept 
in mind that still, the homogenized elastic properties are used, and that the exact 
geometry of the fabric has been replaced by a representative orthotropic lamina. 
First it was investigated if the approximation of in-plane stress state is valid for the 
material under study. Thereto, a nonlinear quasi-static analysis of the first fatigue 
loading cycle (without fatigue damage) has been calculated for a few prescribed 
displacements umax. 
The inspection of the three-dimensional stress state for the bending fatigue 
experiments proved that an in-plane treatment of the fatigue damage is justified. 
Indeed, the stacking sequence has been chosen such that delaminations do not 
develop under the experimental loading conditions, and the out-of-plane stresses are 
very small. The normal stress component σ33 is compressive at the fixed clamp, due 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
312 
to the pre-tension force of the clamping plates, while its value is negligible remote 
from the fixed clamp. The value of the transverse shear component σ13 does not 
exceed 2.0 MPa for the largest prescribed displacements umax, while the normal 
stress components σ11 and σ22 reach values of more than 150 MPa. 
 
First the one-dimensional fatigue damage model will be extended for single-sided 
bending (prescribed displacement umin = 0.0). The permanent strain will be 
introduced as a new damage state variable in the constitutive equations. Once this 
multi-axial fatigue model has been validated, additional modifications will be made 
for fully-reversed bending (umin = -umax). Still, the application of the multi-axial 
fatigue model is restricted to in-plane stress states, because delaminations were not 
considered in the present modelling scope. 
 
 
7.2. EXTENSION OF THE 1-D FATIGUE DAMAGE MODEL 
FOR SINGLE-SIDED BENDING 
7.2.1. Damage-stiffness relationships 
The extension of the one-dimensional fatigue damage model towards multi-axial 
loading conditions poses a very important problem: in the one-dimensional case, the 
relation between stress and strain was straightforward: 
 
 1111011 )D1(E ε−=σ  (7.1) 
 
If the longitudinal Young’s modulus E0 is replaced by the stiffness matrix [C], the 
relation E = E0⋅(1-D11) must be replaced by more complex relations including the 
interactions between several elastic properties. For example, Surgeon [1] reported a 
considerable degradation of the Poisson’s ratio of cross-ply carbon/epoxy laminates 
under quasi-static tensile testing. This degradation has also been observed under 
fatigue loading. 
So, when the Equation (7.1) is transposed to a three-dimensional stress state, it 
becomes [2]: 
 
 ( ) klrsklijrsijklklijklij EDEE~ ε−=ε=σ  (7.2) 
 
As the symmetry of the resulting stiffness tensor ijklE
~
 must be maintained, the 
damage tensor Dijrs itself is not symmetric. Cauvin and Testa [2] have calculated that 
if the undamaged material is isotropic and the damaged material is orthotropic, the 
damage tensor D can be written as [2]: 
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Although this damage tensor is not symmetric, it has only nine independent 
elements, because due to the required symmetry of ijklE
~
 (Eq. (7.2)), there are three 
constraint equations that relate the elements below the diagonal with the ones above 
[2] (these elements are in bold face): 
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The Equations (7.4) have only been reported here to draw the reader’s attention to 
the inevitable complexities when this scheme would be used to model stiffness 
degradation by fatigue: 
• in the Equations (7.2) and (7.4), the elastic properties are only two in number: 
the isotropic Young’s modulus E and the Poisson coefficient ν, because it was 
assumed that the undamaged material was isotropic. If this theory would be 
extended for fibre-reinforced composite materials with an initial orthotropic 
stiffness matrix, the constraint equations would be far more complex, 
• nine damage growth rate equations should be established to predict the behaviour 
under fatigue of each of the nine independent elements of the damage tensor. 
Each of these equations would contain a few constants which would immediately 
raise the number of material constants to an unacceptable quantity for use in 
common practice, 
• the simple relation between residual stiffness and damage in the one-dimensional 
case (D = 1 – E/E0) has been replaced by complex equations relating the damage 
variables with the residual elastic properties. 
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Although this damage mechanics theory is mathematically consistent, it is too 
complicated to use for fatigue damage modelling of fibre-reinforced composites. 
 
Another approach to solve the ambiguity of the non-symmetric damage tensor (see 
Equation (7.4)), is to use the stress as the dependent variable. Lemaitre et al. [3] 
calculated the strains as (summation convention): 
 
 ijkkij
e
ij
~
E
~
E
1 δσν−σν+=ε  (7.5) 
 
where the effective stress tensor ij
~σ  is symmetric and does not depend on the 
elasticity parameters (summation convention): 
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Without going into details, the effective stress tensor has been split up into a 
deviatoric stress (affected by a tensorial damage variable D ) and a hydrostatic stress 
(affected by the scalar damage variable DH). 
Further, Lemaitre et al. [3] needed a criterion to distinguish between tension and 
compression in multi-axial stress states, because the behaviour of micro-cracks in 
tension and compression was different. They proposed to calculate the principal 
stresses and to apply the crack closure coefficient h to the negative part of the 
principal stresses. 
The approach outlined by Lemaitre et al. [3] is not suited for the fatigue modelling 
of fibre-reinforced composite materials, because of the following reasons: 
• the elasticity law in Equation (7.5) poses serious difficulties when using implicit 
finite element codes such as SAMCEFTM, because the strains are function of the 
stresses, 
• Lemaitre et al. [3] have applied the theory to the quasi-static behaviour of virgin 
isotropic steel alloys, not to the fatigue behaviour of virgin orthotropic composite 
materials. Although the theory may be sound for isotropic materials, it does not 
reflect the quite different mechanics of composite materials. Besides, the 
distinction between a deviatoric stress and a hydrostatic stress in Equation (7.6) 
is rather meaningless for fibre-reinforced composites, because the material is 
inhomogeneous and anisotropic, and the stress state depends on the fibre and 
matrix architecture. 
Here, an alternative engineering approach is proposed. It is first postulated that there 
is a distinct difference between the damage kinetics of intra-layer damage (matrix 
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cracks, fibre/matrix debonding, fibre fracture,…) and inter-layer damage 
(delaminations). Moreover the responsible stress components are not the same. The 
in-plane stresses (σ11, σ22 and σ12) are affecting the intra-layer damage, while the 
out-of-plane stresses (σ13, σ23 and σ33) are causing inter-layer damage. It is clear that 
the one-dimensional fatigue damage model developed so far, is modelling the intra-
layer damage types. Delaminations are not taken into account and the stacking 
sequence was chosen such that delaminations did not develop under the 
experimental loading conditions. 
If only intra-layer damage is considered, it is postulated that there exist three 
damage variables D11, D22 and D12 which are defined through the relations: 
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where [C] is the initial orthotropic stiffness matrix of the composite material. 
Although this Equation represents a simplified approach, it is at least manageable in 
terms of number of damage variables and finite element implementation, because 
the symmetry of the stiffness matrix [C] is guaranteed at any time during fatigue 
life. 
Equation (7.7) can be worked out as follows: 
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A very important advantage of the formulation in Equation (7.7) is that the damage 
variables D11, D22 and D12 are directly related with their respective stress 
components σ11, σ22 and σ12. As such, the damage growth rates dD11/dN, dD22/dN 
and dD12/dN are driven by the respective stresses σ11, σ22 and σ12. On the other 
hand, if for example the equation (7.2) would be used to define the damage variables 
Dijrs, it would be very difficult to determine which stress components affect the 
growth rate of one particular damage variable Dijrs, especially for the non-diagonal 
elements of the damage tensor. Here, there is a very clear distinction between 
positive and negative stresses for each of the damage variables. Indeed, for each 
damage variable, the sign of the corresponding stress component dictates which 
damage growth rate equation should be used, the one for tension or the one for 
compression. Further, if the stress component changes sign during one fatigue 
loading cycle, the coupled differential equations for the corresponding tensile and 
compressive damage can be used. 
 
7.2.2. Fatigue failure indices 
7.2.2.a. Extension of the one-dimensional formulation 
In Chapter 6, the damage growth rate dD/dN was driven by the fatigue failure index 
Σ(σ, D). As the fatigue failure index was derived from the Tsai-Wu static failure 
criterion, it seems evident to extend this approach to a multi-dimensional definition, 
so that the damage growth rates dD11/dN, dD22/dN and dD12/dN can be driven by 
their respective fatigue failure indices Σ11, Σ22 and Σ12. Of course, the adverse effect 
of multi-axial fatigue loading must be comprised in the definition of the fatigue 
failure indices Σ11, Σ22 and Σ12. 
 
In its general form, the Tsai-Wu failure criterion is written as (summation 
convention) [4]: 
 
 1FF)(f jiijiik =σσ+σ=σ  (7.9) 
 
where Fi and Fij are the so-called strength tensors. The Tsai-Wu failure criterion has 
several advantages as compared to for example the Tsai-Hill criterion [4-6]: 
• the criterion is a scalar equation and thus invariant under rotation of coordinates. 
This is not the case for the Tsai-Hill failure theory, 
• the strength tensors transform according to established tensorial laws, 
• the strength tensors provide independent interactions among stress components, 
• the symmetry properties of the strength tensors are akin to those of the 
stiffnesses and compliances. 
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Moreover the Tsai-Wu failure theory distinguishes between the compressive and 
tensile strengths of a lamina [7], whereas the Tsai-Hill theory needs to be modified 
to use compressive strengths as well. 
 
Here, the multi-axial in-plane stress state is taken into account by using the static 
Tsai-Wu failure criterion in its two-dimensional form [4]: 
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where XT and XC are the tensile and compressive static strength in the material 
direction 11e
r
, YT and YC are the tensile and compressive static strength in the 
material direction 22e
r
, and S is the static shear strength. The static strength values 
for the plain woven glass/epoxy composite were listed in Table 2.4, and these values 
are used in all subsequent calculations. 
In the original formulation of the Tsai-Wu static failure criterion, the interaction 
term 2F12σ11σ22 is also included in the criterion. This interaction term cannot be 
found directly from the five strength parameters of the individual lamina, and has to 
be determined by bi-axial stress tests. An empirical estimation of the F12 factor has 
been given by Tsai and Hahn [8]: 
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For the glass/epoxy composite under study, this results in a value of F12 being 
-3.708×10-6. 
In their basic papers on the Tsai-Wu static failure criterion, Tsai and Wu [4,9] 
calculated that F12 may be considered zero if it falls within the range ± 0.6 × 10-4. 
These conclusions were based on the strength values measured for unidirectional 
graphite/epoxy specimens and it is now generally accepted that the influence of the 
F12-term is often negligible. Narayanaswami and Adelman [10] have studied the 
tensor polynomial and Hoffman strength theories for composite materials and they 
as well concluded that the interaction coefficient is small, and can often taken to be 
zero. 
However, for the plain woven glass/epoxy specimen, which is far less anisotropic 
than the unidirectional graphite/epoxy specimens, the F12-term does significantly 
affect the shape of the Tsai-Wu failure surface. 
Figure 7.1 shows the Tsai-Wu failure envelope for a bi-axial stress state (σ11, σ22) 
with and without the interaction term 2F12σ11σ22. 
 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
318 
0 100 200 300 400 500
σ11 [MPa]
-400
-300
-200
-100
0
100
200
300
400
500
σ
22
 [M
Pa
]
Tsai-Wu criterion for bi-axial stress state
(σ
11
,σ
22
) with interaction term 2F
12
σ
11
σ
22
0 100 200 300 400 500
σ11 [MPa]
-400
-300
-200
-100
0
100
200
300
400
500
σ
22
 [M
Pa
]
(σ
11
,σ
22
) without interaction term 2F
12
σ
11
σ
22
Tsai-Wu criterion for bi-axial stress state
 
Figure 7.1 Tsai-Wu criterion for bi-axial loading with and without interaction term 
2F12σ11σ22. 
 
This large difference between the failure surfaces is only due to the value of the 
interaction term F12. The interaction term F12 can be determined from a bi-axial 
tension test with σ11 =  σ22 = σ and all other stresses are zero. When the bi-axial 
failure stress σ has been experimentally determined, the interaction term F12 can be 
calculated as [6]: 
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The dependence of the F12-value on the value of the bi-axial failure stress σ is 
plotted for the range 50 – 350 MPa in Figure 7.2. 
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Figure 7.2 Dependence of the F12-value on the bi-axial failure stress σ. 
 
The interaction term F12 becomes negative for a bi-axial failure stress σ ≈ 285 MPa, 
and as can be seen from Figure 7.2, the variation of the F12 value is rather large. 
As the value of the bi-axial failure stress σ has not been experimentally determined, 
the F12 value will be set to zero for all subsequent calculations, which implies that 
the bi-axial failure stress is not higher than σ ≈ 285 MPa. However it must be kept in 
mind that the value of the F12 factor must be investigated for this type of materials. 
 
Once that the Tsai-Wu criterion has been established, the fatigue failure indices Σ11, 
Σ22 and Σ12 can be calculated. The one-dimensional fatigue failure index Σ was 
calculated by replacing the nominal stress σ by the effective stress σ~  (=σ/(1-D)) in 
the one-dimensional Tsai-Wu failure criterion. It is postulated that, for a multi-axial 
stress state, the nominal stresses σij can be replaced by the “effective” stresses ij
~σ  
(=σij/(1-Dij)) in the Tsai-Wu failure criterion (Eq. (7.10)), in order to provide 
suitable values for the fatigue failure indices Σ11, Σ22 and Σ12. It is obvious that this 
definition of the “effective” stresses ij
~σ  is rather simplified, if it is compared to for 
example the definition by Lemaitre (see Eq. (7.6)). However, the use of this 
definition is limited to the calculation of the fatigue failure indices Σ11, Σ22 and Σ12. 
This definition does not interfere with the constitutive stress-strain relations in 
Equation (7.7), as the fatigue failure indices Σ11, Σ22 and Σ12 will only be used to 
calculate the damage growth rates dD11/dN, dD22/dN and dD12/dN. 
The corresponding fatigue failure index Σ11 for the stress component σ11 is then 
defined as the positive root of the equation: 
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The fatigue failure index Σ22 for the stress component σ22 is defined as the positive 
root of the equation: 
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Finally, the fatigue failure index Σ12 for the stress component σ12 is defined as the 
positive root of the equation: 
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The use of the fatigue failure indices for multi-axial in-plane fatigue loading is 
illustrated with a simple example. For instance, at a certain fatigue loading cycle, the 
composite specimen is loaded with a bi-axial tensile stress state: σ11 = 150 MPa and 
σ22 = 125 MPa (see Figure 7.3). When the present fatigue damage is given by D11 = 
0.4 and D22 = 0.2, then the effective stresses, inserted in the Tsai-Wu failure 
criterion, are: 
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The respective fatigue failure indices Σ11 and Σ22 are calculated from the equations 
(7.13) and (7.14): 
 
 479.0678.0 2211 =Σ=Σ  (7.17) 
 
It is clearly proven that the adverse effect of multi-axial loading has been accounted 
for by this definition. When the stress σ22 would be applied as a uni-axial stress, the 
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fatigue failure index would be 0.384 (= T22 Y/
~σ  = 150 MPa / 390.7 MPa), while its 
value increases up to 0.479 for bi-axial loading. 
The example is schematically illustrated in Figure 7.3. 
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Figure 7.3 Calculation of the fatigue failure indices for multi-axial loading. 
 
7.2.2.b. Definition of failure conditions 
The equations (7.13), (7.14) and (7.15) seem the most logical extension from the 
one-dimensional fatigue failure index Σ(σ, D) towards the multi-dimensional fatigue 
failure indices Σ11, Σ22 and Σ12. Further, failure of the stress σij might be assumed to 
occur at the moment that the corresponding fatigue failure index Σij reaches its 
failure value 1.0. Then the corresponding damage Dij is set to 1.0 and the nominal 
stress σij is reduced to zero. 
However, if only one of the stress components is very close to its static strength, all 
fatigue failure indices increase very fast. This is illustrated with a numerical 
example in Table 7.1 (the dimensions are included in square brackets). For 
simplicity, the fatigue damages D11, D22 and D12 are set to zero, so that ij
~σ  = σij. 
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Table 7.1 In-plane stresses and fatigue failure indices for a given stress state. 
 
σ11 [MPa] 130.0  Σ11 [-] 0.860 σ11/XT [-] 0.333 
σ22 [MPa] 130.0  Σ22 [-] 0.860 σ22/YT [-] 0.333 
σ12 [MPa] 90.0  Σ12 [-] 0.977 σ12/S [-] 0.895 
 
For the given stress state (σ11, σ22, σ12), the fatigue failure index Σ12 approaches its 
failure value 1.0, while the fatigue failure indices Σ11 and Σ22 are also rather high. 
These values for Σ11, Σ22 and Σ12 are not suited to govern the respective damage 
growth rates dD11/dN, dD22/dN and dD12/dN, because they would force failure of all 
damage variables D11, D22 and D12. The high values for Σ11, Σ22 and Σ12 can be 
explained as follows: if the stress state (σ11, σ22, σ12) is situated very closely to the 
failure surface, the reserves to failure along the three orthogonal directions 
122211 eande,e
rrr
 are all very small, because the three orthogonal distances to the 
failure surface are very small. However, it is evident in this case that, if the Tsai-Wu 
failure criterion reaches its failure value 1.0, the failure mode will be caused by the 
shear stress σ12, because of the much higher ratio of the shear stress σ12 to the shear 
strength S. On the other hand the fibres in the material directions 2211 eande
rr
will 
still be able to carry loads. 
Therefore, it seems more appropriate to correlate the fatigue failure indices Σ11, Σ22 
and Σ12 with their one-dimensional equivalent, because the reserve to failure for the 
normal stresses σ11 (σ11/XT = 0.333) and σ22 (σ22/YT = 0.333) is far greater than for 
the shear stress σ12 (σ12/S = 0.895). Finally, the fatigue failure indices Σ11, Σ22 and 
Σ12 must reduce to their one-dimensional equivalent if the other stress components 
are zero. 
A definition which satisfies all these requirements, is the following: 
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The fatigue failure indices )2,1j,i(D2ij =Σ  are calculated from the respective 
equations (7.13), (7.14) and (7.15) (see also Figure 7.3), while the one-dimensional 
fatigue failure indices )2,1j,i(D1ij =Σ  are defined as the ratio of the effective stress 
ij
~σ  to the respective static strength (see also Chapter 6). 
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So, the two-dimensional fatigue failure indices )2,1j,i(D2ij =Σ  take into account the 
adverse effect of multi-axial loading, while the correlation with the one-dimensional 
ratio )2,1j,i(D1ij =Σ  to their respective static strengths indicates the relative 
probability of failure along the considered direction 122211 eore,e
rrr
. It is important to 
note that the newly defined fatigue failure indices reduce to their one-dimensional 
equivalent if a one-dimensional stress is applied, so the relation between one-
dimensional and multi-dimensional fatigue failure indices remains consistent in use. 
Figure 7.3 can be transformed to explain the extended definition, as shown in Figure 
7.4. 
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Figure 7.4 New definition of the fatigue failure indices. 
 
The fatigue failure indices Σij, calculated from Equation (7.18), behave very well, if 
the stress state (σ11, σ22, σ12) is situated closely to the failure surface. Indeed, for the 
example stress state of Table 7.1, the newly defined fatigue failure indices are then 
calculated as: 
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Reduction to zero of stress σij occurs at the moment that the corresponding fatigue 
failure index Σij reaches its failure value 1.0. Then the corresponding damage Dij is 
set to 1.0 and the nominal stress σij is reduced to zero in the Tsai-Wu static failure 
criterion. 
The fatigue failure indices Σ11, Σ22 and Σ12, calculated from Equation (7.18), can 
now be used as the driving forces for their respective damage growth rates dD11/dN, 
dD22/dN and dD12/dN. 
It is commonly argued that the Tsai-Wu failure criterion cannot discriminate 
between different failure modes, but it appears that the new definition of the fatigue 
failure indices remedies this problem in a certain sense: it is at least possible to 
predict which stress component is responsible for failure. 
 
7.2.3. Damage growth rate equations 
In this paragraph, all relevant equations for the fatigue damage model for multi-axial 
fatigue loading conditions are brought together in a consistent framework. The 
damage-stiffness relationships were already defined in Equation (7.7). Now the 
damage growth rate equations dD11/dN, dD22/dN and dD12/dN must be established. 
The one-dimensional fatigue damage model for single-sided bending, as it was 
defined in Equation (6.22), should be valid without any modification of the 
parameter values for the damage growth rate in the material coordinate directions 
2211 eande
rr
, because the plain woven glass fabric is balanced in the warp and weft 
directions. The only modifications allowed are the replacement of the one-
dimensional fatigue failure index Σ by the multi-dimensional fatigue failure indices 
Σ11 and Σ22, and the replacement of the damage variable D by the damage variables 
D11 and D22. 
Furthermore, it is assumed for the moment that the growth rate equation dD12/dN 
has the same structure as the growth rate equation for tensile damage, because the 
shear stress causes fibre/matrix debonding and this damage type has been identified 
as the initiating mechanism for transverse cracking [11]. 
Finally, the damage growth rate equations for in-plane multi-axial fatigue loading 
can be written as: 
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  (7.20) 
 
If σ22 and σ12 are zero, the corresponding fatigue failure indices Σ22 and Σ12 are zero 
and the fatigue failure index Σ11 reduces to its one-dimensional equivalent (6.16). 
The damage variables D22 and D12 are zero as well, and the Equations (7.20) reduce 
to their one-dimensional equivalent (6.22). 
The equations (7.7) and (7.20) make up the complete system of constitutive 
equations to simulate single-sided bending. This system of equations will now be 
validated by finite element simulations of the fatigue behaviour of the [#45°]8 
specimens. 
 
 
7.3. FINITE ELEMENT SIMULATIONS FOR MULTI-AXIAL 
FATIGUE DAMAGE MODEL (EQ. (7.7) AND (7.20)) 
The only problem that was encountered during the finite element implementation of 
the multi-axial fatigue damage model (Eq. (7.7) and (7.20)), was the different 
definition of the stress/strain tensor. In SAMCEFTM, the in-plane shear stress σ12 is 
the fourth component of the stress tensor, while according to the international 
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conventions [12-14], the in-plane shear stress is the sixth component of the stress 
tensor: 
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This is of course crucial to know when programming the constitutive damage-
stiffness equations in the SAMCEFTM environment. 
The first finite element simulation has been done for the [#45°]8 specimen Pr06_1 
(umax = 35.6 mm). The multi-axial growth rate equations (7.20) were used to 
simulate the fatigue degradation. As can be seen from Figure 7.5, the force-cycle 
history predicted by the finite element simulation, is lying far above the 
experimentally measured force-cycle history (the scale has been adjusted to clearly 
show the large difference in the initiation phase). 
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Figure 7.5 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.20). 
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It is clear that the Equations (7.20) must be modified in order to enhance the 
agreement between experiment and simulation for the [#45°]8 specimens. 
 
 
7.4. MODIFICATIONS TO THE MULTI-AXIAL GROWTH 
RATE EQUATIONS (7.20) 
To ascertain whether this large decrease of the experimentally measured bending 
force for the [#45°]8 specimens was systematic or not, the degradation of the 
bending force for the [#0°]8 and [#45°]8 specimens was investigated for several 
displacement amplitudes umax under single-sided bending. The bending force F0 is 
defined as the maximum bending force in the first loading cycle, while ∆F is the 
difference between the maximum bending force in the first loading cycle and the 
maximum bending force in the loading cycle N = 25,000. The results are listed in 
Table 7.2. 
 
Table 7.2 Degradation of bending force during first 25,000 loading cycles for [#0°]8 
and [#45°]8 specimens under single-sided bending. 
 
umax [#0°]8 F0 ∆F 
(N=25,000)
[#45°]8 F0 ∆F 
(N=25,000) 
27.7 mm Pr05_1 98.14 N 6.43 N Pr04_1 56.14 N 5.87 N 
30.4 mm Pr05_2 106.68 N 9.89 N Pr07_5 57.46 N 9.53 N 
35.6 mm Pr05_5 124.27 N 9.33 N Pr06_1 73.24 N 17.01 N 
 Pr08_1 115.29 N 10.80 N Pr06_2 72.28 N 16.42 N 
38.9 mm Pr08_2 130.45 N 17.31 N Pr06_4 78.59 N 19.04 N 
 Pr08_3 131.66 N 19.54 N Pr06_5 77.23 N 19.37 N 
 
It is clear from Table 7.2 that the force degradation for the [#45°]8 specimens is 
roughly equal to that for the [#0°]8 specimens, except for umax = 35.6 mm where the 
degradation of the [#45°]8 specimens is considerably larger. It is important to 
mention that these force degradations ∆F are absolute values, while the initial 
bending forces F0 at cycle N = 1, are considerably lower for the [#45°]8 specimens 
due to their much lower stiffness in the loading direction. As a consequence, the 
relative decrease of the force is much larger for the [#45°]8 specimens than for the 
[#0°]8 specimens. 
Clearly, additional effects must be introduced in the growth rate equations to 
account for the strong initial decrease of the bending force. In the next paragraphs, 
four modifications have been introduced: 
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• the damage value D12 at which the initiation phase reaches its equilibrium state, 
has been increased, 
• the growth rate equations for D11, D22 and D12 have been coupled, 
• shear damage propagation has been discarded, 
• the accumulation of permanent strain has been included. 
It is evident that these changes to the growth rate equations affect each other, and a 
large number of simulations have been made before the simultaneous effect of these 
four modifications resulted in good predictions of the force-cycle history. Further, 
all four modifications have proved to be essential, in order to obtain good 
simulations for a wide range of prescribed displacements umax. To illustrate the 
effect of each of the four modifications, the simulations for the [#45°]8 specimen 
Pr06_1 have been taken as a guiding example. 
 
7.4.1. Shear damage initiation saturates at higher damage value D12 
A first cause of disagreement can be found in the initiation function for D12. 
Shokrieh and Lessard [15] have shown that the in-plane shear modulus and shear 
strength degrade much faster than the stiffness and strength along the fibre 
directions. They performed in-plane shear tests with the three-rail shear test method 
which was slightly modified for fatigue testing. The initial decrease of the modulus 
G12 was estimated twice as large as the decrease of the moduli E11 and E22. This 
means that, in the case of the present fatigue model, the constant c2 in the initiation 
term of dD12/dN should be divided by two, so that the saturation state is reached at a 
value of D12 which is twice as large. Thereto the Equation (7.20) is transformed into: 
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  (7.22) 
 
Figure 7.6 shows the experimental and simulated force-cycle history for the [#45°]8 
specimen Pr06_1 with the growth rate equations (7.22). The simulation of Figure 7.5 
has been included here for comparison purpose. 
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Figure 7.6 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.22). 
 
Although the result has definitively improved, there is still no good agreement 
between the experimental and simulated force-cycle history. 
 
7.4.2. Coupling effects between several damage types 
A second cause of disagreement can be found through inspection of the fatigue 
damage pattern of the [#45°]8 specimens subjected to single-sided bending. 
Figure 7.7 shows a detail of the compressive surface of the [#45°]8 specimen Pr06_3 
which has been loaded with umax = 38.9 mm under single-sided bending. 
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Figure 7.7 Detail of the compressive surface of the [#45°]8 specimen Pr06_3 after the 
fatigue test. 
 
It can be clearly seen that small cracks are appearing at the compressive side, which 
was not the case for the [#0°]8 specimens under single-sided bending. Moreover, at 
several places, the matrix has been pushed off the surface and the fibres are no 
longer supported by the matrix. 
As mentioned earlier, the shear stress causes fibre/matrix debonding and this 
damage type has been identified as the initiating mechanism to transverse cracking 
[11]. As a consequence, the damage D12 will accelerate the initiation of tensile 
damage, and as well affect the initiation of compressive damage, because the debond 
propagation is more susceptible to mode I loading in compression (Gamstedt and 
Sjögren [11]). 
Therefore, in analogy to the approach for fully-reversed bending fatigue of the 
[#0°]8 specimens, the damage growth rate equations (7.22) are modified to include 
the coupling effect of shear damage D12 and tensile/compressive damage D11 and 
D22. In Equation (6.31), it was shown that an increased damage initiation rate can be 
reached by coupling the damage initiation terms of the equations d( t11d )/dN and 
d( c11d )/dN. 
At each place where the damage t11d  and 
c
11d  appeared as a coupling term in the 
initiation functions of the one-dimensional model for fully-reversed bending (see 
Eq. (6.31)), a similar function of D12 has been added to model the accelerating effect 
of the damage D12 on the growth of both tensile and compressive damage: 
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  (7.23) 
 
The finite element simulation is calculated again with the modified system of 
equations (7.23) and the result is shown in Figure 7.8. The simulation of Figure 7.6 
has been included here for comparison purpose. 
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Figure 7.8 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.23). 
 
Although the contribution of the coupling effect to the decrease of the bending force 
is rather small, it will be demonstrated in paragraph 7.7 that this coupling effect 
must be accounted for, because it becomes very important when simulating fully-
reversed bending of the [#45°]8 specimens. 
 
7.4.3. Shear damage propagation function is discarded 
Still, the initial decrease is not large enough, but also the simulation of the 
propagation phase is very poor. The simulated force-cycle history shows a gradual 
decrease during fatigue life, while the experimental force-cycle history shows 
almost no further decrease after about 200,000 cycles, as illustrated by Figure 7.9. 
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Figure 7.9 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.23) for 
the total number of applied loading cycles. 
 
The absence of any considerable propagation is not only indicated by the recorded 
force-cycle history, but other experimental observations point in that direction as 
well. 
Figure 7.10 and Figure 7.11 show the recorded damage patterns at the tensile surface 
for two [#45°]8 specimens. The [#45°]8 specimen Pr11_4 has been subjected to a 
prescribed displacement umax = 29.0 mm. In Figure 7.10, the damage pattern is 
shown at N = 214,000 (left) and N = 400,825 (right). The second [#45°]8 specimen 
Pr11_3 has been subjected to a prescribed displacement umax = 37.8 mm. Figure 7.11 
shows the damage patterns for N = 61,500 (left) and N = 408,243 (right). 
It is clear that the damage propagation for these damage patterns is almost 
negligible. 
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Figure 7.10 Damage pattern at the tensile surface of [#45°]8 specimen Pr11_4 (umax = 
29.0 mm) for N = 214,000 (left) and N = 400,825 (right). 
 
 
 
 
Figure 7.11 Damage pattern at the tensile surface of [#45°]8 specimen Pr11_3 (umax = 
37.8 mm) for N = 61,500 (left) and N = 408,243 (right). 
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Further it was already mentioned in Chapter 2 that the out-of-plane displacement 
profile of the [#45°]8 specimens did not considerably change during the fatigue 
loading time, while the out-of-plane displacement profile of the [#0°]8 specimens 
changed from a smoothly curved shape to a straight line with a ‘hinge’ at the 
clamped cross-section. 
Inspection of the damage growth rate equations (7.23) has shown that the 
propagation function for D12 is responsible for the high propagation rate of the 
simulated force-cycle history in Figure 7.9. If the propagation function for D12 is 
removed, Equation (7.23) is transformed into: 
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  (7.24) 
 
The simulation for the [#45°]8 specimen with the growth rate equations (7.24) is 
shown in Figure 7.12. The simulation of Figure 7.9 has been included here for 
comparison purpose. 
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Figure 7.12 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.24) for 
the total number of applied loading cycles. 
 
7.4.4. Accumulation of permanent strain 
A last cause of the poor modelling should be found in Chapter 2. There it was 
mentioned that the permanent strain for the [#45°]8 specimens is not at all negligible 
at larger prescribed displacements umax. Indeed, Figure 7.13 shows a picture of the 
permanent deformation of the [#45°]8 specimen Pr06_1, which was loaded with umax 
= 35.6 mm under single-sided bending, together with an undamaged specimen for 
comparison purpose. 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
338 
 
 
Figure 7.13 Permanent deformation of the [#45°]8 specimen Pr06_1 (left) and 
undamaged specimen (right). 
 
The permanent deformation is considerable, and cannot be denied in this particular 
case. The problem however, is that there is almost no literature available on how this 
permanent deformation should be modelled. Although the adequate modelling of 
this permanent strain phenomenon would require a research project on its own, an 
attempt is made to give at least an impression of the importance of this phenomenon 
in the particular loading case considered here. 
The proposed fatigue damage evolution law for the permanent strain is based on a 
rational modelling of the underlying damage kinetics, but cannot be based on a 
strong theoretical reasoning, because to the author’s knowledge, the valuable 
information in open literature is very limited. However, a few assumptions might be 
legitimate: 
• the permanent strain is related with the shear damage D12, since the phenomenon 
is hardly observed with the [#0°]8 specimens. Besides, the explanation is very 
plausible that matrix debris, formed by the shear stresses, is accumulated in the 
opening matrix cracks. It can therefore be assumed that the growth rate of the 
permanent strain is proportional with the growth rate of the shear damage D12, 
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• the more the matrix cracks open during fatigue loading, the more matrix debris 
can be accumulated inside the crack opening. The permanent strain growth rate 
in the 2211 eande
rr
 direction might therefore be proportional with the applied 
strain amplitude in the respective directions 2211 eande
rr
, 
• as the cracks do not open at the compressive side, it is further accepted that the 
permanent strain does not grow if the applied stress is compressive. 
The stress-strain relationships can then be written as: 
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Bearing in mind the above-mentioned considerations, the corresponding growth 
laws for the permanent strain can be written as (no summation convention): 
 
 



=ε
=
<σ
≥σ⋅ε⋅
=
ε
0
)2,1i(
0if0
0if
dN
dDc
dN
d
p
12
ii
ii
12
ii9
p
ii
 (7.26) 
 
The factor c9 has been determined such that the predicted out-of-plane displacement 
profile after unloading matches the experimentally recorded one for the [#45°]8 
specimen Pr06_1. This was the case for c9 = 0.6. This means that, if the damage D12 
reaches its failure value 1.0, the permanent strain piiε  cannot be larger than 60 % of 
the total strain amplitude εii. 
Figure 7.14 shows the experimental and simulated permanent deformation for the 
[#45°]8 specimen Pr06_1. The irregular shape of the experimentally measured out-
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of-plane displacement profile is due to the recording technique. The deformation has 
been extracted from the digital image with the edge detection algorithm (see 
paragraph 2.4.2), and as each pixel has a finite width, the shape is not very smooth. 
This effect is aggravated by the very small scale of the permanent deformation 
which is only a few millimeters large. 
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Figure 7.14 Experimental and predicted permanent deformation of [#45°]8 specimen 
Pr06_1. 
 
Figure 7.15 shows the final finite element simulation for the [#45°]8 specimen 
Pr06_1 with the application of the complete system of equations (7.24), (7.25) and 
(7.26). The simulation of Figure 7.12 (without permanent strain) has been included 
here for comparison purpose. 
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Figure 7.15 Experimental and simulated force-cycle history for [#45°]8 specimen 
Pr06_1 with application of the damage growth rate equations (7.24) and 
permanent strain (7.26). 
 
As can be seen from Figure 7.15, the agreement is now very good. If the simulated 
force-cycle histories with and without permanent strain in Figure 7.15 are compared, 
it is clear that the permanent strain considerably affects the force-cycle history and 
cannot be ignored in the modelling stage. 
It is obvious that all four modifications contribute to the enhanced agreement 
between experiment and simulation, and that these four modifications affect each 
other. Indeed, if the growth rate equation dD12/dN is changed (both initiation and 
propagation), the values of D11 and D22 are affected through the coupling terms with 
D12, and the growth rate d( piiε )/dN is proportional with the growth rate dD12/dN. 
Therefore the close agreement between experiment and simulation in Figure 7.15 is 
due to a synergetic effect of all modifications. 
 
7.4.5. Further investigation of the finite element results for [#45°]8 specimen 
Pr06_1 
Now that the final multi-axial growth rate equations have been established for 
single-sided bending, the finite element results of the Pr06_1 simulation are used to 
investigate in more detail the output of the finite element simulation. 
Figure 7.16 shows the cycle history of the damage variables D11, D22 and D12 for the 
Gauss-point 1544, which is situated in the clamped cross-section, halfway between 
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the midplane and the tensile surface. Figure 7.17 shows the cycle history of the 
corresponding fatigue failure indices Σ11, Σ22 and Σ12 for the same Gauss-point 1544. 
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Figure 7.16 Cycle history of the damage variables D11, D22 and D12 for the Gauss-
point 1544 ([#45°]8 specimen Pr06_1, umax = 35.6 mm). 
 
The curves of the damage variables D11 and D22 are coincident, since the principal 
material axes 11e
r
 and 22e
r
 of the [#45°]8 specimens are situated symmetrically with 
respect to the loading direction. Hence the stresses σ11 and σ22 have the same value, 
and the damage growth rates dD11/dN and dD22/dN are exactly the same. 
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Figure 7.17 Cycle history of the fatigue failure indices Σ11, Σ22 and Σ12 for the Gauss-
point 1544 ([#45°]8 specimen Pr06_1, umax = 35.6 mm). 
 
At early fatigue loading, the shear damage D12 is growing fast, resulting in an 
increasing effective stress 12
~σ  (= σ12/(1-D12)) and fatigue failure index Σ12. The 
fatigue failure indices Σ11 and Σ22 on the other hand, are slightly decreasing. On first 
thoughts this seems unexpected because (i) the increasing effective stress 12
~σ  
results in a more harmful stress state ( 11
~σ , 22
~σ , 12
~σ ) and thus higher fatigue failure 
indices, and (ii) the damage variables D11 and D22 are increasing as well. However, 
the decrease of Σ11 and Σ22 is due to the accumulation of permanent strain. Being 
proportional with the growth rate dD12/dN, the permanent strain is accumulating fast 
and the corresponding nominal stress is decreasing. The combined effect of 
increasing damage D11 and D22, and accumulation of permanent strain results in 
lower nominal stresses σ11 and σ22 and slightly decreasing fatigue failure indices Σ11 
and Σ22. 
Once the fatigue failure index Σ12 has reached failure, the corresponding damage D12 
is set to its failure value 1.0. As 12
~σ  is set to zero in the Tsai-Wu failure criterion 
after the failure of Σ12, the stress state ( 11
~σ , 22
~σ ) is less critical than the former 
stress state ( 11
~σ , 22
~σ , 12
~σ ), and hence the fatigue failure indices Σ11 and Σ22 reduce 
by about 60 %. As a consequence, the damage growth rates dD11/dN and dD22/dN 
are slowing down very fast. Further, due to the presence of permanent strain, the 
nominal stresses remain very small. This state of very slow damage propagation is 
gradually reached for all Gauss-points, and this explains why the curve of the force-
cycle history is quasi horizontal after a certain fatigue loading time. 
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7.5. VALIDATION 
For single-sided bending of [#45°]8 specimens, the damage growth rate equations 
(7.24), stress-strain relations (7.25) and permanent strain growth rate equations 
(7.26) constitute the final model for in-plane multi-axial fatigue loading conditions. 
This model will now be validated against a number of bending fatigue tests on 
[#45°]8 specimens with different displacement amplitudes umax. 
The first simulation concerns the bending fatigue test Pr06_3, which was performed 
for umax = 38.9 mm. As can be seen from Figure 7.18, the initial force degradation is 
really large, about 25 Newton. 
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Figure 7.18 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr06_3 (umax = 38.9 mm). 
 
Also, the permanent deformation has increased even more, due to the larger 
prescribed displacement. Figure 7.19 shows the experimental and simulated 
permanent deformation for the Pr06_3 specimen. 
Figure 7.20 shows the simulated distribution of the stress σ11 at the clamped cross-
section at several stages during fatigue life. The accumulation of permanent strain at 
the tensile side causes the initial stresses to decrease much more than the stresses at 
the compressive side of the specimen. 
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Figure 7.19 Experimental and predicted permanent deformation of [#45°]8 specimen 
Pr06_3. 
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Figure 7.20 Simulated distribution of σ11 at the clamped cross-section for the [#45°]8 
specimen Pr06_3 (umax = 38.9 mm). 
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It is obvious that the distribution of the stress σ22 is the same, since the principal 
material axes 11e
r
 and 22e
r
 of the [#45°]8 specimens are situated symmetrically with 
respect to the loading direction. 
Due to the accumulation of permanent strain, residual stresses do exist when the 
prescribed displacement u = umin = 0.0, and as a result the corresponding bending 
force is not zero. This is confirmed by Figure 7.21, where the simulated bending 
force is shown for increasing prescribed displacement. The path of the bending force 
is calculated for the last simulated cycle N = 698,946 (see Figure 7.18), because the 
permanent strain has its maximum value then. The considered values of the 
prescribed displacement range from umin = 0.0 to umax = 38.9 mm for the [#45°]8 
specimen Pr06_3. 
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Figure 7.21 Simulation of the bending force vs. prescribed displacement within one 
fatigue loading cycle ([#45°]8 specimen Pr06_3, umax = 38.9 mm). 
 
Of course, for u(t) = umax, the calculated bending force corresponds to the simulated 
force at N = 698,946 in Figure 7.18. For a few values of the prescribed displacement 
u(t) in this loading cycle N = 698,946, the corresponding distribution of the stress 
σ11 at the clamped cross-section has been simulated. These simulated stress 
distributions are shown in Figure 7.22. Of course, the stress distribution for u(t) = 
umax corresponds with the stress distribution at N = 698,946 in Figure 7.20. 
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Figure 7.22 Simulated distribution of σ11 at the clamped cross-section for increasing 
prescribed displacement within one loading cycle ([#45°]8 specimen 
Pr06_3, umax = 38.9 mm). 
 
It is important to observe that, if u(t) = 7.8 mm, the calculated bending force is zero 
(see Figure 7.21), but the stresses σ11 at the clamped cross-section are not zero at all. 
The multi-axial model, developed so far, was intended for simulation of single-sided 
bending, where the stress is varying between zero and a maximum tensile or 
compressive stress for each material point. It might be argued that this model is not 
valid for the single-sided bending experiments of the [#45°]8 specimens, because 
due to the accumulation of permanent strain, residual stresses do exist when the 
prescribed displacement u = umin = 0.0. Yet, the multi-axial fatigue model for single-
sided bending has been applied, because it was assumed that the damage, caused by 
the residual stresses, is very small. This is confirmed by the very small slope of the 
force-cycle history after the initiation phase (see Figure 7.18) and the barely visible 
damage propagation at the observed specimen surfaces (see Figure 7.10 and Figure 
7.11). Moreover, the residual stresses due to permanent strain will be smaller in the 
other [#45°]8 specimens, because the [#45°]8 specimen Pr06_3 was subjected to the 
largest prescribed displacement umax = 38.9 mm. For smaller prescribed 
displacements, the permanent strain and hence the residual stresses will be smaller. 
 
Figure 7.23 shows the experimental and simulated force-cycle history for the [#45°]8 
specimen Pr11_2, which was subjected to a prescribed displacement umax = 34.4 
mm. 
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Figure 7.23 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr11_2 (umax = 34.4 mm). 
 
In Figure 7.24, the experimental and simulated out-of-plane displacement profile for 
the same specimen Pr11_2 is shown for the first loading cycle, for about 140,000 
cycles and after unloading. It might seem surprising that there is a difference 
between the maxima of the experimentally measured out-of-plane displacement 
profiles for N =1 and N =142,540, although the prescribed displacement umax was 
constant. As already explained in Chapter 2, this is due to the fact that only a part of 
the bended surface is shown. Only the deformation of the free specimen length is 
shown in Figure 7.24, while the displacement umax is prescribed at the end of the 
moving clamp. 
Figure 7.25 shows the experimental and simulated force-cycle history of the [#45°]8 
specimen Pr04_1 for a much smaller prescribed displacement umax = 27.7 mm. It is 
observed that the force is barely decreasing after the initiation phase. 
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Figure 7.24 Experimental and simulated bending profiles for [#45°]8 specimen Pr11_2 
(umax = 34.4 mm). 
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Figure 7.25 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr04_1 (umax = 27.7 mm). 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
350 
This is confirmed by the predicted behaviour of the damage and fatigue failure 
indices. Figure 7.26 and Figure 7.27 show the cycle histories of the damage 
variables (D11, D22 and D12) and the fatigue failure indices (Σ11, Σ22 and Σ12), 
respectively, for the Gauss-point 1602 (situated at the tensile surface in the clamped 
cross-section). 
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Figure 7.26 Cycle history of the damage variables D11, D22 and D12 for the Gauss-
point 1602 ([#45°]8 specimen Pr04_1, umax = 27.7 mm). 
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Figure 7.27 Cycle history of the fatigue failure indices Σ11, Σ22 and Σ12 for the Gauss-
point 1602 ([#45°]8 specimen Pr04_1, umax = 27.7 mm). 
 
It can be seen that damage D12 reaches the highest value, compared to the damage 
values D11 and D22. However, all damage variables are barely increasing after the 
initiation phase. The fatigue failure indices Σ11 and Σ22 even slightly decrease, due to 
the accumulation of permanent strain. 
Figure 7.28 and Figure 7.29 show the cycle histories of the damage variables (D11, 
D22 and D12) and the fatigue failure indices (Σ11, Σ22 and Σ12), respectively, for the 
Gauss-point 1693 (situated at the compressive surface in the clamped cross-section). 
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Figure 7.28 Cycle history of the damage variables D11, D22 and D12 for the Gauss-
point 1693 ([#45°]8 specimen Pr04_1, umax = 27.7 mm). 
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Figure 7.29 Cycle history of the fatigue failure indices Σ11, Σ22 and Σ12 for the Gauss-
point 1693 ([#45°]8 specimen Pr04_1, umax = 27.7 mm). 
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At this Gauss-point, the predicted damage D11 and D22 are negligible, and the fatigue 
failure indices remain quasi constant. These simulated damage distributions at the 
tensile and compressive surface are confirmed by an optical inspection of both 
surfaces of the tested specimen Pr04_1. Figure 7.30 shows a picture of the tensile 
surface (top) and compressive surface (bottom) of the Pr04_1 specimen under the 
same lightning conditions. The pictures have been taken from a side-view, because a 
frontal view can give the impression that the compressive surface is damaged as 
well, due to the transparency of the laminate. The position of the fixed clamp is 
schematically indicated with a black line at the right side of the pictures. 
 
 
 
 
Figure 7.30 Side-view of the tensile surface (top) and compressive surface (bottom) of 
the Pr04_1 specimen after fatigue testing (stopped at N = 713,352). 
 
Finally, Figure 7.31 shows the experimental and simulated force-cycle history for 
the Pr04_5 specimen, subjected to the prescribed displacement umax = 32.3 mm. 
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Figure 7.31 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr04_5 (umax = 32.3 mm). 
 
From the validation simulations discussed above, it can be concluded that this multi-
axial fatigue model for single-sided bending of [#45°]8 specimens predicts very well 
the experimental results. Now the final stage consists in extending the model 
towards fully-reversed bending (Rd = -1.0). 
 
 
7.6. DAMAGE GROWTH RATE EQUATIONS FOR FULLY-
REVERSED BENDING OF [#45°]8 SPECIMENS 
In the approach which was developed in Chapter 6 for fully-reversed bending of 
[#0°]8 specimens, there was made a distinction between tensile damage t11d  and 
compressive damage c11d . The adverse effect of fully-reversed loading was modelled 
by coupling the differential equations d( t11d )/dN and d(
c
11d )/dN. 
For fully-reversed bending of the [#45°]8 specimens, the in-plane stresses σ11, σ22 
and σ12 all change sign during one loading cycle. Similar to the fully-reversed 
bending case of the [#0°]8 specimens, a distinction is made between tensile damage 
t
11d  and compressive damage 
c
11d  for σ11, and between tensile damage 
t
22d  and 
compressive damage c22d  for σ22. For the shear stress σ12, a distinction is made 
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between +12d  and 
−
12d . The plus-sign and minus-sign are used because the terms 
“tension” and “compression” are meaningless in this context. Further, it was already 
demonstrated in Chapter 6 that, for fully-reversed bending, the material behaves 
stiffer under compressive loading, due to the crack closure phenomenon (see Eq. 
(6.30)). As a consequence the damage variables D11, D22 and D12 are defined by the 
relations (no summation convention): 
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If the definitions (7.27) are respected, the constitutive equations (7.25) and (7.26) 
remain valid. Now, the growth rate equations of the six damage variables t11d , 
c
11d , 
t
22d , 
c
22d , 
+
12d  and 
−
12d  under fully-reversed bending fatigue must be established. 
As the shear damage should not depend on the sign of the shear stress, the growth 
rates d( +12d )/dN and d(
−
12d )/dN are the same. So far, these equations are identical to 
the equation dD12/dN which was developed for single-sided bending of the [#45°]8 
specimens (see Eq. (7.24)): 
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To account for the adverse effect of fully-reversed loading, the differential equations 
d( +12d )/dN and d(
−
12d )/dN are coupled, exactly in the same way as was done in 
Chapter 6 for the damage initiation terms of d( t11d )/dN and d(
c
11d )/dN (see Eq. 
(6.31)). At each place where the damage t11d  and 
c
11d  appeared as a coupling term in 
the initiation functions of the one-dimensional model for fully-reversed bending (see 
Eq. (6.31)), the same function of +12d  or 
−
12d  has been added to Equation (7.28) to 
model the damaging effect of shear reversal: 
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Regarding the growth rates d( tiid )/dN and d(
c
iid )/dN (i = 1,2), two sets of equations 
can be used: 
• Equation (6.33) of the one-dimensional model provides the expressions for the 
damage growth rates d( tiid )/dN and d(
c
iid )/dN (i = 1,2) under fully-reversed 
bending, but without any interaction of shear damage, 
• Equation (7.24) of the multi-axial model provides the expressions for the damage 
growth rates dD11/dN and dD22/dN under single-sided bending, but with 
interaction of the shear damage D12. 
If equations (6.33) and (7.24) are combined, the growth rates d( tiid )/dN and 
d( ciid )/dN (i = 1,2) can be established. Together with Equation (7.29), the global 
system of constitutive equations can be written as (no summation convention): 
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  (7.30) 
 
As such, the equations for fully-reversed multi-axial fatigue of [#45°]8 specimens 
have been established. It is important to notice that no additional parameters have 
been included in the model equations (7.30). In the next paragraph, the model will 
be applied to the fully-reversed bending fatigue tests of [#45°]8 specimens. 
It is important to observe that the equations (7.30) for fully-reversed bending reduce 
to the equations (7.24) for single-sided bending, if only one damage type is present 
in each material point. 
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7.7. SIMULATIONS 
The fatigue model has been applied to the fully-reversed bending test of the [#45°]8 
specimen Pr07_4 (umax = 25.5 mm). Figure 7.32 shows the experimental and 
simulated results. 
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Figure 7.32 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr07_4 (umax = 25.5 mm, Rd = -1.0). 
 
As can be observed from this Figure, the initial decrease of the bending force is very 
large, almost 20 Newton. Indeed, in Figure 7.18, it could be observed that the initial 
force degradation of the [#45°]8 specimen Pr06_3 under single-sided bending was 
about 25 Newton, but the prescribed displacement umax was 38.9 mm, while it is 
only 25.5 mm here. One of the primary reasons for the large force degradation in 
Figure 7.32 is the strong coupling effect between D12 on the one hand, and D11 and 
D22 on the other hand. 
To illustrate the importance of the coupling effect, the force-cycle history of the 
[#45°]8 specimen Pr07_4 has been simulated again, but all coupling terms between 
D12 on the one hand, and D11 and D22 on the other hand have been removed from 
Equation (7.30). As can be seen from Figure 7.33, the force degradation is seriously 
underestimated then. 
 
Chapter 7 Extension to a Multi-axial Fatigue Damage Model 
359 
0 200000 400000 600000 800000 1000000 1200000
No. of cycles [-]
0
10
20
30
40
50
Fo
rc
e 
[N
]
Experimental and simulated force-cycle history for [#45°]8 specimen
fully-reversed bending, umax = 25.5 mm, no coupling effects
Pr07_4, experimental
Pr07_4, finite elements  
 
Figure 7.33 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr07_4 (umax = 25.5 mm, Rd = -1.0) without any coupling effects between 
D12 on the one hand, and D11 and D22. 
 
This means that, through the presence of the shear damage D12, the damage variables 
D11 and D22 are seriously affected. This can be illustrated by simulating the 
hypothetic damage state, where the damage D12 would be 1.0 in all Gauss-points, 
but the damage variables D11 and D22 would be zero, and thus unaffected by the 
shear damage D12. The corresponding bending force for this hypothetic damage state 
can be easily calculated through a nonlinear quasi-static analysis with G12 being zero 
for the whole composite specimen (equivalent with D12 = 1.0 for all Gauss-points), 
and E11 and E22 being undamaged. The calculated bending force is then 36.2 N. This 
means that without any coupling effects, the calculated bending force would still be 
predicted far too large if compared with the experimentally measured force-cycle 
history, even if D12 would be 1.0 in all Gauss-points. Through the coupling effect 
between D12 on the one hand, and D11 and D22 on the other hand, the additional 
decrease of the bending force can be simulated. 
 
Figure 7.34 shows the simulated cycle history of the damage variables D11 
(= t11d +
c
11d ), D22 (=
t
22d +
c
22d ) and D12 (=
+
12d +
−
12d ) for the Gauss-point 1602, 
situated at the specimen surface in the clamped cross-section. 
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Figure 7.34 Cycle history of the damage variables D11, D22 and D12 for the Gauss-
point 1602 ([#45°]8 specimen Pr07_4, umax = 25.5 mm, Rd = -1.0). 
 
The calculated damage values are much higher than those for the [#45°]8 specimen 
Pr04_1 (Figure 7.26) which was subjected to single-sided bending (umax = 27.7 mm). 
But this is confirmed by the experimentally observed damage patterns for the 
[#45°]8 specimens Pr04_1 and Pr07_4, as shown in Figure 7.35. The damage pattern 
at the tensile surface of the [#45°]8 specimen Pr04_1 (umax = 27.7 mm, Rd = 0.0) is 
shown at the left. As the [#45°]8 specimen Pr07_4 has been subjected to fully-
reversed bending (umax = 25.5 mm, Rd = -1.0), the damage pattern is the same for 
both surfaces, and one of the surfaces is shown at the right. 
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Figure 7.35 Damage pattern at the tensile surface of the Pr04_1 specimen (left) (umax 
= 27.7 mm, Rd = 0.0), and damage pattern at the surface of the Pr07_4 
specimen (right) (umax = 25.5 mm, Rd = -1.0). 
 
Finally, Figure 7.36 shows the experimental and simulated force-cycle history for 
the [#45°]8 specimen Pr07_1, which has been subjected to fully-reversed bending for 
umax = 19.5 mm. 
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Figure 7.36 Experimental and simulated force-cycle history for the [#45°]8 specimen 
Pr07_1 (umax = 19.5 mm, Rd = -1.0). 
 
 
7.8. CONCLUSION 
For multi-axial in-plane fatigue loading conditions, the stiffness-damage 
relationships have been defined by means of Equation (7.25), and the number of 
damage variables for in-plane fatigue damage is in any case limited to t11d , 
c
11d , 
t
22d , 
c
22d , 
+
12d  and 
−
12d . The damage-stiffness relationships in Equation (7.25) are 
quite straightforward, because the damage variables are each directly related with 
their corresponding stress component. If the damage variables would represent the 
actual fatigue damage mechanisms, the development of the damage-stiffness 
relationships would be far more complicated, because it would be very difficult to 
examine experimentally in what manner the individual fatigue damage mechanisms 
affect the various elastic properties. Moreover, the growth rate equations for certain 
fatigue damage mechanisms would be driven in particular by the matrix or fibre 
stress (not to mention the influence of its maximum stress amplitude and stress 
ratio). 
For the present fatigue damage model, interaction between different damage modes 
is still possible by coupling the differential growth rate equations (as was done for 
fully-reversed loading and the effect of shear damage), but these interactions are 
kept at the level of the damage growth rate equations. For the higher level of the 
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damage-stiffness relationships, the non-diagonal elements of the damage matrix are 
zero and no explicit coupling is done. 
Finally, it has been clearly shown that the accumulation of permanent strain cannot 
be ignored in the modelling stage and seriously affects the value of the bending 
force and the stress (re)distribution during fatigue life. 
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Chapter 8 
 
 
Conclusions 
 
 
In this chapter, the conclusions about the investigation of 
the fatigue behaviour of fibre-reinforced composite 
materials are presented, together with some 
recommendations for further research. 
 
 
 
8.1. ACHIEVEMENTS OF THE DOCTORAL RESEARCH 
The knowledge about the fatigue damage behaviour of fibre-reinforced composite 
materials is far from complete. Due to the anisotropic and inhomogeneous nature of 
the considered material, the damage mechanisms are complex and require a 
multidisciplinary approach of the problem. 
As a consequence, the presently proposed fatigue damage model has not been an 
attempt to solve all the complexities that the engineers and scientists are dealing 
with in the study of composites under fatigue. Nevertheless, this work has 
contributed to a more general fatigue modelling philosophy by some important 
achievements. 
 
8.1.1. Experimental results 
The standardized uni-axial fatigue experiments in tension/tension and 
tension/compression have been replaced by bending fatigue experiments. These 
experiments have clearly shown that, due to stiffness degradation, stresses are 
continuously redistributed across the structure. Evidence for this phenomenon has 
been provided by monitoring the force-cycle history and measuring the out-of-plane 
displacement profile of the composite specimen. Due to this stress redistribution, the 
out-of-plane displacement profile of the specimen can significantly change during 
fatigue life. Further, the accumulation of permanent strain could not be neglected for 
the [#45°]8 specimens. Since these phenomena cannot be observed with classic 
tension/tension and tension/compression fatigue experiments, the vast majority of 
the research community does not yet take into account this behaviour which is 
intrinsic though to composite materials. 
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8.1.2. Fatigue damage model 
The stress redistribution phenomenon has far-reaching consequences for the 
modelling approach: 
• stiffness degradation should be included in the fatigue model, which implies that 
fatigue life models and residual strength models are inappropriate to this 
purpose. On the other hand, the phenomenological residual stiffness models 
prove to be suitable due to their straightforward relation between stiffness and 
damage, the nondestructive evaluation of the residual stiffness and the small 
scatter on the elastic properties, 
• the simulation must follow the complete path of successive damage states to 
make adequate predictions about the actual or final damage state, because at each 
moment in fatigue life, the actual damage state affects the further damage 
evolution. 
To meet these requirements, a general finite element framework has been developed 
which allows for the implementation of a broad class of residual stiffness models. 
The damage state of the composite specimen is calculated for a set of deliberately 
chosen loading cycles, from the first loading cycle up to final failure, and the 
extrapolated number of cycles after each evaluation depends on the local extent of 
damage in the integration points of the finite element mesh. This cycle jump 
approach was incorporated in the commercial finite element code SAMCEFTM and 
thus retains all features of an advanced finite element code. 
The fatigue damage model was first developed in its one-dimensional form, and then 
extended towards multi-axial in-plane fatigue loading. 
 
8.1.2.a. One-dimensional fatigue damage model 
• A new residual stiffness model has been proposed. The damage growth rate 
equation has been split up in two terms, separately accounting for damage 
initiation and damage propagation. As can be concluded from the literature 
survey in Chapter 3, such distinction had not been made before. Through this 
separation between initiation and propagation, there is a strong correlation with 
the underlying actual fatigue damage mechanisms, because the stages of initial 
stiffness reduction (matrix cracking) and gradual deterioration (fibre/matrix 
debonding, initial fibre fracture, fibre pull-out,…) are distinctive phases in 
fatigue damage growth, 
• Further, the relation between stiffness and strength has been established by the 
definition of a “fatigue failure index” based on the static Tsai-Wu failure 
criterion. Hence, the model is capable of both predicting residual stiffness and 
final failure, which is not possible with most existing residual stiffness models, 
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• If the stress changes sign during one fatigue loading cycle, the fatigue life is 
drastically reduced. In uni-axial tension-compression fatigue experiments, the 
stress ratio 
max
minR
σ
σ
=  is used to characterize the experiment. However, under 
fully-reversed bending, the stress ratio is different for each Gauss-point and 
moreover changes continuously during fatigue life. Therefore, the present model 
distinguishes between tensile damage t11d  and compressive damage 
c
11d . The use 
of the stress ratio 
max
minR
σ
σ
=  has been replaced by two coupled differential 
growth rate equations d( t11d )/dN and d(
c
11d )/dN, because both types of damage 
(tensile and compressive) are interacting and mutually accelerating damage 
growth. This approach is far more general than the use of the stress ratio 
parameter, because it accounts for varying ratios between σmin and σmax in each 
material point during fatigue life, 
• All material constants of the one-dimensional fatigue damage model have a very 
distinctive meaning and are closely related with the underlying fatigue damage 
mechanisms. Due to the use of separate material constants for damage initiation 
and propagation, the determination of the constants can be split up in two parts, 
• Since the fatigue model predicts the damage growth for any applied stress 
amplitudes, no damage accumulation rules (e.g. Miner’s rule) must be used for 
block loading. Qualitative simulations on the model’s behaviour for low-high 
and high-low block loading sequences under uni-axial tension, have shown that 
the most damaging effect is the (frequent) transition from a low to a high stress 
level, and that it strongly depends on the number of these transitions and the 
actual damage whether a low-high or a high-low load sequence is the most 
damaging one. Hence these simulations prove again that due to the stiffness 
degradation during fatigue life, the loading history should be fully simulated to 
correctly take into account all load sequence effects. 
 
All experimental data have been used to validate the developed fatigue damage 
model: 
• the force-cycle history predicted by the finite element simulations, has been 
compared to the experimentally measured force-cycle history for a wide range of 
fatigue lives, going from 20,000 cycles to more than 1,000,000 cycles, 
• the location of first failure, either at the tensile or compressive side, in the 
bending fatigue tests has been compared to the predicted location of first failure 
in the finite element mesh, 
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• the experimentally recorded out-of-plane displacement profiles of the composite 
specimens have been compared to the predicted out-of-plane displacement 
profiles at several stages during fatigue life, 
• the micrographs of damage distribution at the clamped region of the composite 
specimen have been compared to the contours of equal damage predicted by the 
fatigue model. 
 
8.1.2.b. Multi-dimensional fatigue damage model 
The multi-dimensional fatigue damage model is based completely on its one-
dimensional equivalent, with a consistent transition from one to the other: 
• the material constants of the one-dimensional fatigue damage model keep their 
same value, and are related to the same fatigue damage mechanisms, 
• through the use of the static Tsai-Wu failure criterion, the definition of the 
fatigue failure index Σ can be extended to a set of three fatigue failure indices 
Σ11, Σ22 and Σ12, 
• if only one stress component is acting (uni-axial loading), the constitutive 
equations of the multi-dimensional model reduce to the one-dimensional 
formulation of the model. 
The multi-dimensional model comprises damage evolution laws for six damage 
variables: the damage variables t11d  and 
c
11d  for 11σ  (pos./neg.), the damage 
variables t22d  and 
c
22d  for 22σ  (pos./neg.), and the damage variables 
+
12d  and 
−
12d  
for 12σ  (pos./neg.). The damage variables are directly related with their respective 
stress components, which allows for a straightforward relation between the 
components of the stiffness tensor and the damage variables. If damage variables 
would be related to individual fatigue damage modes (e.g. matrix cracks, 
fibre/matrix interface debonding), their effect on the different stiffness components 
could become very complicated. 
Finally, the accumulation of permanent strain has been accounted for in the multi-
dimensional fatigue damage model. This is an important innovation, because 
permanent strain is simply neglected in almost all research on fatigue of composites. 
As mentioned in Chapter 1, only two publications on this topic could be found in the 
Science Citation Index (1972 – present), and these only discussed the experimental 
observation of the phenomenon. 
 
 
8.2. RECOMMENDATIONS FOR FURTHER RESEARCH 
In Chapter 7, the fatigue damage model was extended for multi-axial in-plane 
fatigue loading conditions. It was demonstrated that, in its present form, the fatigue 
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model can simulate the fatigue behaviour of a fibre-reinforced composite under 
multi-axial in-plane fatigue loading, including the accumulation of permanent strain. 
However, the model does not account for frequency effects, presence of 
delaminations and environmental influences (moisture absorption, temperature). 
But, as justified in Chapter 1, it would be practically impossible to develop such a 
unified fatigue damage model within the time granted, because a large amount of 
fatigue experiments would be required, and different experimental devices should be 
used. Besides, it can be concluded from the literature survey in Chapter 3 that no 
one has succeeded in doing so up till now. 
Although many aspects of the composites’ fatigue behaviour are left for 
investigation, a few crucial topics for further research can be distinguished in the 
author’s opinion. 
 
8.2.1. Delaminations 
One of the major concerns of the research and engineering community are the 
initiation and growth of delaminations under fatigue. Delaminations cannot be 
accurately modelled by using a finite element mesh with standard finite element 
types, because it is impossible to simulate the progressively losing contact of the 
corresponding nodes of two adjacent layers during delamination growth. In general, 
there is a growing international consensus to use interface elements for modelling 
delamination initiation and growth. Especially for simulations on impact damage, 
interface elements are frequently used [1]. 
These interface elements are zero thickness adhesive interfaces across which 
material properties can change discontinuously. In general, there exist three 
components of interlaminar tractions along the interface: one normal traction tn and 
two tangential tractions ts and tt as well as three corresponding relative 
displacements υn, υs and υt. When crossing such an interfacial layer from one side to 
another, displacement jumps {υ} can occur, while the interlaminar tractions {t} 
must remain continuous from simple equilibrium considerations. Figure 8.1 [2] 
shows the schematic representation of the interface element. 
 
 
Figure 8.1 Displacement jumps and interlaminar tractions at interlaminar interfaces 
[2]. 
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According to Bui [2], the interlaminar tractions and displacement jumps show a non-
coupled linear behaviour: 
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When simulating free-edge effects with these interface elements, the stress 
singularity in the case of perfect interfaces shifts to a stress concentration [2]. This 
result is physically acceptable, since it is often forgotten that the interface between 
differently orientated plies is after all just an artificially introduced material 
discontinuity, due to the fact that individual fibres and matrix are homogenized into 
orthotropic layers. At real interlaminar interfaces, the presence of a resin-rich 
transition zone is more likely to be expected. Moreover, these perfect interlaminar 
bonds, if they might exist in a real laminate, would be immediately relaxed under the 
effect of stress singularities, resulting in a weakened bonding. The net effect is that 
stress redistribution occurs and instead of the stress singularity in a very narrow 
region, a stress concentration will be present in a larger zone at real interfaces. 
As indicated by Bui [2,3], a continuum damage mechanics approach can be used to 
model the residual stiffness properties of the interfacial layer, by establishing the 
relations: 
 
 )n,t,si()D1(dd i
0
ii =−=  (8.2) 
 
where Di are the damage variables, related to the stiffness properties di. 
This approach (Equations (8.1) and (8.2)) has been mentioned explicitly here, 
because it is very similar to the author’s approach for modelling intra-layer damage. 
Therefore, a possible extension of the present fatigue damage model for 
delaminations could be based on this approach. 
In the work of Bui [2,3], progressive delaminations were simulated for pure Mode I 
and Mode II static tests, where the load is gradually increased to force delamination 
initiation and growth. Mi et al. [4] proposed very similar criteria for delamination 
initiation and propagation, which were applied to the constitutive equations for the 
interface elements. Their model was used for simulation of mode I and mixed mode 
static tests. 
However, there remains the need for reliable criteria for delamination initiation and 
propagation under fatigue loading conditions. 
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8.2.2. Statistical analysis 
It is obvious that the present fatigue damage model is deterministic in nature. 
However, as already mentioned in Chapter 1, the statistical evaluation of the model 
would drastically increase the number of fatigue tests and this objective was not 
realistic. 
Further, not only the elastic and strength properties of the material should be treated 
as statistical quantities, but also the model constants ci. The determination of the 
corresponding statistical distributions (Gauss, Weibull,…) and the respective 
parameters of these statistical distributions would require a huge amount of 
experimental data, and a sophisticated statistical analysis. 
Finally, a profound statistical analysis should also include the investigation of the 
statistical size effect. The scaling, i.e., the change of response when the spatial 
dimensions are scaled up or down while the geometry and all other characteristics 
are preserved, is a quintessential problem of every physical theory. This so-called 
size effect has been well documented for metallic structures, but the research on 
fibre-reinforced composites is very limited. Bažant [5] distinguishes three major 
types of size effects: (i) statistical size effect, (ii) energetic size effect, and (iii) 
viscous size effect. In Weibull theory, the statistical size effect on the nominal 
strength arises from the fact that the larger the structure the greater the probability to 
encounter in its volume a material element of a given critically small strength. 
 
8.2.3. Variable amplitude loadings 
In Chapter 6, the fatigue damage model has been used for qualitative simulations of 
block loading, and reasonable results could be obtained without using any damage 
accumulation rules (e.g. Miner’s rule). However, the in-service fatigue loadings of 
composite structures are far more complicated, for example the wind loading on a 
rotor blade of a wind mill, or the load spectrum of a fighter airplane wing. The 
model cannot be simply applied to these load spectra, and additional research on this 
topic would be necessary. 
 
8.2.4. Unidirectionally reinforced laminates 
The fatigue damage model has been developed from experimental data on plain 
woven glass/epoxy composite. Although this type of composite is certainly widely 
used, there is still a strong preference for unidirectionally reinforced composite in 
fatigue-critical applications. Additional experiments and simulations would be 
necessary to evaluate to what extent the present fatigue damage model can be 
applied to the fatigue behaviour of unidirectionally reinforced composite. It is 
conceivable that the calculated orthotropic stresses in the composite with 
homogenized elastic properties, as they are used now in the model, should be 
replaced by the individual stresses in the fibres and matrix. 
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8.2.5. Frequency effect 
The frequency of fatigue loading is a very important parameter. Especially at high 
frequencies, the heat development can increase significantly, depending on the 
matrix type used. Due to hysteretic heating, the load frequency effect is much more 
pronounced in the case of thermoplastic matrices. Temperature rises up to 100 °C 
are not unusual with higher frequencies (5 – 10 Hz) [6]. The thermal conductivity of 
the matrix is important for temperature rises in the material. When the conductivity 
is low, the hysteresis losses accumulate locally and the material degrades faster due 
to the hysteretic heating. 
Ellyin and Kujawski [7] clearly showed the influence of frequency with fatigue tests 
on E-glass/epoxy specimens. At lower stress amplitudes they found that the cyclic 
creep increased and the fatigue life decreased with reduced cyclic frequency. In 
contrast, at higher stress amplitudes, the effect of loading frequency on both cyclic 
creep and fatigue life was opposite to that at lower stresses, in that the fatigue life 
decreased with higher frequency. 
Laminates with matrix-dominated lay-ups (i.e., few or no fibres in the loading 
direction) show larger strains and marked hysteresis loops if frequencies are 
increased above 5 Hz [8]. For example, the temperature rise in a graphite/PEEK, 
[-45°/0°/+45°/90°]2S laminate was only 20 °C, but it was up to 150 °C in a 
[+45°/-45°]4S laminate when both were fatigue tested at 5 Hz. This affects the 
fatigue response at 0.5 Hz and 5 Hz for these laminate configurations as shown in 
Figure 8.2 [8]. 
 
 
Figure 8.2 Frequency effect on fatigue life of graphite/PEEK [8]. 
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It is generally accepted that the frequency effect for thermosetting matrices can be 
neglected for frequencies below 5 Hz [9]. Therefore, the frequency effect was not 
included in the present fatigue damage model. 
At higher frequencies (5 – 15 Hz), the fatigue performance of fibre-reinforced 
composite is decreasing. Up till now, the modelling part for this phenomenon is 
restricted to establishing S-N curves for a set of frequencies (e.g. 1, 2, 5 Hz), and 
extrapolating these results for higher frequencies. However, a more profound 
approach, which quantitatively studies the σ-ε hysteresis loop and heat dissipation 
for different frequencies, should provide more reliable results. 
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Summary of Bending Fatigue 
Tests 
 
 
Prescribed 
displacement 
Displacement 
ratio Rd 
Specimen 
number 
Stacking 
sequence 
b [mm] F0 [N] Fatigue test 
stopped at: 
       
umax = 7.1 mm Rd = 0.0 Pr11_1 [#45°]8 30.06 14.55 N = 766,449 
umax = 7.1 mm Rd = 0.0 Pr10_1 [#0°]8 29.24 20.24 N = 766,443 
umax = 19.5 mm Rd = -1.0 Pr07_1 [#45°]8 27.68 30.80 N = 971,167 
umax = 19.5 mm Rd = -1.0 Pr07_2 [#45°]8 28.97 35.27 N = 1,114,920 
umax = 19.5 mm Rd = -1.0 Pr07_5 [#45°]8 28.67 33.57 N = 1,089,314 
umax = 19.5 mm Rd = -1.0 Pr08_4 [#0°]8 28.14 56.41 N = 1,355,981 
umax = 19.5 mm Rd = -1.0 Pr08_5 [#0°]8 27.21 49.79 N = 1,162,777 
umax = 19.5 mm Rd = -1.0 Pr03_1 [#0°]8 28.35 52.05 N = 964,555 
umax = 21.8 mm Rd = -1.0 Pr09_5 [#0°]8 29.31 60.32 N = 952,352 
umax = 21.8 mm Rd = -1.0 Pr09_6 [#0°]8 29.11 59.39 N = 854,966 
umax = 21.8 mm Rd = -1.0 Pr09_7 [#0°]8 29.73 60.55 N = 844,794 
umax = 25.5 mm Rd = -1.0 Pr07_3 [#45°]8 27.81 45.10 N = 1,351,370 
umax = 25.5 mm Rd = -1.0 Pr07_4 [#45°]8 28.76 48.32 N = 1,513,123 
umax = 25.5 mm Rd = -1.0 Pr07_6 [#45°]8 28.76 48.32 N = 1,513,123 
umax = 25.5 mm Rd = -1.0 Pr08_6 [#0°]8 29.14 77.65 N = 1,393,309 
umax = 25.5 mm Rd = -1.0 Pr08_7 [#0°]8 28.52 78.08 N = 539,984 
umax = 25.5 mm Rd = -1.0 Pr03_2 [#0°]8 29.03 79.09 N = 343,223 
umax = 27.7 mm Rd = 0.0 Pr04_1 [#45°]8 29.67 56.14 N = 713,352 
umax = 27.7 mm Rd = 0.0 Pr04_2 [#45°]8 31.25 62.74 N = 614,496 
umax = 27.7 mm Rd = 0.0 Pr02_1 [#45°]8 29.88 57.05 N = 656,377 
umax = 27.7 mm Rd = 0.0 Pr05_1 [#0°]8 31.60 98.14 N = 710,714 
umax = 27.7 mm Rd = 0.0 Pr03_2 [#0°]8 30.95 95.86 N = 644,839 
umax = 27.7 mm Rd = 0.0 Pr03_3 [#0°]8 31.03 96.55 N = 598,060 
umax = 29.0 mm Rd = 0.0 Pr11_4 [#45°]8 29.98 63.02 N = 526,844 
umax = 29.5 mm Rd = 0.0 Pr11_1 [#45°]8 30.06 64.93 N = 1,301,004 
umax = 29.5 mm Rd = 0.0 Pr05_3 [#0°]8 29.85 102.49 N = 1,142,929 
umax = 29.5 mm Rd = 0.0 Pr10_1 [#0°]8 29.24 100.26 N = 1,293,730 
umax = 30.4 mm Rd = 0.0 Pr07_5 [#45°]8 28.08 57.46 N = 238,951 
umax = 30.4 mm Rd = 0.0 Pr07_6 [#45°]8 28.78 53.51 N = 1,087,612 
umax = 30.4 mm Rd = 0.0 Pr05_2 [#0°]8 30.35 106.68 N = 1,529,856 
umax = 32.3 mm Rd = 0.0 Pr04_3 [#45°]8 30.25 72.33 N = 611,684 
umax = 32.3 mm Rd = 0.0 Pr04_4 [#45°]8 30.01 65.35 N = 408,060 
umax = 32.3 mm Rd = 0.0 Pr04_5 [#45°]8 30.74 66.77 N = 808,041 
umax = 34.4 mm Rd = 0.0 Pr11_2 [#45°]8 29.55 65.89 N = 172,940 
umax = 34.4 mm Rd = 0.0 Pr10_4 [#0°]8 30.04 117.49 N = 145,437 
umax = 35.6 mm Rd = 0.0 Pr06_1 [#45°]8 30.97 73.24 N = 715,796 
umax = 35.6 mm Rd = 0.0 Pr06_2 [#45°]8 29.03 72.28 N = 588,690 
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umax = 35.6 mm Rd = 0.0 Pr05_4 [#0°]8 30.21 109.42 N = 540,090 
umax = 35.6 mm Rd = 0.0 Pr05_5 [#0°]8 31.27 124.27 N = 568,427 
umax = 35.6 mm Rd = 0.0 Pr08_1 [#0°]8 28.41 115.29 N = 549,916 
umax = 36.8 mm Rd = 0.0 Pr10_3 [#0°]8 29.43 125.18 N = 643,815 
umax = 37.8 mm Rd = 0.0 Pr11_3 [#45°]8 30.09 128.36 N = 413,665 
umax = 38.9 mm Rd = 0.0 Pr06_3 [#45°]8 27.23 79.77 N = 799,393 
umax = 38.9 mm Rd = 0.0 Pr06_4 [#45°]8 28.71 78.59 N = 949,826 
umax = 38.9 mm Rd = 0.0 Pr06_5 [#45°]8 29.02 77.23 N = 974,009 
umax = 38.9 mm Rd = 0.0 Pr08_2 [#0°]8 28.27 130.45 N = 362,017 
umax = 38.9 mm Rd = 0.0 Pr08_3 [#0°]8 28.78 131.66 N = 369,341 
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Equations Digital Phase-shift 
Shadow Moiré Technique 
 
 
In this Appendix, the equations of the digital phase-shift 
shadow Moiré technique are derived and the developed 
theory is validated against the shadow Moiré technique with 
mechanical phase-shifts. 
 
 
B.1. REVIEW OF THE STANDARD PHASE-SHIFT SHADOW 
MOIRÉ METHOD 
First the theory of standard shadow Moiré topography, as developed by Meadows et 
al. [1] and Takasaki [2,3], is shortly reviewed. In Figure 2.20, the classical shadow 
Moiré setup was already shown. The light source and the observer are assumed to be 
pointlike and are placed at a finite distance from the grid. The coordinate system is 
left-handed, as it is was used by Meadows et al. [1]. 
The intensity modulation of the grid is given by: 
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where p is the period of the grid. Although the function T(x) represents a sinusoidal 
grating, the theory is also valid for square-wave gratings, but the mathematical 
treatment is more complicated, since the square-wave grating is represented by a 
Fourier series. Interested readers are referred to the article by Meadows et al. [1] for 
the corresponding formulas. Besides, seen through a real lens system, a square-wave 
grating can also be approximated by a sinusoidal grating. 
It has then been calculated by Meadows et al. [1] that, if the observer views the 
object surface through a small aperture (theoretically assumed to be pointlike), the 
intensity distribution I3(x,y) at a point (x,y,z) on the surface as seen by the observer, 
is given by Equation (B.2): 
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where I is the intensity of the light source, r is the distance from the light source to a 
particular portion of the surface being illuminated and φ is the angle between the 
incident ray and the normal to the surface. The first term at the right side of the 
equation is the intensity of the shadow of the grid projected by the pointlike light 
source onto the surface, while the second term comprises the influence of the 
intensity transmission function of the sinusoidal grid, p being the period of the grid. 
If and only if the light source and the observer are placed at the same distance from 
the grating (i.e. h1 = h2, see Figure 2.20), a term is produced in the expression for 
I3(x,y) which is solely dependent on z. The contour information is then revealed by 
the term [1]: 
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where C is a constant, defined in [1]. 
However the difference in height between two points cannot be determined simply 
by counting the number of fringes between them, because the fringes in Equation 
(B.3) do not vary sinusoidally with z. Therefore Equation (B.3) is often simplified 
by assuming that z << h and then the spatial frequency is given by d/(p⋅h). 
Because fringe patterns must be analysed by tracing the centre-lines of the fringes 
and counting the height values, the phase-shift method has been introduced in 
shadow Moiré topography. The main advantages are that fringe pattern analysis can 
be done automatically and that the revealed information in the gray level variation 
solves the sign ambiguity. Moreover a much better resolution is acquired by using 
the additional information in the gray level. 
The standard procedure for the phase-shift shadow Moiré method is based on the 
following equations [4]: 
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where Ik(x,y) is the recorded fringe pattern for the k-th shift (k = 1,…,m), d is the 
distance between the light source and the observer, h (h = h1 = h2) is the distance 
from the grating to the light source and the observer, p is the pitch of the Moiré 
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grating and A(x,y) and B(x,y) are respectively the background and local contrast. 
Here again it is assumed that z << h. 
These terms A(x,y) and B(x,y) will certainly vary across the specimen surface, 
because fatigue damage can cause an uneven reflectivity of the object surface due to 
spatially varying surface characteristics. Additional diffraction patterns and parasitic 
interferences caused by dust particles in the optical paths can also lead to a varying 
background illumination [5]. 
The system of equations (B.4) is often formulated as: 
 
 [ ] m,...,1k)y,x(cos)y,x(B)y,x(A)y,x(I kk =φ+φ∆⋅+=  (B.5) 
 
where ∆φ(x,y) is the interference phase distribution and φk is the phase-shift 
belonging to the k-th intensity distribution Ik(x,y). It is important to note that δk in 
Equation (B.4) is a shift of distance, while φk in Equation (B.5) is the corresponding 
shift of phase. 
When solving the system of equations (B.5) for the three unknowns A(x,y), B(x,y) 
and ∆φ(x,y) with the Gaussian least squares approach, the general solution for the 
interference phase distribution ∆φ(x,y) with m phase-shifts (m ≥ 3) is [5]: 
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Since only principal values of the arctan-function are determined in the interval ]-π, 
+π] or equivalently ]0, 2π], the phase ∆φ(x,y) jumps to the other extreme value as 
soon as an extreme value of the interval is reached, although the correct phase 
proceeds smoothly increasing or decreasing. The “modulo 2π” effects are corrected 
by the processing step called “phase unwrapping”. By addition or substraction of 
integer multiples of 2π the phase jumps are eliminated [5]. 
It is important to note that the closed-form solution (B.6) is based on the assumption 
that the phase-shift method is periodic, i.e. each phase-shift φk equals 2π(k-1)/m (k = 
1,...,m). This condition is satisfied because: 
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The out-of-plane displacement z(x,y) is then given by: 
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However, as mentioned above, this theory is only valid when z << h. When taking 
into account the height-dependent nonlinearities, the system of equations (B.4) is 
transformed into the following system: 
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This system of equations must be solved iteratively, because the equations are 
nonlinear in the coordinate z. 
 
 
B.2. DIGITAL PHASE-SHIFT SHADOW MOIRÉ METHOD 
The digital phase-shift shadow Moiré method is a newly developed method to meet 
the needs of the deformation measurements during fatigue testing. The requirements 
were: 
• the deformation measurement should be contactless. Due to the damage 
development (matrix cracks) at the specimen surface, it is impossible to hold a 
Moiré grating fixed to the specimen surface during the bending fatigue tests, 
• the mechanical phase-shifting procedure should be eliminated. It has been 
mentioned that three (and better five) phase-shifts are required to solve for the 
unknown phase distribution ∆φ(x,y) (see Eq. (B.6)). If these phase-shifts should 
be performed mechanically, expensive and precise phase-stepping devices are 
needed. Besides, the whole deformation measurement procedure should be 
automated, because the fatigue tests should be running day and night without 
manual control, 
• the calculation of the out-of-plane displacement profile from the recorded Moiré-
fringes should be done automatically. 
The purpose of the digital phase-shift shadow Moiré method is to capture only one 
image and to perform the phase-shifts numerically. The main advantage is that 
dynamic measurements (for instance, during fatigue tests) can be done much easier. 
The reference grating is placed in the illumination path only, and the camera 
captures the image of the projected grating lines on the deformed object surface. 
This digital image is saved as a bitmap pattern and then processed by the digital 
phase-shift shadow Moiré algorithm. 
In this particular case, the object surface is the surface of the composite specimen, 
which is clamped at the upper side and which is bent at the lower side. The 
maximum out-of-plane displacements z are between 10 and 20 millimeters and the 
distance h is approximately 300 millimeters. Figure 2.22 already showed a 
schematic drawing of the experimental setup. The light source is a non-collimated 
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pointlike white-light source. The CCD-camera acts as the observer and has a 
resolution of 2.5 Megapixels. Because the corresponding size of one pixel must be 
known, a picture is captured, where the reference grating is photographed as well. 
An example was already shown in Figure 2.23. From the well-known pitch of the 
reference grating and the corresponding number of pixels, the pixel size can be 
determined. The composite surface has been covered with a coat of mat white paint 
and precautions have been taken to prevent the coat of paint from cracking in the 
bending state. The exposure time of the digital camera was 1.3 seconds and the 
aperture of the camera lens was small to increase the depth of focus. 
So the left side of the image in Figure 2.23 is used to calculate the pixel/distance 
ratio, while the right side of the image is selected and saved as a grey-scale bitmap. 
The contrast and brightness are optimized and then, the image can be processed by 
the digital phase-shift shadow Moiré method. The first step is to create a set of 
virtual reference gratings Tk(x) with the same pitch p as the reference grating used in 
the experimental setup. Figure B.1 shows a detail of the projection of the grating 
lines on the deformed object surface, together with a schematical representation of 
the virtual reference grating Tk(x). 
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Figure B.1 Detail of the projection of the grating lines on the deformed object 
surface, together with virtual reference grating Tk(x). 
 
Because the digital image was grabbed by a CCD-camera – which is in fact an 
observer at a finite distance from the grid – the virtual transmission function of the 
grid has to be corrected for the fact that both the observer and the light source are 
not at infinity. The expression for the virtual reference grating then is: 
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This is precisely the second term in the Equation (B.2) and it must be, because the 
first term in Equation (B.2) resembles the intensity distribution of the projected 
grating lines, which has been captured directly by the CCD-camera. 
Now the phase-shifts are introduced. As mentioned earlier, it is not possible to shift 
the virtual reference grating in the z-direction, as the recorded bitmap is a two-
dimensional array of pixels (in the x-y plane). Hence the numerical treatment is 
confined to phase-shifts of the virtual reference grating in the x-direction, and 
Equation (B.2) must be reconsidered. Because there is only one captured image of 
the projected grating lines (see Figure B.1), term 1 in Equation (B.2) will remain 
unaffected during the digital phase-shifts. Regarding term 2, the virtual reference 
grating will be given k shifts δk, each equal to p/m (k = 1,…,m), so that after k 
phase-shifts, the virtual reference grating has shifted in the x-direction over one full 
period. The transmission function of the virtual reference grating then becomes: 
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where Tk(x) is the virtual reference grating for the k-th shift (k = 1,...,m). 
The relation between the shift δk of the virtual reference grating and the 
corresponding phase-shift φk can be established as follows: 
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which results in the following equation: 
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By multiplying term 1 in Equation (B.2) with the new virtual reference grating Tk(x) 
in Equation (B.11), the contour information of each digital phase-shift is revealed by 
the term: 
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To include the height-dependent nonlinearities, the system of equations (B.4) must 
be changed into: 
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This system of equations must be solved iteratively, because the equations are 
nonlinear in the coordinate z. The intensity values Ik are known, since they represent 
the intensity distributions resulting from the k-th numerical phase-shift (k = 1,...,m) 
of the recorded bitmap. The size of the shifts δk (k = 1,...,m) is known as well and 
remains constant, so that three unknowns have to be solved from the system of 
equations: A(x,y), B(x,y) and z(x,y). 
It may be noticed that the system of equations (B.15) could be corrected to account 
for the finite dimensions of the light source and the diaphragm of the digital camera. 
Janssens et al. [6] have shown that these effects can be represented by a correction 
factor M(z) which represents the attenuation of fringe intensity with distance from 
the grating: 
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where Ds is the diameter of the light source, Dc is the diameter of the camera’s 
diaphragm and J1 is a first-order Bessel function of the first kind. In this case the 
correction function M(z) should be applied only to the digital photograph, because 
the numerically imposed reference grating is not distorted by optical shortcomings. 
However it was presumed here that the non-linearities were the most important 
cause of error and the M(z) factor was not taken into account, mainly due to the 
large computational effort. 
The last problem to solve is to find a good starting value for z(x,y) when solving the 
non-linear system of equations (B.15). Thereto the virtual reference grating T(x) 
must be made independent of z and is given the form: 
 
 p
m
1k
p
)x(2sin
2
1
2
1)x(T kkk ⋅
−
=δδ+π+=  (B.17) 
 
where Tk(x) is the virtual reference grating for the k-th shift (k = 1,...,m). 
When this function is multiplied with term 1 from Equation (B.2), there is no term 
produced which is solely dependent on z. However it concerns only a first estimate 
and as will be shown below, this approach works very well. So a first estimate of 
∆φ(x,y) (and hence z(x,y)) will be calculated from Equation (B.6), where the 
intensity distributions Ik are provided by multiplying term 1 from Equation (B.2) 
with the virtual reference grating from Equation (B.17). Each shift δk (k = 1,...,m) is 
as large as the pitch divided by the number of phase-shifts (p/m). Then the phase 
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distribution ∆φ(x,y), solved from Equation (B.6), must be unwrapped and the out-of-
plane displacements z(x,y) are calculated from Equation (B.8). A first estimate for 
the background contrast A(x,y) and the local contrast B(x,y) can be calculated from 
the expressions: 
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With these estimates for A(x,y), B(x,y) and z(x,y), the system of equations (B.15) 
can be solved iteratively. 
It is important to note that this digital simulation to find a starting value for z(x,y) 
fundamentally differs from a linear solution of the mechanical phase-shifting 
procedure. Indeed, the influence of z on the virtual reference grating (Equation 
(B.17)) is completely neglected, while this z-information of the grating is present in 
each of the recorded intensity distributions with the mechanical phase-shifts in the z-
direction, even if the height-dependent nonlinearities are not included. 
 
 
B.3. VERIFICATION OF THE PROPOSED THEORY 
First of all the proposed theory has been validated against the standard phase-shift 
shadow Moiré technique, where at least three (and better five) images of the 
respective phase-shifts are recorded separately with mechanical phase-stepping 
devices. Also, the influence of height-dependent nonlinearities will be investigated, 
since the out-of-plane displacements z are not negligible compared to the distance h 
(h1 = h2) from the reference grating to the observer and the light source.  
Thereto a standard phase-shift shadow Moiré setup (Figure 2.20) has been used and 
the grid is shifted five times in the z-direction. It should be noted that when 
recording the fringe patterns, the digital images of the patterns will contain thin dark 
vertical lines corresponding to the image of the reference grating itself. This “grating 
noise” must be eliminated in order for the basic equations (B.4) for standard phase-
shift shadow Moiré to be valid. While recording the fringe pattern, the grid is 
translated in the x-direction to remove the individual grating lines of the reference 
grating, according to the technique described by Allen and Meadows [7] and Dirckx 
et al. [8]. The grid is moved continuously in its plane during exposure. As a 
consequence the transmission function of the grid is also a function of time. When 
the expression for the transmission function is expanded into a Fourier series, it can 
be seen that all the noise terms are averaged out since the average of a sine wave 
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over a period is zero. As mentioned earlier, in the case of mechanical phase-shifting, 
the Moiré fringes are not affected by this translation in the x-direction (see Figure 
2.20). 
Figure B.2 shows the image of the fringe pattern with the thin dark lines of the 
reference grating (left) and the Moiré pattern after averaging out the grating noise 
(right). 
 
  
 
Figure B.2 Moiré grating with grating noise (left) and Moiré grating after averaging 
out of the grating noise (right). 
 
The averaging-out is not perfect, because the translation of the grid should be 
exactly tuned with the exposure time of the digital camera and this was not the case. 
However the remaining grating noise was filtered out in MathcadTM. 
Now a comparison is made between four calculations of the out-of-plane 
displacement profile with different assumptions: 
Mechanical phase-stepping: 
1) the first estimate for z is derived from the system of equations (B.4). This is a 
simplified solution, because it is assumed that z << h. 
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2) the nonlinear solution of the system of equations (B.9) yields a second out-
of-plane displacement profile for the object surface, which can be considered 
as the most accurate one. 
Digital phase-stepping: 
3) the guess value for z is derived from the equation (B.8) with the virtual 
reference grating T(x) from Equation (B.17). This is in fact the most 
simplified solution, because there is no z-dependence in the expression for 
the virtual reference grating. 
4) the general solution of the system of equations (B.15) yields a last out-of-
plane displacement profile for the object surface. 
Figure B.3 shows the out-of-plane displacement profiles. 
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Figure B.3 Out-of-plane displacement z for the different calculations. 
 
It is worth to mention that the coordinate along the specimen length in Figure B.3 
represents the distance along the specimen length if the specimen is in its 
undeformed vertical state, and is not at all a measure for the curved length of the 
out-of-plane displacement profile. 
Although these out-of-plane displacement profiles seem identical at first sight, a 
closer inspection reveals that the predictions of the different calculations are very 
close for small z-displacements, but differ significantly for larger z-displacements. 
Indeed, Figure B.4 shows the difference between the four extraction methods, 
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whereby the nonlinear solution with mechanical phase-shifting has been taken as the 
reference displacement profile and coincides with the abscissa. 
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Figure B.4 Difference between the out-of-plane displacements of the four 
calculations. 
 
The nonlinear digital phase-shifting solution is almost identical to the mechanical 
one, but the linear solution with mechanical phase-shifting leads to considerable 
differences for large z-displacements (0.13 mm with the nonlinear mechanical 
phase-shifting solution for x = 45 mm). This clearly demonstrates that one must take 
into account height-dependent non-linearities when measuring micro-deformations 
of curved surfaces. It is also demonstrated that the starting value for the nonlinear 
digital phase-stepping solution is naturally the worst case solution, but appears to be 
a good guess value to start the iterative solution of the system of equations (B.15). 
It is worthwhile to note that the numerical phase-shifting procedure could also be 
performed in the spatial or frequency domain, since the projected lines themselves 
contain the phase information. However the nonlinear relationship between the z 
distance and the phase remains, and the advantage of the presently formulated 
equations is that they include all information about the experimental setup (distances 
between light source, digital camera and reference grating). So no calibration is 
needed when the experimental layout has been changed. 
The digital phase-shift shadow Moiré algorithm has been programmed in 
MathcadTM. The main drawback of this procedure is the large computational effort. 
The system of nonlinear equations must be solved iteratively for each pixel of the 
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digital photograph and this requires a large memory storage area. Therefore the edge 
detection algorithm (see paragraph 2.4.2) has been developed too for the present 
experimental setup. 
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Appendix C 
 
 
Equations Beam Theory 
 
 
In this Appendix, the classic beam theory for small 
displacements is extended for the case where the stiffness E 
is a field variable E(x,y) = E0 × D(x,y). The damage 
distribution D(x,y) affects the calculation of stresses and 
strains, and requires a modified calculation of the neutral 
fibre y0(x) and the bending stiffness EI(x). Dechaene [1] has 
calculated that the equations, proposed by Sidoroff and 
Subagio [2], are not correct and should be replaced by the 
set of equations derived below. 
 
 
C.1. DERIVATION OF EQUATIONS 
In Figure C.1, the conventions for derivation of the equations are shown. The 
composite specimen is modelled as a cantilever beam, and the moving clamp (right) 
is represented by a rigid rod. The prescribed displacement umax = u(C). 
The width b is assumed to be unity. 
 
 
Development and finite element implementation of a damage model for fatigue of fibre-reinforced polymers 
392 
A
B
C
L a
u(C)
u(B)
α α(B) = (C)
x
y
F
M [N.mm]
x [mm]
- F.(L + a)
0
 
 
Figure C.1 Bending of the cantilever composite beam following the conventions of 
the classical beam theory. 
 
The following displacement field is proposed: 
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The strain εxx can then be calculated as: 
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And the corresponding stress σxx equals: 
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The normal force N is assumed to be zero: 
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From Equation (C.4), the strain ε0 can be calculated as: 
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Then the position of the neutral fibre y0 is determined from the equation: 
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The normal stress σxx can then be written as: 
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The bending moment M(x) is calculated from the expression: 
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Taking into account Equation (C.7), the bending moment M(x) can be written as: 
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The bending stiffness EI(x) is then defined from the equation: 
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 ''u)x(EI)x(M ⋅=  (C.10) 
 
Hence: 
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From Equation (C.6) and (C.10), it follows directly that: 
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Finally, the force necessary to impose the prescribed displacement umax = u(C), can 
be calculated from the following equations: 
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The equation (C.18) provides the relation between the force F and the prescribed 
displacement umax. 
 
 
Appendix C Equations beam theory 
395 
C.2. REFERENCES 
[1] Dechaene, R. (2001). Derivation of the constitutive equations of the beam model with 
inclusion of stiffness degradation. Internal report. Ghent University. 4 pp. 
 
[2] Sidoroff, F. and Subagio, B. (1987). Fatigue damage modelling of composite materials 
from bending tests. In : Matthews, F.L., Buskell, N.C.R., Hodgkinson, J.M. and 
Morton, J. (eds.). Sixth International Conference on Composite Materials (ICCM-VI) 
& Second European Conference on Composite Materials (ECCM-II) : Volume 4. 
Proceedings, 20-24 July 1987, London, UK, Elsevier, pp. 4.32-4.39. 
 
